Laws of Conservation of Energy, Momentum and
Angular Momentum (Part - 1)

Q. 118. A particle has shifted along some trajectory in the plane xy from point 1
whose radius vector r1 =i + 2j to point 2 with the radius vector r, = 2i — 3j.
During that time the particle experienced the action of certain forces, one of
which being F = 3i + 4j. Find the work performed by the force F. (Here ry, r,
and F are given in Sl units).

Ans. As F is constant so the sought work done
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Q. 119. A locomotive of mass m starts moving so that its velocity varies

according to the law ¥ = aV's, where a is a constant, and s is the distance
covered. Find the total work performed by all the forces which are acting on the
locomotive during the first t seconds after the beginning of motion.

Ans. Differentating v (s) with respect to time

dv_ _a ds_ a_ o d
de” 2vs &t~ 2vs 2
(As locomotive is in unidrectional motion)

2

Hence force acting on the locomotive Famw= "%

Let, at v =0 at t = 0 then the distance covered during the first t seconds
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Hence the sought work, A= Fs= ’"‘? “: = %



Q. 120. The kinetic energy of a particle moving along a circle of radius R depends
on the distance covered s as T = as?, where a is a constant. Find the force acting on

the particle as a function of S.

Ans. We have

2 as®

T= lm'l.!:- as or, V= = (1)
2 m
Differentating Eq. (1) with respect to time
4 2
2vw, = —;m-l-r o1, W= f [2]

Hence net acceleration of the particle

- vez- VT

Hence the sought force, Fa mw= 2asV1+ (5/R)

Q. 121. A body of mass m was slowly hauled up the hill (Fig. 1.29) by a force F
which at each point was directed along a tangent to the trajectory. Find the
work performed by this force, if the height of the hill is h, the length of its base I,

and the coefficient of friction k.

Ans. Let £ makes an angle 0 with the horizontal at any instant of time (Fig.).
Newton’s second law in projection form along the direction of the force, gives :

F = Jang cos 0 + mg sin 0 (because there is no acceleration of the body.)



. — , ‘r, =
As F 11 drthe differential work done by the force F,

dA=F-dr= Fds, (where ds = | d7"|)

= kmg ds (cos B) + mg ds sin 0
= kg dx + mg dy.

I h
Hence, A = kg .u'.ri-mgf
0 [}

= kmg | + mgh= mg (k! +h).

Q. 122. A disc of mass m = 50 g slides with the zero initial velocity down an
inclined plane set at an angle o = 30° to the horizontal; having traversed the
distance | = 50 cm along the horizontal plane, the disc stops. Find the work
performed by the friction forces over the whole distance, assuming the friction
coefficient k = 0.15 for both inclined and horizontal planes.

Ans. Let 5 be the distance covered by the disc along the incline, from the Eqg. of
increment of M.E. of the disc in the field of gravity : A7 +AU= 45
2n

=dl in
'E.-- v-vms( 3 )

0 r
On integrating : _ g -2 (&
fa-2f



On puting the values Af. = -0.05J

Q. 123. Two bars of masses m1 and mz connected by a non-deformed light spring
rest on a horizontal plane. The coefficient of friction between the bars and the
surface is equal to k. What minimum constant force has to be applied in the
horizontal direction to the bar of mass ml in order to shift the other bar?

Ans. Let x be the compression in the spring when the bar m2 is about to shift Therefore
at this moment spring force on my is equal to the limiting friction between the bar
m2 and horizontal floor. Hence

k x - k mzg [where k is the spring constant (say)] (1)

For the block m; from work-eneigy theorem : A - AT = 0 for minimum force. (A here
indudes the work done in stretching the spring.)

S0, va%u.rz—kmgx- 0 or K%‘F—hﬁg (2)
From (1) and (2),

F= kg m1+%}

Q. 124. A chain of mass m = 0.80 kg and length | = 1.5 m rests on a rough-
surfaced table so that one of its ends hangs over the edge. The chain starts
sliding off the table all by itself provided the overhanging part equals n = 1/3 of
the chain length. What will be the total work performed by the friction forces
acting on the chain by the moment it slides completely off the table?

Ans. From the initial condition of the problem the limiting fricition between the
chain lying on the horizontal table equals the weight of the over hanging part of the
chain, i.e



Anlg= ki(1-n)lg (where Ais the linear mass density of the chain)
-
Sﬂ= k= T-m (1)

N
fr X

Mg At

Let (at an arbitrary moment of time) the length of the chain on the table is x. So the
net friction force between the chain and the table, at this moment :

f,= kN=khxg (2)
The differential work done by the friction forees :

dd = }:.a‘F"- ~f,ds-= —khxg(-dr)= lg(l—ii;]“ﬁ (3)

(Note that here we have written ds = - dx., because ds is essentially a positive term
and as the length of the chain decreases with time, dx is negative) Hence, the sought
work done

A-f rg—xdrm -(1-m) n & _13]
1=7 2
{1=wm}

Q. 125. A body of mass m is thrown at an angle a to the horizontal with the initial
velocity vo. Find the mean power developed by gravity over the whole time of motion
of the body, and the instantaneous power of gravity as a function of time.

Ans. The velocity of the body, t seconds after the begining of the motion

becomes V= %+E* Thh power developed by the gravity (m8) at that moment,
is Pumg-ve m(g - Vg+g1t)= mg(gt-vysina) (1)

As mg" is a constant force, so the average power



where A7" is the net displacement of the body during time of flight
As, mgLAr so <P>=0

Q. 126. A particle of mass m moves along a circle of radius R with a normal
acceleration varying with time as wn = at?, where a is a constant. Find the time
dependence of the power developed by all the forces acting on the particle, and
the mean value of this power averaged over the first t seconds after the
beginning of motion.

. 2
Ans. We have , - "E- at’, o, v=vaRty,

t is defined to start from the begining of motion from rest

So, w= %oV

Instantaneous power, P=F-¥= m(w,i,+w, 4, )-(VaR tii, ),

(Where % ®d ¢

respectively)

+ are unit vectors along the direction of tangent (velocity) and normal

So, P=mwaR t= maRt

Hence the sought average power
[ i
J'Pdr J.maﬂ.rdt
[1] 0

T -
fd.r
[

Hence <ps =

<Fr =
t

maRt* maRt

2t 2

Q. 127. A small body of mass m is located on a horiiontal plane at the point O. The
body acquires a horizontal velocity vo. Find:

(a) the mean power developed by the friction force during the whole time of
motion, if the friction coefficient k = 0.27, m = 1.0 kg, and vo = 1.5 m/s;

(b) the maximum instantaneous power developed by the friction force, if the
friction coefficient varies as k = ax, where a is a constant, and x is the distance
from the point O.



Ans. Let the body m acquire the horizontal velocity voalong positive x - axis at the
point O.

(a) Velocity of the body t seconds after the begining of the motion,

—

= v Wem (o-kge)iT (1)
Instantaneous power Pa F-v= (- m:‘; (vg-kgt) i= - kmg (vg = ket )
From Eq. (1), the time of motion 1 - v5/kg

Hence sought average power during the time of motion
[ - kg v, - e
kg v

<P>= 2 - --— % = —2W (On substitution)

From F_ = mw,

dv,
= kmg = mw, = mv, ==

or, v dv, = -.I;gttr'--u.gxd

To find v (x), let us integrate the above equation

j.lr,dvg-r-ugj‘.:dr or, V- tﬁ-ugl? [lj
" 0

Now, P-F.v= -maxgVvg-agr’ (2)

For maximum power, %(‘\’v!u?—lg:'] = 0 which yiclds x= J%

Putting this value of x , in Eq. (2) we get,

mvgvag

b =

Py = -



Q. 128. A small body of mass m = 0.10 kg moves in the reference frame rotating
about a stationary axis with a constant angular velocity ® = 5.0 rad/s. What work
does the centrifugal force of inertia perform during the transfer of this body along
an arbitrary path from point 1 to point 2 which are located at the distances r1 = 30
cm and r, =50 cm from the rotation axis?

Ans. Centrifugal force of inertia is directed outward along radial line, thus the sought
work

fy

A-fmmirdrz %m‘(ré-rf}- 0-20T (On substitution)

Fy

Q. 129. A system consists of two springs connected in series and having the
stiffness coefficients k1 and k.. Find the minimum work to be performed in order
to stretch this system by Al

Ans. Since the springs are connected in series, the combination may be treated as a
single spring of spring constant

%y Ka
K1+Kz

From the equation of increment of MLE., aAT+AU=4_,

K
U+1KM1I=A, o, A=l -—x?-]ﬂiz
2 2 ulﬂ:zJ

Q. 130. A body of mass m is hauled from the Earth's surface by applying a force F
varying with the height of ascenty as F = 2 (ay - 1) mg, where a is a positive
constant. Find the work performed by this force and the increment of the body's
potential energy in the gravitational field of the Earth over the first half of the
ascent.

Ans. First, let us find the total height of ascent At the beginning and the end of the path
of velocity of the body is equal to zero, and therefore the increment of the kinetic
energy of the body is also equal to zero. On the other hand, in according with work-
energy theorem AT is equal to the algebraic sum of the works A performed by all the
forces, i.e. by the force F and gravity, over this path. However, since AT = 0 then A = 0.
Taking into account that the upward direction is assumed to coincide with the positive
direction of the y - axis, we can write



B B
A-I{F+m§]'*d?-fﬂ"j,—mg]dy
03. [
= mgf{l-Zay]d}'- mgh(l - ah)= 0.
o

whence h= 1/a.

The work performed by the force F over the first half of the ascent is

w2 k2
AF-J.FJ,dy- ngfu —ay)dy= 3 mg/da.
o o

The corresponding increment of the potential energy is

AU= mgh/2= mg/2a.

Q. 131. The potential energy of a particle in a certain field has the form U =
a/r> — blr, where a and b are positive constants, r is the distance from the
centre of the field. Find:

(a) the value of ro corresponding to the equilibrium position of the particle;
examine whether this position is steady;
(b) the maximum magnitude of the attraction force; draw the plots U (r) and
Fr (r) (the projections of the force on the radius vector r).

2a b

. dU’
Ans. From the equation F,= -7~ we get F, = [':i*;i

F-ﬂm,rn-——

(a) we have at r - ro, the particle is in equilibrium position. He T b

To check, whether the position is steady (the position of stable equilibrium), we have
d’U
i —1} 0
to satisfy dr

2
We have %’TU- [f—‘:-%

. 2a
Putting the value of r=r= 3=, we get

d’uv b pio

et (as a and ft are positive constant)
F

. ﬂ_ﬁ,u.

dr® 8a’



which indicates that the potential energy of the system is minimum, hence this
position is steady.

(b) We have F,= -%E{. [_%_%}]

For F , to be maximum

@,
T T

3a -
So, r= 5 and then Fr{m}- g

As F; is negative, the force is attractive.
Q. 132. In a certain two-dimensional field of force the potential energy of a particle

has the form U = ax? + Py?, where o and P are positive constants whose magnitudes
are different. Find out:

(a) whether this field is central;
(b) what is the shape of the equipotential surfaces and also of the surfaces for
which the magnitude of the vector of force F = const.

Ans. (a) We have

aly -3l
F = 2ax and F, &y 2hy

x

So, F'-quftzﬂyrmd, F*Z?ai;+ﬂz? (1)

For a central force, =% Fu o

Here, rxF= (xityj)x(-2axi-2pyj)
- _.zp.,xyE:Zu:y{F}- 0

Hence the force is not a central force.

(b) AsU=a?+py

all - al
So, F.= = —2ax and F = ay -2y

So, F= 'VrFEi-Ff =VadF+4p%y



According to the problem

F= 2V a*x®+p*y" = C (constant)
2
or, ol+piy= %

£y (2)

or, B-j-fuz-z—u:'ﬁ—z-k{say]

Therefore the surfaces for which F is constant is an ellipse. For an equipotential
surface U is constant.

So, ox’+py*= C,(constant)

2 ¥ _ %
or, ﬁT+J;I_1 ap Ky (constant)

Hence the equipotential surface is also an ellipse.

Q. 133. There are two stationary fields of force F = ayi and F = axi + byj, where i
and j are the unit vectors of the x and y axes, and a and b are constants. Find out

whether these fields are potential.

Ans. Let us calculate the workperformed by the forces of each field over the path from
a certain point 1 (X1, y1) to another certain point 2 (X2, y2)

5
() dA= Fodr=ayi-dr= ayde or, A= afydrl
x.

(ii) dA= F-dr= (axi+byi ) dr= axdx + bydy
%

4

4
Hence A-Iu.tdt+ bydy
xl

In the first case, the integral depends on the function of type y (x), i.e. on the shape
of the path. Consequently, the first field of force is not potential. In the second case,
both the integrals do not depend on the shape of the path. They are defined only by
the coordinate of the initial and final points of the path, therefore the second field of

force is potential.



Q. 134. A body of mass in is pushed with the initial velocity vo up an inclined plane
set at an angle a to the horizontal. The friction coefficient is equal to k. What
distance will the body cover before it stops and what work do the friction forces
perform over this distance?

Ans. Let s be the sought distance, then from the equ ation of increm ent of M.E.

AT+AU = A,
{ﬂ—é—mﬁ]-rhmgssina]n - kmg cos a5

2
¥
or, ;- E‘j;‘r{sinu+kuma]

-k
Hence A‘*- ~kmgecosa 5= m
Q. 135. A small disc A slides down with initial velocity equal to zero from the top
of a smooth hill of height H having a horizontal portion (Fig. 1.30). What must
be the height of the horizontal portion h to ensure the maximum distance s
covered by the disc? What is it equal to?

A
'H -,
b ;1'”-
e
Fig. 1.30.
Ans. Velocity of the body at hight hvy= V2 -, horizontally (from the figure

given in the problem). Time taken in falling through the distance h.

1=y 2k (as initial vertical component of the velocity is zero.)
8
Now s=v,r= V2g(H+h xg: Va(Hh- 1)

For sy, % (Hk - k%) = 0, which yiclds & -%
Putting this value of h in the expression obtained for s, we get,

Smax = H



Q. 136. A small body A starts sliding from the height h down an inclined groove
passing into a half-circle of radius h/2 (Fig. 1.31). Assuming the friction to be
negligible, find the velocity of the body at the highest point of its trajectory
(after breaking off the groove).

A

Fig. 1.31.

Ans. To complete a smooth vertical track of radius R, the minimum height at which a
particle starts, must be equal to 5/2 R (one can proved it from energy conservation).
Thus in our problem body could not reach the upper most point of the vertical track
of radius R/2.

Let the particle A leave the track at some point O with speed v (Fig.). Now from
energy conservation for the body A in the field of gravity :

mg{h—%[l +s§n B}]- %mv’
o, V'=gh(l-sin® (1)
From Newton s second law for the particle at the point O; Fn, = mwi,

. m
N+mgsind= 1/2)

PRI :
But, at the point O the normal reaction N =0

So, V= Ei'isinﬁ (2)

From (3) and (4), sin 9= 5 and v= \/£*



A fter leaving the track at O, the particle A comes in air and further goes up and at
maximum height of it's trajectory in air, it’s velocity (say v') becomes horizontal
(Fig.). Hence, the sought velocity of A at this point

V= veos (90 -0)= vsinB = %v%ﬁ

Q. 137. A ball of mass m is suspended by a thread of length I. With what minimum
velocity has the point of suspension to be shifted in the horizontal direction for the
ball to move along the circle about that point? What will be the tension of the
thread at the moment it will be passing the horizontal position?

Ans. Let, the point of suspension be shifted with velocity va in the horizontal direction
towards left then in the rest frame of point of suspension the ball starts with same
velocity horizontally towards right Let us work in this, frame. From Newton’s second
law in projection form towards the point of suspension at the upper most point (say B) :

me m
mg+T= Tﬂ of, T= '-Te-mg {l)

Condition required, to complete the vertical circle is that T > 0. But (2)
%mvj-mgﬁ!ﬂ«r%mﬂ So, vi= vi-dgl (3)
From (1), (2) and (3)

m(v: -4
T= {A—Igf—}—mgzﬂ or, v, x V5 gl

Thus Vo (min) ™ 5gl

From the equation F_= mw, at point C

o
T'== @




Again from eneigy conservation

ymi=miemg  (5)

From (4) and (5)

T=3mg

Q. 138. A horizontal plane supports a stationary vertical cylinder of radius R
and a disc A attached to the cylinder by a horizontal thread AB of length lo (Fig.
1.32, top view). An initial velocity vo is imparted to the disc as shown in the
figure. How long will it move along the plane until it strikes against the
cylinder? The friction is assumed to be absent.

- -
. st

! \\

i y |
1

@

i} A
Fig. 1.32.

Ans. Since the tension is always perpendicular to the velocity vector, the work done by
the tension force will be zero. Hence, according to the work energy theorem, the kinetic
eneigy or velocity of the disc will remain constant during it’s motion. Hence, the sought

= —

time %" where s is the total distance traversed by the small disc during it's motion.
Now, at an arbitary position (Fig.)

ds= ([;-RB)d8,
LR

50, .r-ftfu-ﬂ B)do
0

2 2
"ﬁ R IEI] II:I
or, 5 —_——

"RT2g R

Hence, the required time, ¢




It should be clearly understood that the only uncompensated force acting on the disc
A in this case is the tension T, of the thread. It is easy to see that there is no point
here, relative to which the moment of force T is invarible in the process of motion.
Hence conservation of angular momentum is not applicable here.

Q. 139. A smooth rubber cord of length | whose coefficient of elasticity is K is
suspended by one end from the point O (Fig. 1.33). The other end is fitted with a
catch B. A small sleeve A of mass m starts falling from the point O. Neglecting
the masses of the thread and the catch, find the maximum elongation of the

cord.

e
o

B
Fig. 1.33.

Ans. Suppose that Al is the elongation of the rubbler cord. Then from eneigy
conservation,

ﬂ.Ur-I-ﬁUd- O(as AT = 0)
or, -mg[f+.ﬁﬂ+%lcjﬂ2- ]

or, %EM:wmgﬂ.:'-mg.' -0

2kl
+ e

Since the value of 41 ) ) ) o
mg s certainly greater than 1, hence negative sign is a

voided.

S0, at= 2[y44/1 72 |
K mg



Q. 140. A small bar A resting on a smooth horizontal plane is attached by
threads to a point P (Fig. 1.34) and, by means of a weightless pulley, to a weight
B possessing the same mass as the bar itself. Besides, the bar is also attached to a
point 0 by means of a light nondeformed spring of length I = 50 cm and stiffness
x =5 mg/lo, where m is the mass of the bar. The thread PA having been burned,
the bar starts moving. Find its velocity at the moment when it is breaking off the
plane.

Fig. 1.34.

Ans. When the thread PA is burnt, obviously the speed of the bars will be equal at
any instant of time until it breaks oft. Let v be the speed of each block and 0 be the
angle, which the elongated spring makes with the vertical at the moment, when the
bar A breaks off the plane. At this stage the elongation in the spring.

Al= lysec®-ly=ly(sec0-1) (1)

Since the problem is concerned with position and there are no forces other than
conservative forces, the mechanical energy of the system (both bars + spring) in the
field of gravity is conserved, i.e. AT + AU =0

So, 2(%#1 ]+Jixfﬁ?[uecﬂ-1}z-mgfutanﬂ-0 (2)

From Newton’s second law in projection form along vertical direction :



mg=N+Kly(secB-1)cos 0
But, at the moment of break off, N = (.
Hence, k [, (secB8-1) cos B = mg

or, cos O = ¥ i:c_fomg (3

N
Kio(Sec8-1 9

| T

L

Taking x= E?:E, simultaneous solutiorisof (2) and (3) yields :

1 flggf
V= —'_""1"- 17 m./s.

32




Laws of Conservation of Energy, Momentum and
Angular Momentum (Part - 2)

Q. 141. A horizontal plane supports a plank with a bar of mass m = 1.0 kg
placed on it and attached by a light elastic non-deformed cord of length lo =40
cm to a point O (Fig. 1.35). The coefficient of friction between the bar and the
plank equals k = 0.20. The plank is slowly shifted to the right until the bar starts
sliding over it. It occurs at the moment when the cord deviates from the vertical
by an angle 0 = 30°. Find the work that has been performed by that moment by
the friction force acting on the bar in the reference frame fixed to the plane.

Fig. 1.35.

Ans. Obviously the elongation in the cord, Al = |, (sec 0 - 1), at the moment the
sliding first starts and at the moment horizontal projection of spring force equals the
limiting friction.

So, x,Msin@=kN (1)

(where kx is the elastic constant)
From Newton's law in projection form along vertical direction :

K;AMcos B+ N= mg.

or, N=mg-x,Alcos® (2)

r:m\y”

L __?ﬁ*

: | mg

From (1) and (2),



K, Alsin O = k(mg - x; Al cos 6)

K= kmg
L™ Alsin @ + kAl cos B

o1,

From the equation of the increment of mechanical energy : AU + AT = Ag

or, (%KIMQ]-AF,
kmg AI® i}
2 Al'(sin 8 + k cos 0)

4 kng I, (sec B - 1)
47= 2 (sin 0 - kcos 8)

or, A f

r

Thus = 0:08] (on substitution)

Q. 142. A smooth light horizontal rod AB can rotate about a vertical axis passing
through its end A. The rod is fitted with a small sleeve of mass m attached to the
end A by a weightless spring of length lo and stiffness x. What work must be
performed to slowly get this system going and reaching the angular velocity ®?

Ans. Let the deformation in the spring be Al, when the rod AB has attained the angular
velocity .

From the second law of motion in projection form Fn = mw, .

2
mw” I
Al= ma’(ly+Al) or, Al=
K mlﬂ[!a‘fnﬁf m’
2

From the encrgy cquation, A_, = -il?mv + %-l‘ al?

1 3 2 1 2
= zmm (fy + ALY +2|cM

2 2,2
1 2 muw” I 1 [ mo I
Em [-",1-“_““}1] +2|c[x_mz
En(l+m) 2
KD
On solvin A== =, where = —
i =2 a-w

Q. 143. A pulley fixed to the ceiling carries a thread with bodies of masses

m1 and m; attached to its ends. The masses of the pulley and the thread are
negligible, friction is absent. Find the acceleration w¢ of the centre of inertia of
this system.

Ans. We know that acceleration of centre of mass of the system is given by the
expression.



— —
—_ my Wy o+ Ry Wy

€ T, +m,
Since W= =Wy
---il--I {ml-ml}wl {1]
¢ e

Now from Newton's second law F— mﬁ': for
the bodies m; and m., respectively.

T+mg= m w @

ad  Tomge mwy= -mw,  (3)

b el tw

m:g

Solving (2) and (3)
o M (4)
' my + iy

Thus from (1), (2) and (4),

— [m[‘mz):?
vt S 0§
liﬂ'll.ﬂ'ﬂlz]2

Q. 144. Two interacting particles form a closed system whose centre of inertia is
at rest. Fig. 1.36 illustrates the positions of both particles at a certain moment
and the trajectory of the particle of mass m:. Draw the trajectory of the particle
of mass my if my = my/2.



“H

ity

Fig. 1.36.

Ans. As the closed system consisting two particles m ; and of m; is initially at rest
the C.M. of the system will remain at rest. Further as m, = m1/2, the C.M. of the
system divides the line joining m; and m; at all the moments of time in the ratio 1 : 2.
In addition to it the total linear momentum of the system at all the times is zero.

So, Pi=-P1 and therefore the velocities of m: and m. are also directed in opposite
sense. Bearing in mind all these thing, the sought trajectory is as shown in the figure.

Q. 145. A closed chain A of mass m = 0.36 kg is attached to a vertical rotating
shaft by means of a thread (Fig. 1.37), and rotates with a constant angular
velocity ® = 35 rad/s. The thread forms an angle 0 = 45° with the vertical. Find
the distance between the chain's centre of gravity and the rotation axis, and the
tension of the thread.



Ans. First of all, it is clear that the chain does not move in the vertical direction
during the uniform rotation. This means that the vertical component of the tension T
balances gravity. As for the horizontal component of the tension T, it is constant in
magnitude and permanently directed toward the rotation axis. It follows from this
that the C.M. of the chain, the point C, travels along horizontal circle of radius p
(say). Therefore we have,

TcosO0= mg and Tsin0= mmzp

Thus .p-E-!-m;—B- 0-8 cm
w

and T=—E _5SN
cos 8

Q. 146. A round cone A of mass m = 3.2 kg and halfangle o = 10° rolls uniformly
and without slipping along a round conical surface B so that its apex O remains
stationary (Fig. 1.38). The centre of gravity of the cone A is at the same level as
the point O and at a distance | = 17 cm from it. The cone's axis moves with
angular velocity o. Find:

(a) the static friction force acting on the cone A, if ® = 1.0 rad/s;
(b) at what values of ® the cone A will roll without sliding, if the coefficient of

friction between the surfaces is equal to k = 0.25.

My

ity

Ans. (a) Let us draw free body diagram and write Newton's second law in terms of
projection along vertical and horizontal direction respectively.



Neoso-mg+ fraina= 0 (1)

freos o - Nsinc= mw’ ! (2)

From (1) and (2)
si

freosa - m;z (- frsina+mg)= ma’ I
N
&
il L
__':",_,.,-"'
of
fr
e
\f?ng_

2
So, fr= mg[sinad-m?“msa]- 6N (3)

(b) For rolling, without sliding,
fr <kN

but, N =mg cos o - m ®? | sin a

2
mg[&iﬂﬂ+mTIBﬂ$ﬂ] s k(mgcosa—mw? Isina) [Using (3)]

Rearranging, we get,

mmiilmsu+ksjnu} =({ kmgcos o — mgsina )

Thus wsVg(k-tana)/(1+ktana )l = 2 rad/s

Q. 147. In the reference frame K two particles travel along the x axis, one of
mass m1 with velocity vi, and the other of mass m» with velocity v». Find:

(a) the velocity V of the reference frame K" in which the cumulative kinetic
energy of these particles is minimum;
(b) the cumulative kinetic energy of these particles in the K' frame.

Ans. (a) Total kinetic energy in frame K ' is



Te gm (5= e gm (-7 )

This is minimum with respect to variation in 7 ypeq When

' — == —_ —=
Es- 0, i ml{vl—'.-")z+m2{y1-1-’]-ﬁ
ov

—. —-
or y.MmnutmV: .

(4

Hence, it is the frame of C.M. in which kinetic energy of a system is minimum.

(b) Linear momentum of the particle 1 in the K ' or C frame

= —. = ﬂ'llmz
- - = reduced
or, pi= w(v;-v;), where, p= g+ reduced mass

Similarly, pi=u(¥5-¥D)
So, |pil=|p;|= p= nvy where, v,u= |v;-v3| (3)

Now the total kinetic energy of the system in the C frame is

O O o

—  =m 2

1 2 1
Hence 7= SUVa= S U l V- 921

Q. 148. The reference frame, in which the centre of inertia of a given system of
particles is at rest, translates with a velocity V relative to an inertial reference
frame K. The mass of the system of particles equals m, and the total energy of

the system in the frame of the centre of inertia is equal to E. Find the total
energy E of this system of particles in the reference frame K.

Ans. To find the relationship between the values of the mechanical eneigy of a
system in the K and C reference frames, let us begin with the kinetic eneigy T of the
system. The velocity of the /-th particle in the K frame may be represented

- Crlg
'Ir"-- ‘I-'E*-

as Ye* Now we can write



T= 3 Imoi= 3 Am (470 (71 7%)

= E %ml;iz*;;E "’1?"‘2 %"";“3:

Since in the C frame Y m,v= 0, the previous expression takes the form

T E"f%"' Vo= f'*'fl,_'m v? (since according to the problem v. = V) (1)

Since the internal potential eneigy U of a system depends only on its configuration,
the magnitude U is the same in all refrence frames. Adding U to the left and right
hand sides of Eq. (1), we obtain the sought relationship

E= Ei--;—mlfz

Q. 149. Two small discs of masses m1 and m, interconnected by a weightless
spring rest on a smooth horizontal plane. The discs are set in motion with initial
velocities vi and vz whose directions are mutually perpendicular and lie in a

horizontal plane. Find the total energy £ of this system in the frame of the centre
of inertia.

Ans. Asinitially g- =0, so, E=T

From the solution of 1.147 (b)

-

1
T- EMI'FI.“‘TZ;L

/ o =l
As V1w

Thus T= %:T:z{bﬁlﬁ)

Q. 150. A system consists of two small spheres of masses mi and

m; interconnected by a weightless spring. At the moment t = 0 the spheres are
set in motion with the initial velocities vi and v, after which the system starts
moving in the Earth's uniform gravitational field. Neglecting the air drag, find
the time dependence of the total momentum of this system in the process of
motion and of the radius vector of its centre of inertia relative to the initial
position of the centre.

Ans. Velocity of masses m: and mz, after t seconds are respectively.



Vi = Vi+gtand ¥y = ¥+ 37
Hence the final momentum of the system,

= my 1I + My ;;"‘ ”1q+m:q+(m1*”1]§?

= po+mgt, (where, py= m, v, +myv; and m= m, +m,)

And radius vector,

1
- F;I-i-i'b_l'l::.fz

1 MV, +my vy
= EI-&EEE. where 1‘;;'_....‘;17.“.:_1
1

Q. 151. Two bars of masses mi1 and m, connected by a weightless spring of
stiffness x (Fig. 1.39) rest on a smooth horizontal plane. Bar 2 is shifted a small
distance x to the left and then released. Find the velocity of the centre of inertia
of the system after bar 1 breaks off the wall.

S
3

%

Fig. 1.39.

Ans. After releasing the bar 2 acquires the velocity v, obtained by the energy,
conservation :

Q. 152. Two bars connected by a weightless spring of stiffness x and length (in
the non-deformed state) lo rest on a horizontal plane. A constant horizontal
force F starts acting on one of the bars as shown in Fig. 1.40. Find the maximum
and minimum distances between the bars during the subsequent motion of the
system, if the masses of the bars are:

(a) equal;
(b) equal to m; and my, and the force F is applied to the bar of mass mo.

Ty * Ty F

Fig. 1.40.



Ans. Let us consider both blocks and spring as the physical system. The centre of mass

J =
of the system moves with acceleration * ™2 towards right Let us work in the
frame of centre of mass. As this frame is a non-inertial frame (accelerated with respect
to the ground) we have to apply a pseudo force mia towards left on the block my and
m2 a towards left on the block m>

m,

As the center of mass is at rest in this frame, the blocks move in opposite directions and
come to instantaneous rest at some instant. The elongation of the spring will be
maximum or minimum at this instant. Assume that the block m; is displaced by the
distance x1 and the block m> through a distance x. from the initial positions.

My
ma b
«—m My —>F

AL AL S LSS LSS

From the eneigy equation in the frame of C.M.

-

AT + U =4,

‘ir'\'hEl'E A e 3180 ‘iIlCl'IJdE‘-S 'thE‘ 1’&'01'1( dDHE ]J-‘.-' 'thE‘ SElldD fDl'CES
ext ) P
Here,

AT=0, U-%k[xl +x, and

W= '

ml +J'H1

F-m,F my F m F(x +x)
[ ] +ml+m2 l- m!+m1
or, %k[xl-g-xi}l - “*1::,::31’
2m F
So, +xy=0o0n &) +x; = m

Zm F

thy 4 —/————
Hence the maximum separation between the blocks equals k(™ +m))

Q. 153. A system consists of two identical cubes, each of mass m, linked together
by the compressed weightless spring of stiffness x (Fig. 1.41). The cubes are also
connected by a thread which is burned through at a certain moment. Find:

(a) at what values of Al, the initial compression of the spring, the lower cube will
bounce up after the thread has been burned through:

(b) to what height h the centre of gravity of this system will rise if the initial
compression of the spring Al = 7 mg/x.



Fig. 1.41.

Ans. (a) The initial compression in the spring Al must be such that after burning of the
thread, the upper cube rises to a height that produces a tension in the spring that is
atleast equal to the weight of the lower cube. Actually, the spring will first go from its
compressed state to its natural length and then get elongated beyond this natural length.
Let / be the maximum elongation produced under these circumstances.

Then
Kl = mg (@8]

Now, from energy conservation,
1 2 1 2
EKH -mg{H+!]+§|:i' (2)

(Because at maximum elongation of the spring, the speed of upper cube becomes
zero) From (1) and (2),

A2 2mE Al 3m

3mg —mg
" KZ-DM'M-{’K

Therefore, acceptable solution of Al equals 3%*5

(b) Let v the velocity of upper cube at the position (say, at C) when the lower block
breaks off the floor, then from energy conservation.

%w’- %u{ﬁfzvle—mg[h- Al)

(where [ = mg/x and Al = ?"—;E}

Or, V32 mg’ (2)
K

N _ . Pc-mv-l-ﬂ_g_hL
At the position C, the velocity of CM ; m 2 the C.M. of the system

(spring + two cubes) further rises up to A yco.




Now, from energy conservation,

L= @mgare,

Ye ¥ _4mg
ar, '&}IE'Z- 23 Eg K
==y
: ]
(B
z |

LRI
But, uptil position C, the C.M. of the system has already elevated by,

- |[M+i}m+l]_ 4m5

Ayey T "

Hence, the net digplacement of the C.M. of the system, in upward direction

8mg

Aye= Ay +Ayg= =
Q. 154. Two identical buggies 1 and 2 with one man in each move without friction
due to inertia along the parallel rails toward each other. When the buggies get
opposite each other, the men exchange their places by jumping in the direc- tion
perpendicular to the motion direction. As a consequence, buggy 1 stops and buggy
2 keeps moving in the same direction, with its velocity becoming equal to v. Find
the initial velocities of the buggies viand v if the mass of each buggy (without a
man) equals M and the mass of each man m.

Ans. Due to ejection of mass from a moving system (which moves due to inertia) in a
direction perpendicular to it, the velocity of moving system does not change. The
momentum change being adjusted by the forces on the rails. Hence in our problem
velocities of buggies change only due to the entrance of the man coming from the other
buggy. From the

Solving (1) and (2), we get



Mv
M-m

v = and v, =

my
M-m
As vt vand vt V"

.
= mv
S0, #fm ™ _ 4nd 7.

My
(M - m) (M —m)

Q. 155. Two identical buggies move one after the other due to inertia (without
friction) with the same velocity vo. A man of mass in rides the rear buggy. At a
certain moment the man jumps into the front buggy with a velocity u relative to
his buggy. Knowing that the mass of each buggy is equal to M, find the velocities
with which the buggies will move after that.

Ans. From momentum conservation, for the system “rear buggy with man”
(Memyvgm m(@evg)+ Mg (1)

From momentum conservation, for the system (front buggy + man coming from rear
buggy)

My +m@svy)= (M+m)vy

—
So, eV m oo
} F M+m M+m R

Putting the value of ¥} from (1), we get

mM
M +m)* “

Q. 156. Two men, each of mass m, stand on the edge of a stationary buggy of mass
M. Assuming the friction to be negligible, find the velocity of the buggy after both
men jump off with the same horizontal velocity u relative to the buggy: (1)
simultaneously; (2) one after the other. In what case will the velocity of the buggy
be greater and how many times?

=

Vg

ilp
-vﬂ-l-

Ans. (i) L=t "I be the velocity of the buggy after both man jump off simultaneously. For
the closed system (two men + buggy), from the conservation of linear momentum,

Myvi+2m{i+v])=0

Dr_lu 'Ir’l -



(i) Let ¥ be the velocity of buggy with man, when one man jump off the buggy.
For the closed system (buggy with one man + other man) from the conservation of
linear momentum :

Om (M+m)v +m@@sy)  (2)

Let ¥ e the sought velocity of the buggy when the second man jump off the buggy;
then from conservation of linear momentum of the system (buggy + one man) :

(M+m)v" = MU +m{d+v;) (3)
Solving equations (2) and (3) we get

- m@2M+3mu
vﬂ-w+m)w+1m} (4]

From (1) and (4)

l-’z m
vld 1+1{H+m}

>1

Hence v;> v,

Q. 157. A chain hangs on a thread and touches the surface of a table by its lower
end. Show that after the thread has been burned through, the force exerted on the

table by the falling part of the chain at any moment is twice as great as the force of
pressure exerted by the part already resting on the table.

Ans. The descending part of the chain is in free fall, it has speed ¥= Y28k at the
instant, all its points bave descended a distance y. The length of Ihe chain which lands
on the floor during Ihe differential time interval dt following this instant is vdt.

For the incoming chain element on the floor :

From dp,= F,dt (where v - ax is is directed down)

0-(hvdi)v= F,de

or F,= -hvi= -2hgy



___.
R~

Hence, the force exerted on the falling chain equals Av? and is directed upward.
Therefore from third law the force exerted by the falling chain on the table at the same
instant of time becomes Av? and is directed downward.

Since a length of chain of weight (Ayg) already lies on the table the total force on the
floor is (2Ayg) + (Ayg) = (3Ahyg) or the weight of a length 3y of chain.

Ans. Velocity of the ball, with which it hits the slab, v v2gh
After first impact, v' = ev (upward) but according to the problem
Ve ¥ en % (1)

and momentum, imparted to the slab,
= v —(=mv' )= mv(l +e)

Similarly, velocity of the ball after second impact,
Vieev= ey

And momentum imparted = m(V+v')= m(l+e)ev

Again, momentum imparted during third impact,

= m(1+e)e’v, and so on,

Hence, net momentum, imparted = mv(l +e)+mve(l+e) + mve’(1+e) +...



= mvil +£}{1+e+ej+...]

- H;v{l-i-e}

. II?}:,[1:1'4::111 summation of G.P.)

( 1
1+=—
n

- w.*'zgh-[—-—l-—- mvV2gh [ (n+1)/(n-1)(Using Eq. 1)
'H]

= 0.2 kg m/s. (On substitution)

Q. 159. A raft of mass M with a man of mass m aboard stays motionless on the
surface of a lake. The man moves a distance 1' relative to the raft with velocity
V'(t) and then stops. Assuming the water resistance to be negligible, find:

(a) the displacement of the raft 1 relative to the shore;

(b) the horizontal component of the force with which the man acted on the raft
during the motion.

Ans. (a) Since the resistance of water is negligibly small, the resultant of all external
forces acting on the system “a man and a raft” is equal to zero. This means that the
position of the C.M. of the given system does not change in the process of motion.

ic. 7= constant Of, A7g= 0 ie. 2 m; AF= 0
or, m(ﬁr_;,, +ar_;}+M&F; =0
ml™

Thus, "sD+MIm [m—
m(l" +1)+Ml=0, or, | Y

(b) As net external force on “man-raft” system is equal to zero, therefore the
momentum of this system does not change,

So, 0= m[v"()+75() ]+ MV ()

As ¥ () or ¥(0is along horizontal direction, thus the sought force on the raft

_MATO Mm@
dt “m+M dt

Note : we may get the result of part (a), if we integrate Eq. (1) over the time of
motion of man or raft.



Q. 160. A stationary pulley carries a rope whose one end supports a ladder with a
man and the other end the counterweight of mass M. The man of mass m climbs
up a distance 1' with respect to the ladder and then stops. Neglecting the mass of
the rope and the friction in the pulley axle, find the displacement 1 of the centre of
inertia of this system.

Ans. In the refrence frame fixed to the pulley axis the location of C.M. of the given
system is described by the radius vector

Mﬁr-;+{M-m}ﬁF{L__]+m.ﬁr:
Ary= M

-

(M-m) 4

i

But  Afg=-AFg .
and AT =AT w0+ A

Thus ﬁF‘._:- E

M

Note : one may also solve this problem using momentum conservation



Laws of Conservation of Energy, Momentum and
Angular Momentum (Part - 3)

Q. 161. A cannon of mass M starts sliding freely down a smooth inclined plane at
an angle a to the horizontal. After the cannon covered the distance I, a shot was
fired, the shell leaving the cannon in the horizontal direction with a momentum p.
As a consequence, the cannon stopped. Assuming the mass of the shell to be
negligible, as compared to that of the cannon, determine the duration of the shot.

Ans. Velocity of cannon as well as that of shell equals ¥28/5" @ down the inclined
plane taken as the positive x - axis. From the linear impulse momentum theorem in
projection form along x - axis for the system (connon + shell) i.e. Apx - FxAt

peosa-MV2glsina = Mgsina At (as mass of the shell is neligible)

- peosa-MVY 2glsina

Mgsina

or, A

Q. 162. A horizontally flying bullet of mass m gets stuck in a body of mass M
suspended by two identical threads of length | (Fig. 1.42). As a result, the threads
swerve through an angle 0. Assuming m << M, find:

(a) the velocity of the bullet before striking the body;
(b) the fraction of the bullet's initial kinetic energy that turned into heat.

Ans. From conservation of momentum, for the system (bullet + body) along the initial
direction of bullet

mv
m+M

myy=(m+M)v, o, v=

Q. 163. A body of mass M (Fig. 1.43) with a small disc of mass m placed on it
rests on a smooth horizontal plane. The disc is set in motion in the horizontal
direction with velocity v. To what height (relative to the initial level) will the disc
rise after breaking off the body M? The friction is assumed to be absent.

Fig. 1.43,



Ans. From conservation of momentum, along x-axis for the system (disc + body)

my= (m+ M)V, or v, = ::"’M (1)

And from energy conservation, for the same system in the field of gravity :
Lo = L(1'1'14-1'!:’} V2 4 2 m v 4 mah’

2 2 s¥g MYyt e,

where h! is the height of break off point from initial level. So,

2
£+i}+%m V24 mgh', using (1)

%mvzn %{mq-ﬂﬂ

or, vie -2 ___2gN
i
Also, if h" is the height of the dise, from the break-off point,

then, vi=2gh"

mve

T (M +m)

SO: -zg{hrr*_hj']- I"E
Hence, the total height, raised from the initial level

My

- KK =

Q. 164. A small disc of mass m slides down a smooth hill of height h without

initial velocity and gets onto a plank of mass M lying on the horizontal plane at
the base of the hill (Fig. 1.44). Due to friction between the disc and the plank the
disc slows down and, beginning with a certain moment, moves in one piece with

the plank

(1) Find the total work performed by the friction forces in this process.

(2) Can it be stated that the result obtained does not depend on the choice of the

reference frame?



Fle. 1.44.

Ans. (a) When the disc slides and comes to a plank, it has a velocity equal

to = Y28% Dye to friction between the disc and the plank the disc slows down and

after some time the disc moves in one piece with the plank with velocity v' (say).

From the momentum conservation for the system (disc + plank) along horizontal
towards right :

my
m+M

mv=(m+Mv' or v'=
Now from the equation of the increment of total mechanical energy of a system :

;—{M-i-m}v':--;-mui- Aﬂ,

mivt 1

1 2
or, M C T2 ™ " A

1 m )
s, f‘g{m'“]'%
mM
Hence, Ap= -[m+M)Eﬁ- - ugh

[where W= ;m:&{-{-- reduced mass]

(b) We look at the problem from a frame in which the hill is moving (together
with the disc on it) to the right with speed il Then in this frame the speed of
the disc when it just gets onto the plank is, by the law of addition of

velocities, * =" +V2gh. Similarly the common speed of the plank and the disc

when they move together is



ot m
v = u+m+M#§g]|.

Then as above J_‘i:& - %{mMﬂ?: - mv - %Hu

-':'l'{m+M} W+ S uvigh + m’ 2gh 1 2 1 2uv2gh h
2 e M M) -E{m+m‘}u-2m - mg

(m

We see that 4 is independent of u and is in fact just - u g h as in (a). Thus the result
obtained does not depend on the choice of reference frame.

Do note however that it will be in correct to apply “conservation of enegy” formula in
the frame in which the hill is moving. The energy carried by the hill is not negligible in
this frame. See also the next problem.

Q. 165. A stone falls down without initial velocity from a height h onto the Earth's
surface. The air drag assumed to be negligible, the stone hits the ground with

velocity ¥ = V28t re|ative to the Earth. Obtain the same formula in terms of the
reference frame "'falling" to the Earth with a constant velocity vo.

Ans. In a frame moving relative to the earth, one has to include the kinetic energy of the
earth as well as earth’s acceleration to be able to apply conservation of energy to the
problem. In a reference frame falling to the earth with velocity vo, the stone is initially
going up with velocity vo and so is the earth. The final velocity of the stone is 0 = vo - gt

m
and that of the earth is *» * m® (M is the mass of the earth), from Newton’s third law,
where t = time of fall. From conservation of energy

2
%mpﬁ + %M’vﬁ + mgh = ;—M(vu + %v,&)

2
Hence %vg (m + %] = mgh

- . m . . .
Negecting 3r in comparison with 1, we get

2 .,‘,i
Vo = 2ghor v, = VIg8h The point is this in earth’s rest frame the effect of earth’s

accleration is of order m/M and can be neglected but in a frame moving with respect
to the earth the effect of earth’s acceleration must be kept because it is of order one
(i.e. large).



Q. 166. A particle of mass 1.0 g moving with velocity vi = 3.0i - 2.0j experiences a
perfectly inelastic collision with another particle of mass 2.0 g and velocity v, =
4.0 — 6.0k. Find the velocity of the formed particle (both the vector v and its
modulus), if the components of the vectors vi and vz are given in the SI units.

b

Ans. From conservation of momentum, for the closed system “both colliding particles’

— — —
myvy + vy = (my +mo) v

— — — — — —
myv, + may [— 2§ i—

— MV ¥ MV 103 2j)+2(4j-6k) _ I.—:zj—:‘lr
my + m 3

Hence |v]=V1+4+16 m/s= 46m/s

or,

Q. 167. Find the increment of the kinetic energy of the closed system comprising
two spheres of masses m; and m. due to their perfectly inelastic collision, if the
initial velocities of the spheres were equal to vi and va.

Ans. For perfectly inelastic collision, in the C.M. frame, final kinetic energy of the
colliding system (both spheres) becomes zero. Hence initial kinetic energy of the
system in C.M. frame completely turns into the internal energy (Q) of the formed body.
Hence

~ 1 — a
Q= Tim g [fi-¥)
N ow from energy conservation AT= -Q= - %p. lF{'- F{lz,

In lab frame the same result is obtained as

ap o L miiemi)

1 2
LT L 1571 15

1 — - 7
- - Luli-¥l

Q. 168. A particle of mass m; experienced a perfectly elastic collision with a
stationary particle of mass m2. What fraction of the kinetic energy does the
striking particle lose, if

(a) it recoils at right angles to its original motion direction;
(b) the collision is a head-on one?



my and m, are ﬁ,u_;and;?:ﬁ

Ans. (a) Let the initial and final velocitiesof
respectively. T hen from conservation o f momentum along horizontal and vertical
directions, we get:

my Uy = mg v, cos B (1)

and myv;= mgyv,sin 0 (2)
Squaring (1) and (2) and then adding them,

23 202 2
mpvy = my(uy +vy)

Py
Us
.-@_,,_ __________ i
™

Now, from kinetic energy conservation,

%""1“?' -lz-m.zvi+%m1v§ {3)

2
OF, m(ul-v?)= myi= mgi:—é{ufwf; [Using (3)]

2
or, {ﬂ Bt (y)

So, fraction of kinetic energy lost by the particle 1,

1 1
E”‘l"%'ﬁmﬂi v
%miu'{' "1
Maq = m Zm .
-1- fe —— [Using (4]  (5)

L s B B
(b) When the collision occurs head on,

My = MYy gy



and from conservation of kinetic energy,

1 1 1
Emlu%- Emivz-l-imzvi

1 1 [m Iu v
- FmVitzm i L k8 ][Usmg{ili]
m, m,
or, % 11-—2 = U ';1-1
fm, =1
or, ﬂ_fm_lml_). (6)
(1+mlfm1‘j

Fraction of kinetic energy, lost

I-"2 my = My 4“‘:‘-1 5
-1-;,-1 [mﬂm; - wz[lkmg{ﬁll

Q. 169. Particle 1 experiences a perfectly elastic collision with a stationary particle
2. Determine their mass ratio, if

(a) after a head-on collision the particles fly apart in the opposite directions with
equal velocities;

(b) the particles fly apart symmetrically relative to the initial motion direction of
particle 1 with the angle of divergence 0 = 60°.

Ans. (a) When the particles fly apart in opposite direction with equal velocities (say v),
then from conservatin of momentum,

miu+l0= (my-m)v (1)
and from conservation of kinetic energy,

1 2 1 1
Fmu - ir||':11.r=-|-ia-:-:2-ﬂ

or, m = (m, +m,) v (2)

From Eq. (1) and (2),

. myu’
e )



or, mi-;im,_m;-ﬂ

ml 1
Hence —= 3 asmz-{}

(b) When they fly apart symmetrically relative to the initial motion direction with the

angle of divergence 6 = 60°,

From conservation of momentum, along horizontal and vertical direction,
my 1y = m, v, cos (0/2) +my vy cos (8/2) (1)
and m, v, sin(0/2) = m; vy sin (8/2)
or, mvi=mv, (2)

Now, from conservation of kinetic energy,

1 1 1
Lydeomtmpiedmi  (3)

From (1) and (2),

mvy

my uy = cos (8/2) [ml v+ m,]- 2m, v, cos (8/2)

So, #=2vcos(@2) (4)

From (2), (3). and (4)

.. 22
-tm,m![ﬂf?.}p%- mlvf+EH
My

m

or, 4cos’(0/2)=1+—

ma
LM 2 8 _
or, oy 4 cos > 1



m
and putting the value of ©, we get, ;; -2

Ans. If (vix, viy) are the instantaneous velocity components of the incident ball

and vax , Voy are the velocity components of the struck ball at the same moment, then
since there are no external impulsive forces (i.e. other than the mutual interaction of
the balls)

We have

usinu-vly . v:,’-ﬂ'

i COSOL = M Vy, + M Vo,

The impulsive force of mutual interaction satisfies
d F_d

‘&{Fh}- - - - ‘k{rlg}

(F is along the x axis as the balls are smooth. Thus Y component of momentum is not
transferred.) Since loss o f K.E. is stored as deformation energy D, we have

D= lmuz- lﬂl!l?lz- 1||l'||t|r'==

2 2 2
Jl 2 2 1 2 1 2
3 mu cos'eL = Smvy" = Smvy,

- %[ mu’cos’a — mzvj_:-r ( mucosa~ mfl-"n]l ]

- ﬁ [ 2mucosav, - 2mv, > ] = m(vucosa - v,7)
2

()

We see that D is maximum when

U COs0

2 m
2. .2
and Dm-m“;mu
D 1 1
'ﬁ'—— I--—
Then 7 i, 5 Cos’om

2



>
Q. 171. A shell flying with velocity v = 500 m/s bursts into three identical
fragments so that the Kinetic energy of the system increases n = 1.5 times. What

maximum velocity can one of the fragments obtain?

Ans. From the conservation of linear momentum of the shell just before and after its
fragmentation

FTeen (1)
where ¥}, andv; are the velocities of its fragments.
From the energy conservation 3np=ii+vi+v; (2)

T . g
Now Vorve=vi-ve=vi-v  (3)

—  —*
vc-v—

where velocity of the C M . of the fragments the velocity of the shell.
Obviously in the C.M. frame fbe linear momentum of a system is equal to zero, so

i+ +vy=0  (4)

Using (3) and (4) in (2), we get

P e @V P+ TER )+ (V- ) =3P+ 20] 42034200,
or, 27342V V,cosB+2v3+3 (1 - =0 (5)

If we have had used ¥;=-v;-v;, then Eq. 5 were contain ¥, instead of oA and so on.

The problem being symmetrical we can look for the maximum of any one. Obviously
it will be the same for each.



For ¥;to be real in Eq. (5)
4F§m’ﬂ a B[ZF% +3(L=-m)v)orén-1p= [4—00323]?%

So, ¥,sv 4—6{1‘;—3-12-.‘3— OF Vopey=V¥Y2(M-1) v

Hence vyggy= Vvl . =v+V2(n-1) v-v(]+\"'2{1‘|-1}|-1kmfs

Thus owing to the symmetry

Vigman) = V(o) = Ve =¥ (14 V20 = 1)) = 1 km/s

Q. 172. Particle 1 moving with velocity v = 10 m/s experienced a head-on collision
with a stationary particle 2 of the same mass. As a result of the collision, the
kinetic energy of the system decreased by n =1.0%. Find the magnitude and
direction of the velocity of particle 1 after the collision.

Ans. Since, the collision is head on, the particle 1 will continue moving along the same
line as before the collision, but there will be a change in the magnitude of it’s velocity
vector.

Let it starts moving with velocity vi and particle 2 with v, after collision, then from the
conservation of momentum

mu =mvi + Mv2 Of, U=V + Vo (1)

And from the condition, given,

1 1
tw -]
-1-

'rl-
%mz e
or, vi+¥= (1-n)d (2)

From (1) and (2),

Ve (u-v) = (1-m)?

or, vi-i-ul-luvl-v-vf- (1 -11}1;2

or, 2-.%-2v1u+r[uz- 0



a8

4

So,

vi=2uz
- %[utfu’-zquz]- %u{l +VI-2n)

Positive sign gives the velocity of the 2nd particle which lies ahead. The negative
sign is correct for vi.

So, v = %u[l -vT-2n)= 5m/s will continue moving in the same direction.

Note that v,= 0 if n=0 as it must.

Q. 173. A particle of mass m having collided with a stationary particle of mass M
deviated by an angle /2 whereas the particle M recoiled at an angle 6 = 30° to the
direction of the initial motion of the particle tn. How much (in per cent) and in
what way has the kinetic energy of this system changed after the collision, if M/m =
5.0?

Ans. Since, no external impulsive force is effective on the system “M + m”, its total
momentum along any direction will remain conserved.
So from px = const.

miti = My, cos D or, “]-r_f-:;E (1)

and from py, = const

my,= My, sin@ or, w= %"1 sinB= utan B, [using (1)]
Final kinetic energy of the syvstem

1 21
‘TJ' - 3 mvy + EM'-%

.y . . 1 2
And initial kinetic energy of the system = zmu

T.-T.
So, % change = —'fr—'x 100
3 2
Lo an?e st "2 Ry
2 2 MZWS g 2
- 1 = 100

12



- [lanzﬂ#gl-scczﬂ—ljx 100

M

and putting the values of 6 and m/M , we get % of change in kinetic energy = - 40 %

Q. 174. A closed system consists of two particles of masses m1 and mz which move
at right angles to each other with velocities vi1 and v». Find:

(a) the momentum of each particle and

(b) the total kinetic energy of the two particles in the reference frame fixed to their
centre of inertia.

Ans. (a) Let the particles m; and m, move with velocities ** ™™ 2 respectively. On
the basis of solution of problem 1.147 (b)

- —_ —=
P=pvy =p [vl-v:!

As 1w,
- L
SD, P= W '."f+v§ where | = Lt
my + my

(b) Again from 1.147 (b)
Fe W= gu -5

So, Talui+dd



Q. 175. A particle of mass m: collides elastically with a stationary particle of mass
m2 (m1 > my). Find the maximum angle through which the striking particle may
deviate as a result of the collision.

Ans. From conservation of momentum

— —=y? Il ’ '
S0 {PI'PI) 'Pf'zplPimul"Fi:‘Pzz

From conservation of eneigy

T v ' 2
" P . P
2m;,  2my 2m,

Eliminating p,” we get

m m
0= ﬂfl{l + m_j] = 23”1'?1‘3‘3551"‘!’12[1 = FT]
This quadratic equation for p:' has a real solution in terms of p: and cos 0; only if

m
4-::0529124[1--5]
my

OT  sin® 0= —

or s:'lmlillswE or sinﬁlz-ﬂ!-
my !

This clearly implies (since only + sign makes sense) that

51 B g = —
my



Q. 176. Three identical discs A, B, and C (Fig. 1.45) rest on a smooth horizontal
plane. The disc A is set in motion with velocity v after which it experiences an
elastic collision simultaneously with the discs B and C. The distance between the
centres of the latter discs prior to the collision is n times greater than the
diameter of each disc. Find the velocity of the disc A after the collision. At what
value of  will the disc A recoil after the collision; stop; move on?

g_
NP O]
O_”..f’.
\'l-
g N

Fig. 1.45.

Ans. From the symmetry of the problem, the velocity of the disc A will be directed
either in the initial direction or opposite to it just after the impact Let the velocity of
the disc A after the collision be v' and be directed towards right after the collision. It
is also clear from the symmetry of problem that the discs B and C have equal speed
(say V") in the directions, shown. From the condition of the problem,

b | R

n

= Izlsu, sin 0 = '#:4—112 /2 (1)

cos 0=

|

For the three discs, system, from the conservation of linear momentum in the
symmetry direction (towards right)

my= 2mV'sin@+my' or, v=2v'sinB+v  (2)

From the definition of the coefficeint of restitution, we have for the discs A and B (or
C)

v’ =1 gin @
vsinB -0
But e = 1, for perfectly elastic collision,

So, vsin®=v'-v'sin® (2]

From (2) and (3),
_ v (1 =2sin’ @)
(1 + 2 sin® 6)

L vi-2)
E-'r]l

{using (1)}



Hence we have,

s rim'-2)
6-1

Therefore, the disc A will recoil if n <vZ and stop if n = vZ.

Note : One can write the equations of momentum conservation along the direction
perpendicular to the initial direction of disc A and the consevation of kinetic energy
instead of the equation of restitution.

Q. 177. A molecule collides with another, stationary, molecule of the same mass.
Demonstrate that the angle of divergence

(a) equals 90° when the collision is ideally elastic;

(b) differs from 90° when the collision is inelastic

Ans. (a) Let a molecule comes with velocity o strlke another stationary molecule

and just after collision their velocities become vy and ¥ respectively. As the mass of
the each molecule is same, conservation of linear momentum and conservation of
kinetic energy for the system (both molecules) respectively gives :

—r —
v

vy = 1+

e
v

2

and vf: v +v’§

From the property of vector addition it is obvious from the obtained Egs. that

— - pueep——"
[

vilv, or v cv s ()

(b) Due to the loss of kinetic energy in inelastic collision ! > v +v73

so, v, -7 ,>0 and therefore angle of divergence < go°.



Q. 178. A rocket ejects a steady jet whose velocity is equal to u relative to the
rocket. The gas discharge rate equals p kg/s. Demonstrate that the rocket motion
equation in this case takes the form mw =F — pu

where m is the mass of the rocket at a given moment, w is its acceleration, and F is
the external force.

Ans. Suppose that at time tf the rocket has the mass m and the velocity v, relative to
the reference frame, employed. Now consider the inertial frame moving with the
velocity that the rocket has at the given moment. In this reference frame, the momentum
increament that the rocket & ejected gas system acquires during time dt is

dp=mdvFpdii=F di

. d;r"_' —af -
or, mm-F—nu

—
oY, mws=F - pu"

Q. 179. A rocket moves in the absence of external forces by ejecting a steady jet
with velocity u constant relative to the rocket. Find the velocity v of the rocket at
the moment when its mass is equal to m, if at the initial moment it possessed the
mass mo and its velocity was equal to zero. Make use of the formula given in the
foregoing problem.

Ans. According to the question, F= Oandu = - dm/dt 5g the equation for this system
becomes,

As dvt ju  so, mdv= —udm.

Integrating within the limits :

Thus, v = n:]nﬂ
m

— . . - m
As As :.:'F"Hu, 80 in vector form v= - g In;tI



Q. 180. Find the law according to which the mass of the rocket varies with time,
when the rocket moves with a constant acceleration w, the external forces are
absent, the gas escapes with a constant velocity u relative to the rocket, and its
mass at the initial moment equals mo.

Ans. According to the question, F (external force) = 0

dv
SD, mE-

s0, in scalar form, mdv= —udm

wdt  dm

orMdf _ _d4m
u m

Integrating within the limits for m (t)



Laws of Conservation of Energy, Momentum and
Angular Momentum (Part - 4)

Q. 181. A spaceship of mass me moves in the absence of external forces with a
constant velocity vo. To change the motion direction, a jet engine is switched on.
It starts ejecting a gas jet with velocity u which is constant relative to the
spaceship and directed at right angles to the spaceship motion. The engine is
shut down when the mass of the spaceship decreases to m. Through what angle a
did the motion direction of the spaceship deviate due to the jet engine
operation?

Ans. 5. Fa o from the equation of dynamics of a body with variable mass;

=== U

LT o, v r% (1)

Now dv'} |ir"and since &L ¥7"we must have || = vod @ (o001 100 v, s constant) Where d o is

the angle by which the spaceship,turns in time dt.

dm u dm
So: - - wda o, da= -;_;m

Q. 182. A cart loaded with sand moves along a horizontal plane due to a constant
force F coinciding in direction with the cart’s velocity vector. In the process,
sand spills through a hole in the bottom with a constant velocity p kg/s. Find the
acceleration and the velocity of the cart at the moment t, if at the initial moment
t = 0 the cart with loaded sand had the mass mo and its velocity was equal to
zero. The friction is to be neglected.

Ans. We have %‘- - or, dmn= - pudt

Integrating fdm. —p,fdj of, m= my—
m, L

As it’= 0 so, from the equation of variable mass system :



Q. 183. A flatcar of mass mo starts moving to the right due to a from a
stationary hopper. The velocity of loading is constant and equal to p, kg/s. Find
the time dependence of the velocity and the acceleration of the flatcar in the

process of loading. The friction is negligibly small.

,
C —

(G D]
T T T P e s

Fig. 1.46.

Ans. Let the car be moving in a reference frame to which the hopper is fixed and at
any instant of time, let its mass be m and velocity e

Then from the general equation, for variable mass system.

m AV Fopdm
dt dt

We write the equation, for our system as,



-

— Fr
pe

80, my [1 + f‘)
0
o d_;'_ i
Thus the sought acceleration, dr mg (14 2L ’
my

Q. 184. A chain AB of length | is located in a smooth horizontal tube so that its
fraction of length h hangs freely and touches the surface of the table with its end
B (Fig. 1.47). At a-certain moment the end A of the chain is set free. With what
velocity will this end of the chain slip out of the tube ?

Fig. 1.47.

Ans. Let the length of the chain inside the smooth horizontal tube at an arbitrary
instant is X. From the equation,

—
mw= F +u

— _-ji.._"’..._
dr

asi’= 0, Ftt w, for the chain inside the tube

hxws T where 1'% [1]

Similarly for the overhanging,
=0

Thus mws F (2)

or hhw=hhg-T

From (1) and (2

dv
AMx+hyw= hhg or [JIHMPE' hg



dv
. - ;’
or, (x+hw Cdo gh

AV r

[As the length of the chain inside the tube decreases ses with time, ds = - dx.]

. dx
'D]'._.. pdp-—ghx+h

v 1]

: dx
Integrating, j.-dv- -gﬁj. T+ R

0 (=h)

2 I
or, L-ghmn [%] or v="Y/2ghIn [3‘)

p

Q. 185. The angular momentum of a particle relative to a certain point 0 varies
with time as M = a + bt?, where a and b are constant vectors, with a L b. Find the
force moment N relative to the point O acting on the particle when the angle
between the vectors N and M equals 45°.

Ans. Force moment relative to point O ;

.

F- iﬁ- ZEE

dt
Let the angle between # and N,

0= 45’3"-!0 ]

M @+ b13): @by

1
Then 7= |HHN1 Va'+b 1y Z-bfn

2?12 bty
B Vet +bie) 2wy a+ b1y




264t = a4 bty on, f= V %{as 1, cannot be negative)
It is also obvious from the figure that the angle o is equal to 45° at the moment to.

— i EI-
when a= bt ie. o = Ya/b and N = ZVE '

Q. 186. A ball of mass m is thrown at an angle a to the horizontal with the initial
velocity vo. Find the time dependence of the magnitude of the ball's angular
momentum vector relative to the point from which the ball is thrown. Find the
angular momentum M at the highest point of the trajectory if m = 130 g, a = 45°,
and vo =25 m/s. The air drag is to be neglected.

Ans. M@= rxp= [F;I+}-E'EE)HM(FE+E-‘})

2
= mvngtl sin[%q-a][-r} + %.t:wﬂ,gf2 sin[§+ u){?]

= %mvngtzcosa{— k):

mv“glzms o

Thus M () = 3

Thus angular momentum at maximum height

¥ 310 @

*

. T
L&, at IHI- 2

AT R - 2
M(z]-[zg]sm acosa= 3Tkg -m"/s




Alternate :

r

¥
M(0)= 0 so, E{:]-_['Ff'dr-f{ﬁmg'}
0 o

-j [(F;I+%E':r=]xmg dt = (Enmg_};—z
0

Q. 187. A disc A of mass m sliding over a smooth horizontal surface with velocity
v experiences a perfectly elastic collision with a smooth stationary wall at a point
O (Fig. 1.48). The angle between the motion direction of the disc and the normal

of the wall is equal to a. Find:

(a) the points relative to which the angular momentum M of the disc remains
constant in this process;

(b) the magnitude of the increment of the vector of the disc's angular momentum
relative to the point O" which is located in the plane of the disc's motion at the
distance | from the point O.

Fig. 1.48.

Ans. (a) The disc experiences gravity, the force of reaction of the horizontal surface,

and the force & of reaction of the wall at the moment of the impact against it. The

—»

first two forces counter-balance each other, leaving only the force ® It’s moment

relative to any point of the line along which the vector Racts or along normal to the
wall is equal to zero and therefore the angular momentum of the disc relative to any
of these points does not change in the given process.

4
A

O—



(b) During the course of collision with wall the position of disc is same and is

equal to " Obviously the increment in linear momentum of the

ball éﬁ*—‘lmvmu;
Here, AM=- oyx8p=2mvicosan and directed normally emerging from the plane of figure

Thus |.|!-.I{'|- 2mvicosa

Q. 188. A small ball of mass m suspended from the ceiling at a point O by a
thread of length | moves along a horizontal circle with a constant angular
velocity . Relative to which points does the angular momentum M of the ball
remain constant? Find the magnitude of the increment of the vector of the ball's
angular momentum relative to the point O picked up during half a revolution.

Ans. (a) The ball is under the influence of forces Tand mg% gt all the moments of
time, while moving along a horizontal circle. Obviously the vertical component

of T balance mg'and g4 the net moment of these two about any point becoems zero. The

horizontal component of 7, which provides the centripetal acceleration to ball is
already directed toward the centre (C) of the horizontal circle , thus its moment about
the point C equals zero at all the moments of time. Hence the net moment of the force
acting on the ball about point C equals zero and that’s why the angular mommetum
of the ball is con served about the horizontal circle.

(b) Let a be the angle which the thread forms with the vertical.
Now from equation of particle dynamics :

Tcosa= mg and Tsina = mw’lsina

; £
Hence on solving cos o= W21 (1)
As |;f- | is constant in magnitude so from figure.
].&H|- 2 M cos a Wwhere

. —
M= |M;|= |Mf| '

- |r xmy|=mvlfas 7 Lw
| Pho bo



Thuslﬁ.ﬁl- 2myvicos o= 2mw !’ sinacosa

2
- zﬁﬂ\}l—[ﬁi (using 1),

Q. 189. A ball of mass m falls down without initial velocity from a height h over
the Earth's surface. Find the increment of the ball's angular momentum vector
picked up during the time of falling (relative to the point O of the reference
frame moving translationally in a horizontal direction with a velocity V). The
ball starts falling from the point O. The air drag is to be neglected.

/2

= T = e

Ans. During the free fall time £ the reference point O moves in hoizontal
direction (say tow ards right) b y the distance V. In the translating fram e

—
as M(0)=10, so

AM=M, =7
-

- {—VIIT:IIBKM[ETJT:VI _1
- -ngéE'q-mm[a-fj

- -ng[%]E:kahﬁ --mVhk
-
1)
i)

Hence |AM|=mVh



Q. 190. A smooth horizontal disc rotates with a constant angular velocity ®
about a stationary vertical axis passing through its centre, the point O. At a
moment t = 0 a disc is set in motion from that point with velocity vo. Find the
angular momentum M (t) of the disc relative to the point 0 in the reference
frame fixed to the disc. Make sure that this angular momentum is caused by the
Coriolis force.

Ans. The Coriolis force is. @2mv" x@).

Here @is along the z-axis (vertical). The moving disc is moving with velocity
Vo Which is constant. The motion is along the x-axis say. Then the Coriolis force is
along y-axis and has the m agnitude 2™ v @ At time t, the distance of the centre of

moving disc from @ ¥ vof (along x-axis). Tpy;5 the torque N due to the coriolis force is

N= 2mvyovy along the z-axis,

Hence equating this to %

%- Emvgmr or M= mvjmt® + constant.
The constant is irrelevant and may be put equal to zero if the disc is originally set in
motion from the point O.

This discussion is approximate. The Coriolis force will cause the disc to swerve from
straight line motion and thus cause deviation from the above formula which will be
substantial for large t.

Q. 191. A particle moves along a closed trajectory in a central field of force where
the particle's potential energy U = kr? (k is a positive constant, r is the distance of
the particle from the centre O of the field). Find the mass of the particle if its
minimum distance from the point O equals r1 and its velocity at the point farthest
from 0 equals va.

Ans. If r = radial velocity of the particle then the total .energy of the particle at any
instant is

%miz+$+bﬂ-.€ (1)

where the second term is the kinetic energy of angular motion about the centre O.
Then the extreme values of r are determined by r = 0 and solving the resulting
quadratic equation



Ji:(rzf-Erz+£wﬂ

we get

rz-Et sz_%ftj

2k

From this we see that
E-kr+ry (2)

where ry is the minimum distance from O and r; is the maximum distance. Then
S+ 2=k (4 73)

2
Hence, m= ?1—

Note : Eq. (1) can be derived from the standard expression for kinetic energy and
angular momentum in plane poler coordinates :
2 1 241

T-lmi' -l-fmr

2

.
M = angular momentum = mr<6

Q. 192. A small ball is suspended from a point O by a light thread of length I. Then
the ball is drawn aside so that the thread deviates through an angle 0 from the
vertical and set in motion in a horizontal direction at right angles to the vertical
plane in which the thread is located. What is the initial velocity that has to be
imparted to the ball so that it could deviate through the maximum angle n/2 in the
process of motion?

Ans. The swinging sphere experiences two forces : The gravitational force and the
tension of the thread. Now, it is clear from the condition, given in the problem, that the
moment of these forces about the vertical axis, passing through the point of suspension
N; = 0. Consequently, the angular momentum M of the sphere relative to the given axis
(2) is constant.

Thus myy(Isin@)= mvl (1)



where m is the mass of the sphere and v is it s velocity in the position, when the
thread at/2 forms an angle with the vertical. Mechanical energy is also conserved, as
the sphere is under the influence if only one other force, i.e. tension, which does not
perform any work, as it is always perpendicular to the velocity.

So, %mvg-rmgimsﬂ- %mvz (2)

From (1) and (2), we get,

Vo= 'ﬂia;ﬂmﬁ

Q. 193. A small body of mass m tied to a non-stretchable thread moves over a
smooth horizontal plane. The other end of the thread is being drawn into a hole
O (Fig. 1.49) with a constant velocity. Find the thread tension as a function of
the distance r between the body and the hole if at r = ro the angular velocity of
the thread is equal to o.

Fig. 1.40.

Ans. Forces, acting on the mass m are shown in the figure. As ¥= ™& the net torque
of these two forces about any tixed point must be equal to zero. Tension T, acting on
the mass m is a central force, which is always directed towards the centre O. Hence
the moment of force T is also zero about the point 0 and therefore the angular
momentum of the particle m is conserved about O.

Let, the angular velocity of the particle be to, when the separation between hole and
particle mis r, then from the conservation of momentum about the point O,
 m(wyrg)rg= mwrhr,



or = %r_ﬁ

Now, from the second law of motion for m,

T= Fa= ma’r

Hence the sought tension;

moprer  moyry
r r

Q. 194. A light non-stretchable thread is wound on a massive fixed pulley of radius
R. A small body of mass m is tied to the free end of the thread. Ata momentt=0
the system is released and starts moving. Find its angular momentum relative to
the pulley axle as a function of time t.

Ans. On the given system the weight of the body m is the only force whose moment is
effective about the axis of pulley. Let us take the sense of co of the pulley at an
arbitrary instant @ of the pulley at an arbitrary instant as the positive sense of axis of
rotation (z - axis)

As M, (0)= 0, so, aM,-M,{:}-szdr

[

So, M:Er]-fmg.ﬁd.!- mg Rt
0

Q. 195. A uniform sphere of mass m and radius R starts rolling without slipping
down an inclined plane at an angle a to the horizontal. Find the time dependence
of the angular momentum of the sphere relative to the point of contact at the
initial moment. How will the obtained result change in the case of a perfectly
smooth inclined plane?



Ans. Let the point of contact of sphere at initial moment (t = 0) be at O. At an
arbitrary moment, the forces acting on the sphere are shown in the figure. We have
normal reaction N, = mg sin a and both pass through same line and the force of static
friction passes through the point O, thus the moment about point O becomes zero.
Hence mg sin a is the only force which has effective torque about point 0, and

IS given by Wi- mgR sin a normally emerging from the plane of figure.

— —_ — —
As M(t= 0)= 0, so, AM = M[:)-J'N:ir

Hence , M(r)= Nt= mgR sin o

Q. 196. A certain system of particles possesses a total momentum p and an angular
momentum M relative to a point O. Find its angular momentum M’ relative to a
point O whose position with respect to the point O is determined by the radius
vector ro. Find out when the angular momentum of the system of particles does not
depend on the choice of the point O.

Ans. Let position vectors of the particles of the system be ™ ™ i with respect to the
points O and O’ respectively. Then we have,

e @
where 7> is the radius vector of O' with respect to O.

Now, the angular momentum of the system relative to the point O can be written as
follows;

Ma E(F'xﬁ’) - E (F'!F)-i- D (F;!Ff) [using (1)]

or, ﬂ-;- El+ﬁxﬁ), where, E'- ZE'- {2}



From (2), if the total linear momentum of the system, P= 0. then its angular
momen tum does not depend on the choice of the point O.

Note that in the C M . frame, the system of particles, as a whole is at rest.

Q. 197. Demonstrate that the angular momentum M of the system of particles
relative to a point 0 of the reference frame K can be represented as M = M -+ [rcpl,

where 1 Is its proper angular momentum (in the reference frame moving
translationally and fixed to the centre of inertia), rc is the radius vector of the
centre of inertia relative to the point O, p is the total momentum of the system of
particles in the reference frame K.

Ans. On the basis of solution of problem 1.196, we have concluded that; “in the C.M.
frame, the angular momentum of system of particles is independent of the choice of the
point, relative to which it is determined” and in accordance with the problem, this is

denoted by M.

We denote the angular momentum of the system of particles, relative to the point O,

by M. Since the internal and proper angular momentum M, in the CM. frame, does not
depend on the choice of the point O, this point may be taken coincident with the point
O of the A-frame, at a given moment of time. Then at that moment, the radius vectors

of all the particles, in both reference frames, are equal (77 = 7) and the velocities are
related by the equation,

vi+v,, (1)

_——
P" -

where "¢ is the velocity of C.M. frame, relative to the A-frame. Consequently, we
may write,

M= E m; (Fi-}”'i = E mi(ﬁl"a*z "‘:(F:"V‘_:)
or, M= Jﬂ-rm(?xv), as E m*-r_'-‘=r mF:, where m = 2 m; .

or, M=M+(rxmv])= M+(r]xp)



Q. 198. A ball of mass m moving with velocity vo experiences a head-on elastic
collision with one of the spheres of a stationary rigid dumbbell as whown in Fig.
1.50. The mass of each sphere equals m/2, and the distance between them is I.
Disregarding the size of the spheres, find the proper angular momentum M of the
dumbbell after the collision, i.e. the angular momentum in the reference frame
moving translationally and fixed to the dumbbell's centre of inertia.

L) ;"'E
|
mie

Fig. 1.50.

m Iy

Ans. From conservation of linear momentum along the direction of incident ball for
the system consists with colliding ball and phhere

,  m
My = my +—V;

2z

where V' and v are the velocities of ball and sphere 1 respectively after collision.
(Remember that the collision is head on).
As the collision is perfectly elastic, from the definition of co-efficeint of restitution,

V-

1=

0=, or, V= wm —w {2)

Solving (1) and (2), we get,

In the C.\M. frame of spheres 1 and 2 (Fig.)
Py = -p; and |pi|=1p3] = w17 -7
Also, 7. = =Ta, thus Q-E[chx;;]
— I m/2 4V a
As 7 L pr, MH-I[ETTu ]

(Where 7 is the unit vector in the sense of Fyex Py )



~ myyl
Hence M =

Q. 199. Two small identical discs, each of mass m, lie on a smooth horizontal plane.
The discs are interconnected by a light non-deformed spring of length I, and
stiffness x. At a certain moment one of the discs is set in motion in a horizontal
direction perpendicular to the spring with velocity vo. Find the maximum
elongation of the spring in the process of motion, if it is known to be considerably
less than unity.

Ans. In the C.M. frame of the system (both the discs + spring), the linear momentum of

g g
the discs are related by the relation, P1™ “## at all the moments of time.
where, p,=p,=p=pnvy
And the total kinetic energy of the system,

T= %-uvi, [See solution of 1.147 (b)]

Bearing in mind that at the moment of maximum deformation of the spring, the

projection of "™ along the length of the spring becomes zero, i.e. "™®~ o

The conservation of mechanical energy of the considered system in the C.M. frame
gives.

3(3) %= 3243 (3) R0 @



Now from the conservation of angular momentum of the system about the
C.M.,

B)(E)- 2(55 5w

]
or, %m u[l-[l-%+ﬁ] ]:xr’

miix

or, —p-= k ¥, [neglecting ¥* / I7]

_ mve
As xw 0, thus x= —2
Ky
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