Chapter 16 Vector Calculus Exercise 16.9
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ﬁ(x,y,z) =%+ xy}+zﬂ‘c‘

Where E is the solid bounded by the paraboloidz =4 — 2% — »* and zy — plane

£

z=4-(x"+y’)

X !+}-'2=-4
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Consider the vector field,
F(x,y,z)= {z,y,x) ;
The objective is to verify that the divergence theorem is true for the given vector field on a solid
ball. E: x4+ y*+z* <16.

According to the Divergence Theorem,

[[Feas=[[[ divFar

Since the solid Eis x* + y* + z* <16, it has one surface with associated normal vector.
§:r(6.4)=(4singpcosd.4singcos O, dcos )
n=r,xr,= ([115-31112 gcosf, 16singsin@,16sin ¢C(}S¢)

0<0<27x,0<¢<nx

The value of the surface integral is,
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The divergence of F(x,y,z)={z,y,x) is.
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Now, calculate the flux of F across the surface S as follows. where the solid E is
X+yrez? <160

[I] divEav =[[ 1av
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Thus, the flux of F across the boundary surface S of E is equal to the triple integral of the
divergence of F over E.

Therefore, the Divergence Theorem is verified.
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Verify Gauss divergence theorem is true for the vector field F on the region F£.
The given vector field: F(x, y, z) = (xz, -y, z>

The given region is a solid cylinder £F:y’+:z'<9, 0 < x < 2,

Write the gauss divergence theorem,

Let £ be asimple solid region and let § be the boundary surface of E, given with positive
(outward orientation). Let F be a vector field whose component functions have continuous
partial derivatives on an open region that contains £ then

Then, ];}-F : ds:fgdi"*" - (1)

At first calculate the right hand side triple integral.

divF =V - F
=V -(xz. -, z)
_o¥) 8=, 2(2)
ax oy &z
=2x—-1+1
=2x

Sketchthesolid E:p?+z'< 9, 0 < x < 2 tofind the limits of the variables x,y and =z

Observe the above figure,

The given region is enclosed by a solid cylinder and the planes x=0,x=2.

over the solid region the variable y varies from _ fg_-? to ﬂg_zﬂ , Zvaries from -3 to 3
and x varies from 0 1o 2.

So the solid region can be expressed as

E= [{:x,y,z}iﬂixEZ,—B <z 53,—-.,}"3'—22 sy -\.I"Sl—zt]



Now evaluate the triple integral:
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Hence fﬁd“’F av = m .......

Next evaluate the left hand side (double integral) in (I}

The cylinder is bounded by three surfaces §,:x = 0, 3* +2°< 9. 5,:x = 2, »*+2°< 9.

and the curved surface §,:0 <x < 2, yVi+zi=09.
On S, . x=0,y=wncosv, z=wusiny where 0<u<3, 0€v<2x.
Then, r, = (0, cosv, sinv) And r, = (0, —usinv, ucosv). Also, r,xr, = (1.0,0).
But the outward normal is in the negative x-axis. Thus, r,xr, = —{(u,0,0).
Then,
HF cds = H[O(—u} + (—ucosv)(0) + (wsin v}{U)J dA
5 5

= [[[0] ¢4
%
=0
On §, . x=2,y=wucosy, z=wusinv where 0 <u<3, 0<v<2a.
Then, r, = (0, cosv, sinv) And r, = (0, —usinv, ucosv). A0, r xr, = (1,0,0}.

Then,

J;_[F - ds

II 2 () + (—wcosv)(0) + (usin -,-)([))] dudv
f_j[ dudv
0]

=13[dp
1]

SUON

=36m

v



On 8,. x=u,y= 3cosv,z= 3siny, 0£u<2, 0<v< 27 Then,
Then, r, = (1,0,0) And r, = (0, -3sinv, 3cosv). Also, r,xr, = {0, —3cosv, —3sinv).
F-(rxr) =(u:. —3cosv, 3sin 1*)-{0. —3cosv, —3sinv)

=9{cos: v—sin® 1-']

=9cos2v
Fing J[F-ds.
L2
H F-ds = j f 9cos 2vevdu
Ay 0o
= ‘}[11]:[5122‘;:[“
=18x0

=0

Hence the total flux over the surface Sis

e o

=0+36x+0
=367

ﬂ[jF-dx: _______ (3)

From (2) and (3). Gauss divergence theorem is verified.
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Wehave F = ne®i+ nizj — w'k.

Then, V. F = y®+ 22— we® or V. F = Zpzt.
321

Thus, mv Fdv = j”zxyf dzdydx .
00

]

Simplify.

[[[7-Fav = EH@;%
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Thus, we get H V. .Fdv = %
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Wehave F = x'yzi+ n?zj + nz'k Then, V. F = 2n= + 2oz + 2oz or
V.-F = épz.

Thus,H V. Fadv = Ii[ﬁm dzdydx .
noao

Sunplify.

H V.Fdv = 6xymdz dvdx
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Evaluate the outer inte gral.

2 [-X
Ecﬂgf F
2772,

Eagbgcg

= 3527
0

[[|[7 ®av

Thus, we get ”IV - Fdv = %agbgcz :
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F [xpz)= 3@22?4—;{22}4-23?;
Where S is the surface of the solid bounded by the cylinder ¥* + 2% = 1and the

plane x=-land x=2

In cvlindrical co — ordinates the region E bounded by surface 3 15 given by
E={(xr.8) —1=x<2 0=r <], 05827}

By divergence theorem we know ”ﬁd@" = ”.I-divﬁdV
] ¥

Here divF = 3+ 0+ 30
= 3(}?2 +22)

2x

1]
2 dx

= 3] dx_[ dajﬁ dr
n

Py b3

Then divE dy = 13r2.ra’r d8dx
i g

- 3(3)(2;:-{)[}1]
= 9%

Hence flux of # across § =H Fds
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Wehave F = |[x3+ y3)i + (X3+y3:lj + (X3+y3:lk.
Then, ¥ F = 3x° + 3% + 327

Thos, [[[7- Fav = 3[[[(x* + »* + 2%) dzdyax.
E
How, the equation of the sphere with centre at origin and radius 2 15 given by

PP +E =4

Letx = poingrosd, y = gsin@ainf,and z = gros wherel = o = 2,
Defd=c2mand ] = p=m.

7 5 = 5] [ & sino) aisae
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Therefore, we get] _[”\7 Fdv = %J‘T,
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Wehave F = x®sinyi + xcosyj — zmsinyvk.
Then, ¥V . F = 2xsiny —xsiny —zsiny or V-F = 0
Therefore, we get] ” ¥ o Fdv = 0]
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Wehave F=zi+yj+zzk Then, ¥V - F = 1+ x.

’ a[l - E].:[l- T al]
(

Thus, [[[7 Fav = | | j L+ x) dedydz.
Simplify. xu n
[[J[7- Fav = j II_E][(Hx)z]( %)

- CIB[EB[U + xj[l = 2 . %H dydx

= cia[lfj[(l + x)[l - f] —(1+ x)[iﬂ dydx

Ewvaluate the outer inte gral.

[I[v Fav = CT|:[1+X)[1—£]}?— (1+x)[£ﬂa[_5 dx

]




How, evaluate the outermost integral.,
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Thus, we get] H_[V Fdv = a;bc[l + %] \
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Consider the vector field

F(x,y,z)= (ccsz +x° ]i+.re_“j+(siny+xzz)k

Where S is the surface of the solid bounded by the paraboloid z = x* +yzand plane - =4

z=4

From the figure,

The plane z =4 intersects paraboloid z = y* +y2'rn the shape of x* + 3 = 4.

Clearly »* +y’ = 4represents a circle.

And the radius of the circle is 2.

Then in cylindrical co — ordinates the region £ bounded by S can be given as
E={(r0.2): 0<r<2, 020227, r’<z<4]

Mow calculate the surface integral using the divergence theorem.

Divergence theorem:

Let E be a simple solid region and let S be the boundary surface of E, given with positive
(outward) orientation. Let F be a vector field whose component functions have continuous
partial derivatives on an open region that contains E. then

[[F.ds = [[[divEay

5 E
From this

First calculate divF

& 5} 8.
divF = a{cosz+J.y2}+5(xe")+g[smy+x32)
=y +0+x

=I?+y'i

=_t’2



MNow apply the integration:

262 4

ma'deV j‘j]’ ¥+ y*).rdz dr d6
[
* rdzdrd®

I
D‘—‘E‘

[

1‘_',_

1

r*(z)}; drd@ Apply integration on z

]
D\—";‘

1

4 dr a8 Apply the limits for z

|
EE

2
I [lﬁ—ﬁ}dﬁ Apply the limits for r

o
Continuation to the above steps:

By divergence theorem

L[Rdhjj;_{dwrdv
T[lﬁ—%]d&

0

= %x (.9];” Apply integration on g

- ?x 27 Apply the limits for g

32—‘1 Do Multiplication
3
32
Hence ! FdS=—rx
5 3
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Consider the following vector field:

F(x,y,z] =x*i-x2f+ 4’ zk

The surface § of the solid bounded by the cylinder »? +_1,-2 =] and the planes z=y+2 and
7 =0 is shown below:

.12+y2=1




Use Divergence Theorem, to calculate the surface integral HF""S:
L)

To convert from cylindrical to rectangular coordinates, we use the equations.
x=rcosf.y=rsinfz==z

So. in cylindrical coordinates the cylinder x? 4 y* =1is.
r cos’ B+ risin® @ =
r [ccusrﬁ‘ﬂ.in2 3}:1

From the figure observe that, @ varies from 0to 24 .

And the planes z = y+ 2 and z = 0 becomes,

=

z=rcos@+2.and z=0

So, from this information we can write the region £ bounded by the surface S as,
E={(r,0,z): 0sr<1,0€0<27,0<z<rcosf+2} ... (1)

By divergence theorem we have,

jj!F-d’Sz‘l;[ divFaV (o

Now,

divF = V-(.\"i —x322j+4.\y22k)
=£(I4)—% x"z!]+;;z(4xyzz)
=4x* +0+4x°
=4.r(.r3 +y3)

Use cylindrical coordinates,

divF =4rcosd(r* cos’ 8+ sin’ 6')
=4rcosf-r’
=4rcos@

And in cylindrical coordinates, the volume of the small portion of the required solid gis,

ddydz =rdzdrdt

Therefore,

j;fF-aS=I{Idiv FdV
= J‘{jdiv Fdx dy d-

T 17T ar coso(rdearan)

el rull zul)

Pl rull 2wl

b B | Feos i+l
= I I[ j dz]dr*cosﬁaﬁ'dﬁ'

o 2

4ricos@(z)" drdo

[}
o —
¢ B

' cos@(rcos@+2)drdl

I
oy
"
&t

b
B

{r"" cos® 6+ 2 cnsf?)a'r de

]
EY
o —,
Sy St



n+l

¥ mw—1.the surface integral of F over §is,
1

By using J‘;-"d;- e
n+

f F-dS =4T[ (r5 cos’ @+ 21 cosﬂ)a’r]d&'
1]

1
.g {
% r=|
r 3 "
[ ]cns‘6+2[?]cnsﬂ] da
rell

-

6
i 2 =
:4.[ cos 8+2(.056' do
¢ 6 5
Use the following formulas:
e I+c(2332.-9

fcow&d& = ls;in at
o

Therefore,

[[F-as = 4T[%(%)+%(cosa)]da

5 0

= iz
=4 l(E+lsin2.§'J+Esiﬂ6’}
[ 6l2 4 5

=4 [l[2i+ lsirwhr]+ Esir12.rr]—[l[g+lsin 0]+Esin0ﬂ
i 6\ 2 4 5 612 4 5

1

=4:[-;-.(:r+0]+0]-[€(0 +0]+“§“(0)H

2d

2
==z

3

Hence the surface integral of F over S (the flux of F across S) is,
2
[Iragie
) 3
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Use divergence theorem to calculate the surface integral _UF'dS
5

The given functionis F = |r|r.
We have

r:xi+yj+::k And ||'|:,||;;2-|-IJ,.'E-]-Z2

Rewrite the function as
F = |r| r

=+ ¥+ 2 (xi+yj+zk)

=.';,f.'r2 + y* 4 2t i+_va3+y3+ z? j+z\fx=+y2+ 22k




MNow find the divergence for the vector function F

divF =V+F
L ey W N
o2 (7

5 W TR 3
Je+ i+ +ﬁ+1fx' + i+ 2t +%
Jxr+y +z NP o T -

zl
+\{l.1‘: + yl + Zz ‘!‘f
BT E S -

2 2, .2
3 T 7 XYtz
=30x* + vtz +—-y—’
N+

=4J_\'2+ _y2+ z

The surface § consists of the hemisphere ;= fll—xz _y? and the disk »*? +y2 <] inthe xy

-plane. It is shown below.

On the solid (shown in figure) the variable x varies from -1 to 1, the variable y varies from
—J1=¢2 01— and the variable z varies from 0 to ,‘| o

So the region can be expressed as

;‘;‘z{{x,y,,z)|—]5Jr:£i,—~ql'l—):t Eyiml'l—xi,(]ézi\,‘l—xz—yti



Use divergence theorem to transform the given integral into a triple integral.

HF-dS Jﬂv FaV

I\.I-r \.EA-l

] (e e

]

=l-x*
It is difficult to solve this triple integral directly, change the coordinates to spherical coordinates
to evaluate the triple integral in easier way.

Make the substitutions x = psingcosd, y = psingsinf, z = pcos¢ and
p=xt+y+
Then the region £ (hemisphere) can be expressed as

={{p.9.¢)| 0£p51.0£952ﬁ.0£¢5%}

Thus,

fﬂv'”"’ “J (p-p'sing)dpdodp

Simplify.

fﬂ" FdV 4[” (p p’sing)dpdfdp

000

(2] 01 -eosol

i

4xlx23rx}
4
= 2x

Therefore the flux of F across S is .
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e have F = |r|21_:. Then, ¥ F = ¥ (lrf;jl

Simplify.
VE = (vr)e [+ v (ef) 7

1l Il
Lh [
=1 H
— b
+
I
=
e T
=y
"‘H

Thus, [[[(7 Flav = Sf

£ ] al-cosol

li}

B 2mx2
47R?

Thus, we get .

T[pﬁ. & sin @) dgddd o
0

[[[7 Fav
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Consider the vector field,

F(xyz)=¢ Lanzi+ymj+xsinyk

And Sis a surface of the solid that lies above the xy-plane and below the surface
z=2-x"—yp', —1<x<l,-1<y<1.

Use divergence theorem to determine the surface integral HS F-d8:

Recollect, the Divergence Theorem.

That is,

gr-ds=j£jdiv|=dy

Describe the solid E:

Here, Sis a surface of the solid that lies above the xy-plane and below the surface
z:E—x"—y",-—lExgl,—ISySl-

This express E as
E={{x,y,z)|-l£x£l,—l£y£1,0£z£2—x4—y“}

Use maple software to find the div F:

Step 1: Open the worksheet mode in the Maple.

Next, upload the linear algebra package by giving the command
with (linalg );

The output will be displayed as shown:

> with( linalg)

| BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, ORdecaomp, Wronskian, addcol,
addrow, adj, adjoim, angle, augment, backsub, band, basis, bezout, blockmatrix, charmat,
charpoly, cholesky, col, coldim, colspace, colspan, companion, concat, cond, copyinto,
crossprod, curl, definite, delcols, delrows, det, diag, diverge, doprod, eigenvals,
eigenvalues, eigenvectors, eigenvects, entermatrix, equal, exponential, extend, flgausselim,
Sibonacc, forwardsub, frobenius, gausselim, gaussford, genegns, genmatrix, grad,
Iradamard, hermite, hessian, hifbert, htranspose, ihermite, indexfioe, innerprod, inthasis,
inverse, ismith, issimilar, iszero, jacobian, jordan, kernel, laplacian, leasisqgrs, linsolve,
matadd, matrix, minor, minpoly, muwlcol, mulvow, multiply, norm, normalize, mdispace,
orthog, permanent, pivot, potential, randmatrix, randvector, rank, ratform, row, rowdim,
rowspace, rowspan, rref, sealarmul, singularvals, smith, stackmatrix, submairix, subvector,
sumbasis, swapcol, swaprow, sylvester, toeplitz, trace, transpose, vandermonde, vecpotent,
vectdim, vecior, wranskian |

Step 2: To find the djv F use the command diverge as follows:
diverge([e*y*tan(z),y*sqri{3-x"2).x*sin(y)]. [.V.Z]);

The output will be displayed as shown:

> divergel [C"‘tan{z},y-m ,x-sin(y) ] [y, Z]];

J-#+3

Then, the surface integral becomes

_gl-“ds:‘[ydiv FdV
Uopl p2-atyt ——
=.[-|.[—1I0 L
Finally, to evaluate the above triple integral use the maple command as follows:
int(int(int(sqrt(3-x"2),z=0..2-x"4-y"4) y=-1..1).%=-1..1);
> ;'m{a'rr.'(fn!{sqrth — 1‘2].z= 0,2 —y“],y=—1 ..I],.\'=— 1 ..I]

341 81 : |
60 ﬁ+ 50 ﬂrcsln[ 3 »JT]



Therefore, flux of F across S is

f[r-as [ B dedyes

= %\5+%arcsin[%u@]

Hence, the value of ﬂ-F-dS is %JE-!- %arcsin[%ﬁ} :
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Consider the vector field,
F(x.y.z)=sinxcos’ yi+sin® ycos® z j+sin® zcos® xk
Use a Maple to plot the vector field F in the cube cut from the first octant by the planes
x=xf2,y=rf2, andz=xf2.
Step 1: Open the worksheet mode in the Maple.
Next, upload the plots package by giving the command

with(plots);
The output will be displayed as shown:

> with( plots);

[ animate, animatedd, animatecurve, arvow, changecoords, complexplot, complexplor3d,
conformal, conformal3d, contowrplol, contourplotid, coordplot, coordplon3d, densitvplot,
display, dualaxisplos, fieldploy, fieldplotid, gradplor, gradplotdd, implicitplot,
impliciiplot3d, inequal, interactive, interactiveparams, intersectplot, lisicontplot,
listeontplot3d, listdensityplon, lisiplot, listplot3d, loglogplot, logplot, mairixplor, multiple,
odeplot, pareto, ploicompare, poiniplot, poiniplo3d, polarplot, polvgonplot, polygonplot3d,
polvhedra_supported, polvhedraplor, rootlocus, semilogplol, seicolors, setoptions,
setoptions3d, spacecurve, sparsematrixplot, surfdata, texiplot, textplor3d, mubeplor ]

Step 2: Use the filedplot3d command to plot the vector field F as follows:

T

2.]’:0

jr‘eh.'p!ut.i’d[[sin(,r)-{cos[y} 2, (sin(3))>- (cos(z))%, (sin(2))°- (cos(x))*|,x=0..
>

.,-;-. z=0 ..-;E-. grid = [ 6,6, 6], aves = bu_t'ed];

Determine the flux across the surface of the cube.
Recollect, the Divergence Theorem

That is,

J;[F-ds=j£jdiv FdV



Describe the solid £

Here, Sis a surface of the cube from the first octant by the planes x = ;;-,’Ly = z/z,and
z=xf2.

This express E as
E={{x,y,z)|G£x<_:rr,‘2,ﬂiiyi::rf2,ﬂiiz£}rf?.}

Use maple software to find the diyv F:

Step 1: Open the worksheet mode in the Maple.

MNext, upload the linear algebra package by giving the command
with [linalg);

The output will be displayed as shown:

> with{linalg)

[ BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, ORdecomp, Wronskian, addeol,
addrow, adj, adfoin, angle, augment, backsub, band, basis, bezout, blockmairix, charma,
charpoly, cholesky, col, coldim, colspace, colspan, companion, concat, cond, copyinto,
crossprod, curl, definite, delcols, delvows, det, diag, diverge, dotprod, eigenvals,
eigenvalues, eigenvectors, eigenvects, emlermairix, equal, exponeniial, extend, ffeansselim,
Jibonacet, jorwardsub, frobenius, gausselim, gaussjord, genegns, genmatrix, grad,
hadamard, hermite, hessian, hilbers, hiranspose, thermite, indexfunc, innerprod, inthasis,
inverse, ismith, issimilar, iszerve, jacobian, jordan, kernel, laplacian, leastsqrs, linsolve,
matadd, matvix, minor, minpoly, mulcaol, mudvow, multiply, norm, normafize, nullspace,
arthog, permanent, pivot, potential, randmairix, randvecior, rank, ratforn, row, rowdim,
rawspace, rowspan, reef, scalarmul, singularvals, smith, stackmatriz, submatrix, subveetar,
sumbasis, swapcol, swaprow, svlvester, toeplitz, trace, transpose, vandermonde, vecpotent,
vectdim, vecior, wronskian |

Step 2: To find the djv F use the command diverge as follows:
The output will be displayed as shown:

2 diw:rge( [sin{xl -(cos(y) ]2. [s-in[y}]s-[cos[:] ]4, (sin[z])s-[cos{.\.’] }ﬁ], [x3 z]};

cos(x) cos(¥)® + 3sin(y)® cos(z)? cos(y) + 5sin(z)? cos(x)® cos(z)

Then, the surface integral becomes

"}'F-dS=JydideV

w2 a2 pal? [cos xcos® v+ 3sin® yeos' zcos y

=l & b ]dzdydw

+5sin’ zcos® xcos z

Finally, to evaluate the above triple integral use the maple command as follows:

mr[mr[ r'rr.'[cas[.r] -[t:os{y])2 + 3-(sin[y)}z-{cas(zj }4-005{}-J + 5-[sin[s)]4-[cos[.r]]b

>
b s s
-cos(z),z=0.. 3 ],y—(l.. 3 ]..r—IJ.. 3 )
19 2
64
19727

Therefore, flux of F across Sis |——|.
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Consider the surface integral HQF ~dS.

where F(x,y,z)=z"x i+(%y3 +tan z] j+[x’z+y2] k and S is the top half of the sphere
y+ye=l

The Divergence Theorem states that the flux of F across the boundary surface S of £ is equal
to the triple integral of the divergence of F over E:

[[F-as=[[[ divFar

Before calculating this integral, we must describe the solid E and determine the divergence of
E:

If F is a continuous defined on an oriented surface S with unit normal vector n, then the surface
integral (flux) of F over Sis

HSF '“S=JLF-ndS

Recall from the fundamental theorem of calculus that

[' 1) de=Fb)-F(a)

where F(x) is the antiderivative of f{x).

Sketch the graph of half of the sphere x? + p? +2% =1
L

X

First compute integrals over §, and §,. where S, isthedisk x?+y? <1, oriented
downward, and §, =8§uUS§,

Since the top half of the sphere is not a closed surface, we apply the divergence theorem to a
closed hemi-sphere and subtract the surface integral of the missing bottom disk

[ Feas=[[[ aivFav-[[ F.as

S is the surface of the top hemi-sphere of radius 1 centered at the origin, which immediately
allows us to describe the solid E is in spherical coordinates by

E={(p,ﬁ,f,ﬁ):ﬂﬁpil,ﬂiﬁiQﬁ,OSgﬁE%}

The surface of the missing bottom disk of the hemisphere and its associated normal vector is

S :x*+y <lz=0, n=—k;



F is the vector field F(x, y,z) = z°x i+[%y’ +1an z] i+ [fz+y2] k. Recall that the

divergence of F is defined as:

and conclude div F=x? + y* + 2, orin spherical coordinates, div F = p* 1

Use the Divergence Theorem to calculate the flux of F across the closed hemisphere as

foliows. where E ={(p,0,4):0< p<1,0<8<27,0< géﬂ%} .0 and 1 are the lower and

upper limits of integration with respectto p, 0and 24 are the lower and upper limits of

integration with respectto @, and 0 and % are the lower and upper limits of integration with

respectio ¢.

Applying the Divergence Theorem and rules of integration,

[I,F-as=[[[ divFar
=[[[, (< +5% +2%) av

- Lij':j': p? p? sing dp d d

_ LE [°[. p* sing dp do dg
Fle) [+
- Iﬂg[[2z—0])[|}—0ps}]sin¢ dé
= Lf?z?”singi de

27 5,
= ?_L- sing d¢

=

}simﬁ de

2T .
-2 lcosell

2 T
= —| =cos—+cos(
5 [ 2 ]

- %’"[on]

2T

5



Compute the surface integral of the missing disk

[I,Feas=[f, <G’%J’3'y2>-{mk) ds
=[f, (=" s
=["[~r*sin’ 0 r dr do

= I:Ll —sin® @ dr do

=1
[ 1G] e
_[—zr ]U I, S (1-c0320) do

I I =21
E ——[6’——sin 29]
g 2

=0

=—gl27]

b4

4

MNow, subtract the surface integral of the missing disk from the flux of the solid hemisphere

[P [ v Far[[ ¥ -as

13z
20 [
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Consider the vector field F(x,y,z)=ztan" (y*)i+z'In(x* +1)j+zk.
The surface § is the part of the paraboloid * +y3 +z =2 that lies above the plane z=].
Find the flux of the given vector field over the surface §,
Here, the orientation is upward.
Mote that §is not a closed surface.
Find the intersection of the paraboloid x* + y* +z = 2and the plane > =],
rytz=2
r¥+y =2
F+yi=2-1
X +y2 =1
So the paraboloid and the plane intersects in a circle of radius 1.
Take SI is the disk ° +_],-2 <1 and is oriented downward, so its unit normal vectoris p=-k.

First find the flux of the vector field over the disk §.
[[F-as = [[(ztan” (¥ )i+ n(x* +1)j+2K)-(~k)dS
5 5
=[[(-z)as
5
= H[—l)ds [Since on 5.2 =1]
5
=(~1)[fas
5
” dS represents the area of the surface §,.

=(-1)(=(1*)) S

Here, S, is the disk of radius 1.



Take 5:, another surface. which constists of parabolic top surface §: x? +y3 +z=2anda
circular bottom surface §;: x*+y? <1.

Here, 52 is a closed surface. So use divergence theorem to find the flux of the vector field
over the surface §,.

The surfaces are shown in the below figure:

e z=2

Use cylindrical coordinates:

x=rcosf
y=rsind
Z=z

ddy = rdrd @

=
oz +y2 =f'2

From the graph observe that z entersat ;=1 and leaves at z =2—x’ _y:_

In cylindrical coordinates, z entersat -] andleavesat ;=722

The projection p of the surface S, on the xy-plane is a circle of radius 1.

The description of the region p in xy-plane is D= {[x,_y) [0<r<l028< 2::}.
The description of the region S, is E={(r,6,z)|0<r<1,0<0<2z,1<z<2-r}.
since F=Mi+Nj+Pk=ztan"(y*}i+z In(x* +1)j+zk.Then

g M AN P
divF = s -+ 5 +Bz
=§[2tan"(yz))+aiy[zjln(f+I])+§(z)
=0+0+1
=1



By the Divergence Theorem, the Flux across S: is

[[F-ds = [[[divF ar
5 5
b I

= [ [ [ (1)rdzdrdo

Therefore j:deS = 3;—.

Since §,=85uUS,, the Flux across § is,

_UFdS:IUFa‘S—_EdeS

oo (4

ir

2

Hence, the required flux of the vector field F across the part of the paraboloid x* + y* 4z =

that lies above the plane --1is HFds = 37‘&‘
&
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Consider the vector field F as shown:

2
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Use the interpretation of divergence to find the divergence of a vector field is positive or
negative at A and £,

In general, the divergence of a vector field can be used to determine the net rate of outward
flux per unit volume. That is,

1. If the net flow is outward near P, then P is called the source and divergence is positive.
2_If the net flow is inward near P, then P is called the sink and divergence is negative.
From the above vector field, observe that

1. Atthe point £ | the incoming arrows are longer than the outgoing arrows.

That means the net flow is inward.
Therefore, divergence is negative at A or div(P,){O.

2. Atthe point B, , the incoming arrows are shorter than the outgoing arrows.

This means the net flow is outward.

Therefore, divergence is positive at P, or |div(R)> 0]
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Consider the vector field F(x,y)= (_r,_pf}as shawn:

2
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In general, the divergence of a vector field can be used to determine the net rate of outward
flux per unit volume. That is,

1. If divergence is positive at a point P, then the net flow is outward near P, and P is called the
source.

2_ It divergence is negative at a point P, then the net flow is inward near F. and P is called the
sink.

(a)

Determine whether £ and P, are the sources or sinks for vector field F or not.
From the abowve vector field, observe that

1. Atthe point £ . the incoming arrows are shorter than the outgoing arrows.

That means the net flow is outward.

Therefore, divergence is positive at £ or |div F{PI}::»(] and £ is a source.

2. At the point Pz . the incoming arrows are longer than the outgoing arrows.

This means the net flow is inward.

Therefore, divergence is negative at B, or |div F(PB,)<0| and A, is a sink.

(b)
Use the definition of divergence to verify the answer in the part (a):

Recollect the divergence of two-dimensional vector field F=Pi+(Q j is defined as

o0

div F=i€+-— ;
ox

o
Find div(F(x,y)):

avr=20, 20%)
ax
=1+2y

Observe that the divergence of this vector field is only dependent upon the y coordinate.

Take,

divF=0
1+2y>0
2y>-1

]
o Bl
¥="5

That means djy Fis positive when y > —% 2

So, the points which lie above the line y = —% are sources and the points which lie below are

Sinks.

Here, the point £ lies above the line =_l and the point 7, lies below the line.
2

Therefore, from using the definition of divergence,

F is a source and P, is a sink|.
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Consider the vector field F
F[x,y) = (ly +x+ yz) i
Use Maple software to plat the vector field F:
Step 1: Open the worksheet mode in the Maple.

MNext, upload the plots package by giving the command

The output will be displayed as shown:
> with| plois);

| animate, animate3d, amimatecurve, arrow, changecoords, complexplot, complexplot3d,
conformal, conformal3d, contourplot, contourplotid, coordplol, coordploidd, densityplot,
display, dualaxisplol, fieldplo, fieldplot3d, gradplot, gradplet3d, impliciiplot,
implicitplofdd, inequal, interactive, interactiveparams, interseciplot, listcomplot,
listcontploi3d, listdensityplor, listplot, lisiplot3d, loglogplot, logplot, matrixplon, multiple,
odeplot, pareto, ploicompare, poiniplol, poiniploi3d, polarplol, polvgenplot, polvgonplot3d,
polvhedra_supporied, polvhedraplot, rootlocus, semilogplot, sefcolors, setoptions,
setoptions3d, spacecurve, sparsematrixplol, swfdata, texiplol, texiplot3d, wbeplor|

Step 2: Use the filedplot3d command to plot the vector field F as follows:
Fieldplot{[x*y.x+y"2].x=-2_.2 y=-2..2 arrows=slim,grid=[10,10].colour=blue);

> ﬁe!dp!m{ [x-y, x+ .',2 ], x=-2.2,y=-2.2 arrows = slim, grid = [ 10, 10], colour = blue):
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Determine where dijv F > 0and where Jiv F < 0.

In general, the divergence of a vector field can be used to determine the net rate of outward
flux per unit volume. That is,

1. The divergence is positive at a point P, when the net flow is outward near P, and P is called
the source.

2. The divergence is negative at a point P, when the net flow is inward near P, and P s called
the sink.

Observe that,

1. For any point above the x-axis or in the [ and [l guadrants, the incoming arrows are shorter
than the outgoing arrows.

That means the net flow is outward.

Therefore, divergence is positive or div F> 0 at [[ and [1|Quadrants.

2. For any point below the x-axis or in the [[] and IV quadrants the incoming arrows are
longer than the outgoing arrows.

This means the net flow is inward.

Therefore, divergence is negative or div F <0 at |[II and ['V|Quadrants.



Use the definition of divergence to verify the above answer.
Recollect the divergence of two-dimensional vector field F=Pi+ j is defined as
: oP
divF= ——+£ :
dy oy
Find div(F(x,y)):

Cbserve that the divergence of this vector field is only dependent upon the y coordinate.
Also, clearly div F>(0when y>0 and div F <(Qwhen y <0,

In general, yis greater than 0 in | and [I quadrants and y is less than zero in [ and IV
quadrants.

Therefore, div F>0 at |[ and [I|quadrants and dijv F <0 at |[[I and [V |quadrants
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Consider the vector field F

F(x,y)=(x2.y2) .

Use Maple software to plot the vector field F:

Step 1: Open the worksheet mode in the Maple.

MNext, upload the plots package by giving the command
with(plots):

The output will be displayed as shown:

> with( plors);

[ animate, animaredd, amimarecurve, arvow, changecoords, complexplor, complexplo3d,
conformal, conformal3d, contourplot, coniourploi3d, coordplor, coordplot3d, densityplos,
display, dualaxisplot, fieldploy, fieldploi3d, gradplot, gradplet3d, impliciiplor,
implicigplor3d, inegual, interactive, interactiveparams, intersectplor, listcomplot,
listcontplot3d, listdensityplot, listplo, listplot3d, loglogplot, logplot, matrixplet, multiple,
adeplot, pareto, ploicompare, pointplot, pointplot3d, polarplol, polvgonplot, polygonplot3d,
polvhedra_supporied, polvhedraplol, rootlocns, semilogplot, setcolors, setoptions,
setoptions3d, spacecurve, sparsematrixplot, surfdata, textploi, texiploi3d, ubeplot|



Step 2: Use the filedplot3d command to plot the vector field F as follows:
Fieldplot{[x"2 y*2],x=-2_2 y=-2_2 arrows=slim,grid=[10,10],colour=blue);

> fieldplod [_rz,.vz l..!: =-2.2, y=-2.2 arrows = slim, grid = [ 10, 10], colour = bite)
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Determine where dijv F > 0and where djv F < ().

Recollect, the divergence of a vector field can be used to determine the net rate of outward flux
per unit volume. That is,

1. The divergence is positive at a point P, when the net flow is outward near P, and P is called
the source.

2. The divergence is negative at a point P, when the net flow is inward near P, and Fis called
the sink.
Take two points A and £, in the vector filed.

Observe that,
1. Atthe point £ | the incoming arrows are shorter than the outgoing arrows.

That means the net flow is outward.

Therefore, divergence is positive at B, or |div F(£)>0|and B isa source.

2. At the point FE! . the incoming arrows are longer than the outgoing arrows.

This means the net flow is inward.

Therefore, divergence is negative at £ or |div F{Pz]c 0| and P, is a sink.



Use the definition of divergence to verify the above answer.

Recollect the divergence of two-dimensional vector field F=Pi+ j is defined as
oP "?O

divF = -\_ E
ox a_!:

Find div(F(x.y)):

() o)
ax ay

divF=

=2x+2y
Observe that the divergence of this vector field is only dependent upon the y coordinate.
Suppose div F =0, then
divF =0
2x+2y=0
x+y>0
ye—=x
That means div Fis positive when y > —=x .

So, the points which lie above the line y =-xare sources and the points which lie below are
Sinks.

That means djv F > (above the line y=-x and djv F < (below the line y=-—
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E(%)=50 =
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=10
Hence divE=0
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Consider the following integral:
[[.(2x+2y+2*)ds
Where, §is the sphere x? + y? +2% =1.
To evaluate the given integral by divergence theorem, put the given integral in the form
H{ F.iidS  where 5is the unit normal to § .
Let,
f(x,y'z)=12+}=2+zz—l
Then, §isa level curve of f(x,y,z): 0. Now, it is known that ﬁ'fis always normal to surface
5.
Then the unit normal vector is:
i ¥
I =..—f
%71
_ <2x2y2z>
4(:2 + +22]
_2<xy,z>

2
=<X,),Z>

Now we choose g such that
;f',ﬁzF_'_(xf+_}y"'+zkA)
=2x+2y+z°
When compared, this will give:
F=2i+2j+2%k

So, the integral becomes:

H(2x+2y+zz)a’s =L[[2f+2}+2£],;ﬁ

g

Now, by divergence theorem:
F.ds = ||| divFaV
J s =[]

Evaluate ginfF -
divF = @:[zf +2]+ 2;2}
=1
Then, the integral is evaluated as follows:

j‘ijdwﬁa'p’ﬁ{jmv
=V(E)

=20

3
Hence.

gﬁ.:ﬂ:gn

Therefore the value of required integral is:

”(2x+2y+ zz)ds = 4%
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By divergence theorem we know
[[asnds=[[[avaar

& )



Where E iz the region bounded by surface 3. Mow & is a constant vector. As we
know the divergence of a constant vector 13 zero, therefore

md:'vadaf: 0
£

And hence ” aAds=10
]
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Bw divergence theorem we khow
[[ 7.8 = [[[ aiv F av
5 ¥

Where E 12 the region bounded by surface 3.

Now ﬁ=m¢+ﬁ+z§€

Then  div#= izA+i ﬁ—i-ip% .(m{\—i-yf-l-zﬁg)
g &

=14+141
=3

Then Iﬂdﬁv Fal= jﬂ 340

Or  V(E)=
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By divergence theorem we know
[[F.a8 = [[[ @ # av
3 ¥
‘Where E 13 the region boundary by surface 3

Then ”(cw‘f ﬁ) 45 = ” div(curf ﬁ)dV
]

F
We knowdz'v(c:wf ﬁ) =0

Then mdz'v(cw; ﬁ) v =0
F

And hence ”(cunﬁ' ﬁ) dg=10
i
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By divergence theorem we know

jsjﬁ_da 2 ngaﬁvﬁ av

Where E 1z the region bounded by surface 5

Alzo we know 5xf= ‘:7—'_,7”.55

“Where % unit vector

Then ”D,,fds = m div(Vf)dV

A 4

- (55 av

F
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By divergence theorem we know
[[7.az =[[aw 7 av
] ¥

Where E iz the region bounded by surface 5
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By divergence theorem we know
[|Fat=[[Fads=][[amvFav

Where Esis the regs;on boundefﬂ. by surface =

Then ”I: £ — gﬁf).ﬁ ds

div(fVg-gV f)av

Vg)-div(g fv”j)]dv

[fvgg VfVg-gVif-Vf Vg |av

v #F ] = fdz'vﬁ—ﬁ.ﬁ'f)
[fvgg—gﬁzjjdrf

-\_. -\_. [ S——
W Sl. T M T H._.
BT
£
=
—
'L_*.
=}
]
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IfE 15 the volume bounded by a closed surface = and F isa vector point function
with continuous derivatives, then from divergence theorem, we have

[[Frds=]][awFar
3 F
Where # iz unit outward drawn nermal vector to the surface 3.

Putting F= F& where 7 1z any arbitrary constant vector.
Then
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Consider Hpﬁds
]

Aswe know [[ 7 ads = [[[Trav
Henbishendorbngbiboandes
Then [[pids =[] ¥ pav
< [femar
(AS.;= Pgz)
- ,ogjﬂ Vzdl

(As o gare constant)



ie. ”pﬁds = pg_[” kav

5 i)

=pg£” 4
r

= pgkV (E)
[ev(a)]et
(hs M = oV (E) and ¥ = M)
= wk
Hence ”pﬁds =wik
]

Since F = —”pﬁds, then

&


https://www.aplustopper.com/category/stewart-calculus/
https://www.aplustopper.com/tag/stewart-calculus/
https://www.aplustopper.com/tag/vector-calculus/
http://my.studiopress.com/themes/magazine/
http://www.studiopress.com/
http://wordpress.org/
https://www.aplustopper.com/wp-login.php



