Plastic Analysis and Design
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12.1 Introduction

= Steelhas avery unigue propertyi.e. duclility because of whichitis able lo absorb large deformalions
beyond Ihe elastic limil wilhoul getting fractured.

*  Due to this tnique properly only, it has a reserve of sirengih beyond its yield poinl as showm in
Fig. 1.4 and explained in Saction-1.4 (section & lig. 1.3 ara lor local buekling),

¢ Inplastic method of design, the design philosophy is the ultimale strenglh and thus behaviour of
members beyond the yisld siress in inelaslic (or plastic) range is considered.

*  Theslructure fails at a much r{igher load than working load and thal Is called as collapse foad. The
working loads are enhanced by specitied factors knewn as load factors to ge! Ihe ultimate loads at
which Ihe struclure ¢ollapsas. Thers after the maximum plaslic moment is found. The plastic section
modulus Z,,,1s lound by dividing the maximum plaslic moment-by the yield siress. i.e., Z2,= M f,

*  Plastic: Tha term plastic implies that al {ailure. parts of the member will be under very large strains
so that the member is put into plastic range. When tha entire cross section becomes plastic, infinite
rotation 1akes place al constanl bending moment and a sorl ol plaslic hinge is formed. After the
formation of sulficient number of plaslic hinges in tha member at the maximum stiessed lecations,
acoliapse mechanism develops. Since the working Toads are less than the callapse lcad by a factor
of salely called as load laclor, lhe members designed will be safe beyond doubt,

12.2 Strength of Tensile Member
122.1 SingleTension Member

Under the aclion of load ‘P less Ihen the yield load,
{ie Pc P}). lhe member shown in Fig_ 12,7 will elongato clastically,
The defleclion is given by

P = Axial load in tension
A = Cross-scclianal area of bar
£ = Madulus of elaslicity of material of bar *

{usually sicel) Flg. 12.1 Strength of singfe tension member

where,

R

4" willincrease linearly wilh ‘P as shown in Fig. 1 2.1
As ne loag P approaches £, & will approach 8,
vhere, P, = f;A
A =¢,L
and y ¢
ion willi i neou:
As soonas'p becomesequallo P, the dallsclion willincrease inslanta sly

{he foad further.
i€,
Toincrease the deljeetierbeyond &,

and even withoutincreasing
{121

Ay =€y, L . {12.1)

more load vall have 1o be applied. The real {oad causing Iraciure

member W in { i { the len i

6 member Wi i the stage of o 1S about 1.5% o 0

ol th will be 6, A Bul since the deformation at A, th .e glhol! he
! lII ber Whictr\ Wl“ be lOJI"\k\r a ve Iarge for most struclures, the uselulness of ihe member is feit] lcally
el Y C!

f = Y &lakanas
niSi edat 1he slari o strain har de l"“g. Hence forall pr actical pUrposes, theload F’, Uy,Ama betak the
{

ulimate load P, for tension member. .{122)

- .P,= P}, =1,A
1222 Tensiors Members in Parallel

Fig. 12.2 shows three tenslon rods arranged symmetrically
2load 'P’ at its centre,

in -pé:ailel 1o support a figid bar which carries

toad
- RS,
P’ e
’ G - Doflottion of Ear

Fig.12.2 Tenston members inporoliel
thel is beil i . Aslong
Lel cross-seclional area of each rod s A, Suppose thal,.he load Pis ;e;:g gradually increased
a5 the load remains elaslic, the load in the rods can be determined by elastic theory.

Thus from vertical equilibrium
2P+ Py= P
and irom compatibitity of delfléctions

.{123)

{12.4)

Solving Eq. (12.3) and {12.4)
P .{125)

and Pz = PK



i
LK
A =3.é_;_‘;(.~p -(12.6)
It K < 11hen P, > P,, i.e. tha smallef rods will reach yield point earliar. At this slage the total load *
;mz l;;d w:axzhewlll be delined as Ehe load causing first yield anywhers in the slruc?ure The lor:;:rd ro:
Thus by putting P =~;o A
weget, = {2 + ko, A :
mm‘[ﬂh;ﬂ?;ﬁ t:;'l!:; :::??u !; gﬂe;llsrr:;ned by lhe yielding of shortet fods (A = €, kL), Therelora, if wa
e e o ma.bme ol :3 dcc;:vs}:anl load (o, 4) while the lenger rod will take more load asit
e lodd alt the theee rcds e hawng equal siress (o,).

so, F,= 30
Thae delleclion, when P, has just reached the yield poinl wilfba
e A= C L

The curve ol P vis Msshown inFlg. 12.2 This shows t.hm A>P, cf me syslem Furthar the defleclion

z; z:;::::&me just bam P ts reaehed Islessthane Lwhlch ls cenamﬂy permlssnble as for lhe single member

122.3 Reserve Strength
Tha load interval of margin betwean P and £, isknown a raseve strmgih

Mathematlcally: ~~ -

Resewe slre nglh (v }_ U'l(;-ﬂ;‘;tg load'(cd!apse: load) _ A

) causing firs: yield %
1224 LoadFactor ' ) ‘
ILis defined as the ratio of ullimate load (callapse load) to working load.
Mathematically:
Wimaleload £
Loadiactcr(a} m ?f' . {127

12.3 Strength of Compressmn Member

o buckewiga tensifm members, the sirength of axially loaded compression members may be limited by yielding

of pro Wm et;;ﬂ:‘lﬂsfuiogﬂsslendemﬁs {2 =ifr3. I Itr ratio is such Ihat the eritical stress is less than the limil
lional eel, the crith is give . . S S 1ESS

w65 of Cofumn rilical slress is given by Euler's Formula lor el’a‘:s f :uckmg giving the (allure

- 12.4 Strength of Flexural Member e

The plastic moment carrying capacity of a beam seclion i iveni
is same as given in Section 6.3. The variation
of flaxural slress as load spproaches the plastic load is shown in Fig. 6.3.

12.5 Theory of Plastic Bending
Assumptions:

@ Piaf.xe seclion mma_in plane and norma! lo the axis of bending at all stages. Thusil is assumed that
slrains are proportional to the distance irom the neutral axis.

{b) The stress-sirain relationship is idealized to consis of two
siraight lines as shown in Fig. 12.3.

(c) Thestressin any fibre can be found from its slrain according
10 the slress-seclion curve idealized as above wilhout
reference loother fitres. The shearing sirains are neglecled.

(d). The detommalions are assurned 1o be smatl, so lhe slope of
the beam at any paint may be assumed to be equal loils
tangant. 0 €y Stroin

(@) Steelis duclile, able 10 delorm plastically wilhout lraciure,

() The properties of steel in compression are assumed 1o be
lhe same in tension,

(@) Theinfluence of axial and shaaring force are neglecled.

(h) Strain energy slored due to elastic bending is ignored.

(i) The conneclions prowde full conlinuity so that plastic momen{ can be ransmitled through them.

(i) Members are inltially straigm and prismalic and inslability does nol davelop belore plastic action
develops,

{x) Thera is an axis ol symmetry In lhe cross-section.

(e} Cross-section must ba symmetrical w.ri. the plane ol loading {to avmd allect of lwisting).

n
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Fig. 12.3dealised Stress-Stroin diagram

12.5.1 Equations of Equillbrium for Plastic Theory

(a) Ify .0A =0 j.g.lha condition of equilibrium of axial (orce (o be zero.
A

b) ny -ydA=M i g, atthe condilion of equllibriurmn thatinternal momenl balances the applicd moment.
A

12.5.2 Calculation of Plastic Moment a

Considar any seclion with one axis of symmelry. The neulral i /\

axis lies in the plane contalning the symmetrical axis. Under [ully ‘51

plaslic condilions, the slrass at the seclion, both in tension and

r.ompression zone is assumed lo be atyield point of Ihe material as
showninFlg. 12.4,

Equiliorlum Condition-1: Axial thrust is zero at the seclion.
[aa =0
a

r

MNeutrnl axis

¥

Fig, 12.4 Calculation of plastic moment
= ' !#@-—A,):O::Az:/’il

Hence the neutral axis under plastic condilion divides the seclion into two equal areas.

Remember: Noutral axis under plastic condilion of plastic neuleal axis divides the section into two equal
areas.

Equilirlum Condillon-2: Internal moment is equal lo applied moment.
{fyoA = M,

= AT+ ATa) = M, : (128)



.-,,omem" f;JHows l‘hal Ihe plastic moment of the section is given by the yi
:; o alr:as intansion and compression zones about the neulral axis
ow Ihe plaslic moment M_ is gi
bisgivenby [, Z,

where, Z,= A + A

Z,is termid as ihe plastic modulus. Ag plastic neulral axis divides w

eld siress multiplied by the sum o;

hole araa inlo twi
) . WO equal halfs, gq
\ = Az =
2

N

A_
‘ Z, = EU"‘"‘Y?)
1253 ShapeFactor

{12.8)

Shape lactor is defined as i :
' the ralio of th i i !
seclion or shape and is represented by /. ? lestc mament oyied hamant &

Mathematically:

is a funclion of (he crogs.

My 42 2,

I = =
M = 1,72, Z,
: Z,, = Elastic seclion modulus, £Z,,, = Plaslic seclion modulus
254 Relationship among Load Factor, Shape Factor and Factor of Safety

where

Ulimate load  Collapse joad £

Load Faclor = - =
Workinglcad = Woarking load "'Pf

Shape Faclor, f = ﬂ-—-————- =B Ve
Yieldmomenl ~ M, 4.2, " Z,

Factor of Safely, (FOS) = Yieid Stress b
Permissible or working siress =7
e F! '
N, Load tactor = ;'L = %’1 = {%]gp‘
W id (74

=

Load facler = Factor of safely x Shape facior
Margin of Safety (Defined only for brittle materlal) o

Margin of safely = FOS - 1 pﬂl‘w@

whera FOS = :

- Working load/stress
o nble 12.7 Shape factorfardifierent sectional shapes
Saclion '
. Shape Faclor
1. [-seclion l
j 1120 1.34
2 Circular hollow seclion @
_ 1.27
3. RectanglefSquate [:]
15 -

4, H-section [H] 15

5. Circular section O 167

8. Diamond </> ) 20
. b "! ; .

7. + Triangular | 234
% 'l L\

12.6 Plastic Hinge

»  Flexura! members remain elaslic until the moment reaches a value 4, the maximun moment of
resistance of a [ully yielded cross section. B

«  Any additiona! moment wifl cause tha beam lo rotate with litls increase of sirass.

»  This rotation occurs at a constant moment M, This zone acis as a hinge except with a constant
restraining moment M.

« in reality hinges do-not form but farge changes in slope Gcours over very small lengths of the
member atiha location of maximum moment. .

«  Sirainhardening occurs al thesa hinges 50 that large dafleclions are sccompanied by a fttlaincrease
of Toads. This plastic hinge Is represented by a black dot.

«  Astuclure can sustaln the compuled ullimate loads due 10 successive formation of plastic hinges
al crilical locations, The plastic hinges are formed first at the the location of greatest delormation
{i.e. curvalure),

12:6.1 Possible Places of Plastic Hinge formation in a Structure with Prismatic Membars/material
{a) Pointof conceniratad load

(o) Allheendsolme mber meeling ata connécﬁon involving a change in gecmelry.
{c} Pointof zero shearin siructure subjected lo unilormly distributed load.

{d) Atthe localion of fixed ands.

12.6.2 Mechanism

When a siruclure is subjecied 1o a system of loads, itis siabie and functional until & sufficient number of
plaslic hinges have been formed o make the structure unstabla. As soon as the structure reaches an unslable
condition, itis considered to hbve been failed. The segments of the beam belwean the plastic hinges are eble to
move withaut any increase of foad! This condition s called as mechanism. The concepts of virtual wotk are used
in the plastic anafysis and design of steel structures.

Remember 1 an indeterminaie slruciure has redundancy °7, then insertion of '¢* piastic hinge makes it
stalically determinate and any further insertion of hinge converts ihis slalicaly delerminate
slruclure into a machanism. Hence for collapse {he number of plastic hinges required are

9 j {r+ 1),




12.6.3 Typesof Mechanism
{a} Beammechanism
el mmm@mymechamsm} '
{c) Gablemechanism
{d) Combinedmechanism

{a} BeamMechanism

[

All the '
loaded spans behave as beammechanism. A portai irame i$ sha;,vm inFlg. 12.5. The beam and

column are of sama eross-section.
w'
—3

5 M C

Plastic Hingo

Fig.12.5 Beommechanism - Fig. 12.6 Explonatlon of beam mechanism

‘The beam mechanism for the porlal Irame ABCDE is as shown in Flg.12.6

Rem be Bﬂﬂ Dol ebea BD f g in BI |I beam ac! s {lx d Iltletl
ember: ")5 ends d “h m arerigid jo ts. Th
] e'ora the beam BD 15 B &d 8l

b} Sway Mechanism

itis formad due 16 lateral loads. In this
mechanism,
horizontal displacement of the structure.

e

motion oceurs in the structure due to sidesway or

(!

. Plastic Hinga
fe— & ‘s ‘ Lok ,;-*Plﬂshcﬂmo
L o i‘ o 5 (1) (
My M| 3 i 4
’ 1
A i /\3 E/l
—t—— el L Plastic Hinge
1

Fig. 12.7 5 hani;
Ig. 12.7 Sway mechonism Fig. 12.8 Explanation of sway mechanism

1G] Gable Mechanism
1t is exhibiled in gable framas where column spread more al the 10p than at the base.
. or
This mechanism is characterislic of gabled frames. The motion involves due (o spreading of column tops
wilh respectio the bases. ’

Fig. 12.9 Gablemechanism

Flg. 12,10 Combined mechanism

)] Combined Mechanism

Any of the twa mdependen{ mechanisms may be cornbmed lo Jorm a composite mechanism. A beam
and gable mechanism are jointed to form a combined mechanism as shovm in Fig. 12.10.

>3
You

Know .

Comblned ‘mechanism may be cbtalnad by combining system alicaily the various Indepa ndant
mechanisms Dunng i echanism. the frama 1 ‘sliltindeterminate at faildre; or n may ba a

AN

complele combmed mechemsm in which, the lramacs determinaie aifai\ure, SO -;. -
qma!mhe lowest possible Ultimate joad £, eombmanons arg selecled msuch away
errial wark I$ maximum of. {ntemal work is minimum. The proced 8 ganera}ly isto”
make oombtnauons 1nvolvmg rnechamsm motions by as many toad posmb!e and lhe

ehmlnauon of plastic hinges whnch reduces the internat work. R
t

Mumber of Independent Mechanlsrn

|n order

To avaid any passible omission of a cormbined mechanism il s essentials lo have in advance a clearidea
of the number of independent mechanism,
Let N = number of possible plastic hinges
r = number of redundancies
n = possible independent mechanism
Then n=N-r
Alter gelling the number of independent mechanisms all the possible combinations are made insucha
way that the external wark is maximum or internal work minimum. This is dong (o obtain the lowesl| possible load.

{1211



1264 Plastic Hinge and Mechanism

w
¢ Thebeam shownin Fig. 12.11 vdll fail when thae ceniraf l'
seclion becomes fully plastic, Then this section will go
onrotaling al constant moment and deflection will grow
loo larga. In tact wilh simple supports at the ends angd
a plastic hinge al the cenire, the beam will transtorm
into a mechanism consisling of two links.

¢ Fromihe bending moment diagram at ultirnale load, it
can be seen that a centra length of the beam has
mements in excess of the yield moment and hence the
seclions in Ihis fenglh are partiatly plasnc,

*+  Thelengthol the Plaslic zone depends upon the ratio
ol M,lo M, Greater (his ralio, larger witl be the length
ot the plastic zone. Each section wil conlribute towards
beam rolalions. Theréfore,,it followss Ihat the Plastic hinga is not a saction but it fs zone of
yielding near the secllons of fully plasticity.

Fig. 12,71 Plastic hinge formation
duetopointiood

12:6.5 Hinge Length

® Asshowmin Fig, 1212, the vglue of momeni at sections adjacent 1o the yield zone for a ceriain
length is more than the yield

momen!. This littie lenglh is called Z°""°r”°”"\‘f ]W y

ashinge lenglh. - T
* Tnis hinga Isngth depends on I

the {oading lype and the ) " T P

geomeatry of the crosa seglion,
*«  Forsimplilied analyses, Ihis tinge
fength is neglecled and plastic
hinge is cansidered to ba formed
atpatiicular peints of zero lengih,
*  Bul this hinge length cannot be
neglecled in calculation of
deliections and the design of
; R Fig. 12,12 Plastic hi i
bracmgsaslhelenglh overwhich 9. 12.1 Pfasnchmgedue:oconcenrrared!oadarm:dspan

yielding extends js quite important.

°
g &

Rotation, 6

Letthere ba a simply Supporied beam whichis subjecled 103 gradually increasing concentrated load W
althe mid span, A plastic hinge will Torm at the center of (he bearn as shown in Fig. 12.12,

wy .

My = q (12.12)
ba® 1 NYoa? 2 2

M’r = !yzpzly?“zc,(E]{‘—"-)—a——:-é-frzl):gMﬂ {12, 13)

Framthe bending moment diagram of Fig. 12,12,

|

4, M,
% = -ﬁL Ingeneral D!“z. =T =
% %% I
M
M _ L L--2 -t
= ‘ (L—I‘J—2£ = EM,, =% { .\I)My
(L-x)Mp = LMV = tL-x)SF - L ,
2 oL
vt
| ) i L ={{1-—
i == {1214 .\'..( )
= Nt =3 -k ) = SF

. . - e
Thus tength of plastic hinge in a beam subjected to concentrated load al mid spanis {43 where Lis
span of the beam.

ors s e = -
Note: Following sdme procedure as above, for $.5. beam subjected to UDL plastic hings lenglhx= L {1 SF.

j dis
Remember: Hinge length for a simply suppored rectangular beam ;quected 10 cantral concanvrated fnad i
L/3 and that due 1o unilormly distributed load over the entire spanis L3, - s

12.7 Redistribution of Moments and

’ W, s
Reserve of Strength o;aomamommoaf £

*  Flexural members can susiain the ulimale Ioads due b
lo redistribution of moments, "
« Under gradually increasing load on the sivuciura,

MB
the plastic moment is reached at a section that is \_L/

most highly stressed. Flg. 12.13 Redistribution of moments

) i infixedbeamn
i f plastic in

= Wih furlher increase of load, the value o - ) ) .
moment is maintained and the section rotales. A plastic hinge is formed at this section. -

in equilibrium with the i ionale
Other Isss highly stressed sections mainlgin equilibrivm wf.h lf‘te increased load ?}ya p};‘oi;;o;ocess
increase in the moment and suceessive formation of plastic !nnges at ?uwer sections.
of formation of plasiic hinges continues 1ill the ultimate load is reached.

Let (here be a fixed beam of span L subjected to a uniformly distribuled load over the entire span as -

shown in Fig. 12.13.

Far equilibrium,
16M,
= =i {1215
.b_vg.". = 2&4{0 = W, = 7 { }
Al the elastic load, the mid span moment is half of the end moment i.c.
1
! Wl ﬂy_hgm - W= _1_2_!1_& {12.16)
: g T T ()

Assuming a shape factor of 1.12 for an I-section, Irom Eqs. (12.15) and (12.16},



16 {
wa‘ - TWZ— =[i]y-‘3 u(ﬂ)ﬂ 12=1.493
7 \3)M ey
¥ 4 ¥y 3 7

. ' 49, gher than the load at firsi yi his.re BIvi { strength i
d&ega!dedﬂ' Usua' e:asﬁc des'gn P . t firsi yield, 181 S ¢ of strength is gang a!ly

12.8 Plastic Collapse

z'al;e ?hm!:i points are worth noliceable for plastic collapae:
@ plaslic collapse o a structure depends upon i . ;
pon its rzdund
{p) When sufficient number of plasiic e
hinges are formed to convert a @E
struclure collapses. 1 C

struclure inlo a mechanism, the

c} The Y - :

{6} The collapse ol 'struciure czn be  Parlsl Cotapso Over Campicta
partial, complets or over complele. a 4 e C""i"“
12.9 Ultimate Load Analysis . - e

Fundamentals ' | 4
1. - Partofths aiech
{a} Structure must be in siatic | | Studm sudh‘asxm " o ers mechartsn
equiliprium, | emakng it | dogra offreedom forwhich Ihe
(b) Momentany wheremustnotexceed ~—— e g of o o
Ihe yield moment {structure should - ) . [ soma,
remain elastic). . Fig- 12.14¥lastlccollapse

{c) Continuily of slopes and deflection must not ba Qiola:ed '(compalﬁbiiiw condition).

12.10 Fundamentat Conditions in Plastic Analysis
:hem:;e: h;rr\c;memat ccndf!ions undarlying the plastic analysis as follows;
. Gond equ:Ebrju ;t;z:gf_mbnum or gqullibr}um Condition
o 58 =| ;:m.z s:yn;n:m;:n;l :ﬁélbe forces and momenis should be equal to zero,
M, =0 IM, =0 IM, =0 :
2. Mechanism Condition or Continuity Gandition ‘.}‘ W,

The str !
msﬁgt:;l;{::éﬁﬁssr: t;:t.:; l;e capa:!ezof delormingasa mechanisgn dua o the formalian of
. encugh plastic hinges that a metaanism is obtaj
3. Plastic Moment Goadilion or Yield Condition o i

The plaslic moment M, must not exceed any where in the structure,

12.11 Theorem of Plastic Analysis

[

cally. it i .
equmbmsenem ﬂw: ;1:!(0 pgzssn:ll;e :o sgzsfy ali the threa conditions of plastic analysis in one'operation. The
cong] istied in both tha cases 1.e., stalic as well as kingmalic. Oapending upon the

method chosen to oblain &'solution to th
e . .
o problem, cne may obtain anupper limit and the other may obtain lower

y2.11.1 5taticor Lower Bond Theorem

For agiven frame and loading. il lhera exists any distribution of bending moments throughoul Lhe [rame
which is sale and statically admissible with a sel of loads P, then the value of the load P mus! be less lhanor
equal 1o the collapse load P{P< P,). Aload computed on the basis of an assumed equillbrium moment diagram
inwhichhe moments are nol grealer 1han Mp. is less than of equal lo lhe lrue ultimale load and has a maximum
tactor of salety. ‘

Slatic theeram: Equillbrium condition + Yield condilion

12.11.2 Kinematicor Upper Bond Theorem

For a given frama subecied lo a sel of loads P, the value ol Pwhich is found corresponding Lo any
assumed mechanism, must be gither greater than or equalto the collapse foad P(P2 F). Aload computed on
{he basis of this mechanism will always be greater than of at leas| equal to the lrue ultimate load. Hence. lhe
kinematic meihad represents an upper limit to the true ultimate load and has a ;mall factor of safely.

Kinemallc thearam: Equilibrium condition + Mechanism’

12.11.3 Uniqueness Theorem . , ;

For a given [rame and {oading al least one sale and statically admissible bending momenlt diskribution
can be found end il in this dist ribution lha bending moment is equal 1o the fully plaslic moment at sufficienl cross-
seclion 1o cause failure of the {rame as a machanism due o plastic hinges, then the corresponding foad wifl be
equat to the collapse load (P = P,). - T

Unlgueness Theorem Equilibrium condition + Yield condition + Mechanism

12.12 Static Method ) ]

This consists of selecting the redundant force. The Iree and redundant bending mement diagrams are
drawn far 1he stucture. A combined bending moment diagram is drawn in such a way that a mechanism is
formed. The collapse (oad is found by working oul the equilibrium equation. Itis checked thal bending momenl
is not mora than the fully plastic momant at any seclion. The objectiva ol the static method is lo salisly the three

fundamental conditions.

(a) Equiliaium ) Ms M,

{o) VYield

12.12.1 Steps for Static Method of Plastlc Analysls

Step-1.Calculate degree ol stalic indelerminary.

Step-2.Remove rec}uﬁ dantlorces.

Step-3. Draw bending mement diagramon {he statically determinale struclure.

Step-4. Draw momenl diagram at lailure due to redundant forces.

Slep-5.5uperimpose the wo moment diagrams so that a mechanism is formed sketch the mechanism.

Step-6.Salve the equation of equilibrium fo lind ullimaie load.

Step-7.Check the moments, A <M, everyahere. It £0, the true uitimate Ioad is oblained. f M> Mg
Somewhere, repeat sleps (3} to {6) so lhal a plastic hinga is formed al the seclion of maximum moment and
conlinue (ilt e three basis conditions are satisfied.



TTT—
12.13 Kinematic Method (Mechanism Method})

This eonsisls of focating Ihe possible places of plaslic hinges. The possible independent and com
mechanism are ascertained. The callapse load is found by applying the principle of vi
moment diagram carresponding to the collapse mechamism is drawn and it is checked th,
is nol more than the fully plastic moment at any saction,

The slatical method works well with simpler structure like the continuous beam or single story singl bay
hinged trames. Bist, when the slruciure is having many degree of redundancy the mechanism melhod s oyt
lo be easier. The objective of the kinemialic method is to satlisly the three lundamental condilions:

(@) Equilibrium (b} Mechanism {c) Ms M,

biney
rual work, A bending

at the bending moment

12.13.1 Steps for Mechanlsm Method of Plastic Analysls:
Stap-1.Determine degree of static indeterminacy.

Step-2.Detennine the logalien of possible plastic hinges. Such localions are concen
support paints, joints between members and points of maximum moments.

!

1
Irated load points,

Step-3.Sketch possible mechanisms. The machariisms are termed as beam, panel or gable type which
may occur independently of the fallure of the slructure as a whole orlhe mechanism may be combined type whizh
may iesull in the failure of a part or the whole of the givan slruciure,

The correct mechanlsms Is that which eatisflas the other two fungamental conditions namaly
equilibrium and Ms M, '

Step-4.Determine lhe ullimale load by solving theequifibri}nﬁ equations. Tha ﬁnual displacement method
is besl suiled (or this calculation. :

Slep-5.Check he momenls al all points (6 sae thal moment is everywhere less than Ihe plastic momen,

NOTE: Since the mechanism melhod or kinematic method gives an upper tound o the ullimate load ve |
should look {or the lowesl value of the joad for any mechanism, 7

12.14 Principle of Virtual Work

The principle of virtual work stales Ihat il a system of forces acting on a elaslic bady is subjecied to a
virlual displacement, then work done by \he external forces equals the work done Oy the internal for ‘
Mathematically: W=w

ces.

Where W, = external workdone, W = inlemal workdone

For rigid body, W, =0
12.15 Advantages and Disadvantages of Plastic Design over Elastic Design
12.15.1 Advantages

{a) lis more economical as it makes full use of the material sirength beyond Lhe elastic limil.
tb) The design procedures are much simpler and rational in case of plastic methad,

NOTE: The very importanl point in plastic design is thal, il gives some idea of the collapse load and strength
af tne structure.

|
|

42.15.2 DIsadvantages . ,
The [abricalion is (o be done with ductile steel. ) oo
i&az]) The loads are carried by bending and the effects of axial load ‘and shear !or{:aas 1;1: mrr:;nbt;sm
neglected. Tha theory of simple plastic analysis can not be applied to trusses,
subjecled to axia! forces only.
i ne main critefia.
{c) Strenglhis assumedtobel ) ' e,
td) Itis very difficult to oblain tho collapse mode il the structure is reasonably compli
(¢) Thereis litle savings in column design.
i lis difficult lo Idés'{gm',for {afigue. ‘ ' 4 '
(g} Lateral bracing‘requ'yemems are more stringent than tha elastic design.
o]

12.16 Some Important Aspects of Plastic Design and Elastk‘Dgsngn —
. {a) The structure designed by the plastic method is economical. The saving in steel may

. i i i licable
{b) Forlndeterminale and complicated slruclures tha plastic method is more conveniently app!

and avoids analyfical approximations. . . R
{c} Inthe elastic melhod of design, the design processis r.apeatat? sevetr;l “:\ZSa iz ;l;;a‘;n ) pj:on o
seclion, which consumes more ime. The plastic msthod of destgn produce:

i ! ing the compinational time.
single altempt and theteby, saving 7 . ] ’ e
{d) The faclor of safety is same in both plastic and elastic design of indeterminate struclu

or i i ign is more realistic, 2
concept of thls factor in the plastic design ) i
{e) Stresses produced by saltlerent, areclion eic., can ba determined more correctly by { pla

method as lhe calculations are based on plastic deformations.

@mﬁa&ﬁmm&;

If the uniform beam as shown In figure below has a plastic moment capacity

Example1zl -
M, than determine the ullimala load W,,

| W 4W
al CL rD J B
lo—2m—t 3m !
) im
Sofution:
Slep 1+ i

Degree of static indeterminacy, £ =2 _ . B
: gNumber of plastic hinges required lor mechanism of collapse =r+1=3
Step 2 : Delermine the location of plastic hinges.

ie,aaCandD.
Plastichinge will Irom at ixed and, i.e. al A and B and under the concenltrated load i.e

i i astic
There are '4’ possible locations namely A, B. C and D are available for the formation of pla:

“hinges in the given slruclure,




Step 3 : Sketch possible mechanism;
5w 4w

-

N
2
o
3
w
3
Fomrmeny

D Moeh, -
W, anlam -}

QA ——

i, Mechanism - i

B

4 : - . . . '
xpme :;(:::? the ulimate lcad h?c solvingthe 'equ!llbdum aquaUm; using principla of virtual work
20=dg=4=02. .
Intemal work done = M8 + M, (84 ¢) + My
andextemnalworkdong = 5W,x26 + 4W, %3
+ From ptinciple of virlualwork, ‘ -
Internal work done = externalwork cons, R '

o s 8
E MPe'f'EMpﬁ-tMpz = (10W, +BW, )8
3
= W, = -’EMp
Formechanjsm-It ‘

internal work dene = externatwork done
= M8+ M0 +0) + My8 = SW, (20) + 4W//36)

= 4 M8 = (10W, + 12W)0
2
W, = M

Comparing W, from (i} and (il), it is sean that the second mechanism gngslf&ver ultimale load

Step 5 : Check banding moment o
Check moment at'C* A

A, = 4Mxe;5%x4+MP;M’=13§Wu

16
M= -f»w(-g ]m, =0939Mp < My .

- 2
Hence w“ - :‘_’MP

Ekampleiz.z B A propped canlllever cariles an uni{ormly distributed load W ovar span L_'
petermine the ultimate collapse load W, if the plastic moment capacity ot the beam Is M,

Solution:

Statlc methad: Figure (ll} shows the combined bending moment diagram of the determinate struciure

and the redundant. At collapse ihe plastic b
{ree end where the dillerence of parabalic and triangy
Flgure (|Iy at a distance x (rom hinged end.

inge will from al the tixed end a1 a dislance of x from the

lar bending memant diagramis maximum. From

My+5M, W?WTi
on, W o= 2M Ltx 0
v P x(L-x)
. aw,
For maximumvaueol W, . s

T :www :

e,

{Iiy Beam Mechanism

[x(L-x)p1-{L+ )L -2x)] .

o, 2M, % ' t"(L-‘.r}z
or, 2+2lx-2 =0
or, r = 0414L
Substituling x in the equilibrium equation {i).
M, L+x
o W= T3 L=
For maximumn W, x = 0.414( (ascalculaied earlier). Thus
W, = 1166MJL




——

upp d t ed load at a dl nee = s
s ortad at the olhar. ca”las 8 concaniral sta x from the bu“ n and, St ow h
al

the collapse load has the value <%
(L) M, vihere M, Is the fully plastic moment., If both the ends hag

= L !
beu” bullt-1 1, show lhat the Iaad al CD"EPSG would have | creasad in th ratio
S
the ratl 2

Since end A of the beam is fi ic hi
xed, a plastic hinge will develop al i
LA A Hl als
below e concentrated load and a mechanism is formed as shown :131 figure PE e ge ilaso beloimes

B=xb=(L-x)p roy ‘ T
L- 4
or, o= = ) 1 f—y A
Cxternal work done = load x deflection = - o) L =
= W, x(L-x)p \J\EI\\ 'SI 2
Intemal wqu done = moment x rotation ' lU' "
= Mo+ M (6 +0) o ’
= M,,("; ‘J9+MD(L_IB+B): m 2=z,
By the principle of virlual work, : ok

External work done = Inlernal work dong

WAL-x)0 = M”ZL-XG

x

o A-x
A w == A
Y x(l-x) s

Il both the ends are lixed than one more plastic hinge will develdp a8
w

Exiernal work done = WL -x)0
I ) =
niernal work done = Mpo + Mu(¢ +8) Mp{l

(L-x) L7
=M, ) ik
, +Mn( . 0+9)+M,,e = M,,%e

‘by the principle of virtual wark,
External work done = Internal work done

Wit -0 = 8, 250
X

of 2L
\ W = ———
¢ x(l_ - x) My

;:(L-—).‘) _ 2‘.

. H 2L
load = =
Incraase in the ratio of collapse load AL-0 *S5ix " 8l-x

d out the fully plastic moment in the

portal frame shown in tigure. The frame has a unifomm cross-section
throughout
solution:
The possible locations of plaslic hinges are A, B, C,Dand £
Nurmber of possible piagtic hinges,N = 5
Degrgg of r'zdundancy. r=6-3=3
Number of possibtémf pendet mechanisms,
n=N-r=5-3=2
The wo independent mechanisms are:
1, Beammechanism
2. Swaymechanism
Beam mechanism: The ends &and Dol the beam BDare
ied joints. Therelore, tha beam 8D acls as a fixed end beam. The
possible localions of the plastic hinge are 8, D and C {below the
cancentrated load) as shown in figure. .
External work done = load x deftection
- = 40x2x 6 =800
) Intemal work done = moment x rotation

By the principte of virwal work done,
inlernal work done = Extemal work done

= M8+ M0+0) + MO =4aMB

em

) deo = B00

of, M, = 20kNm v 5,“ R I"B_ __; 5

Sway mechanism : The column AB and £D are of } H —e D
dilfcrem lengths, These deflect by the same amount. Therefore, ; \ 1/ §

the ronalions at the ends of the calumns will be ditferent. 3 [ ; 8

or, ¥ =02 30
Internal work done = moment x rolation /'l
= MO+ MO+ Mo+ Mo ! '
=MB+ Mg+ M0/2 + M0/2 .
=3M/8 i

External workdone = 20x 30 =600
By the principie of virlual work,
Intemal work done = Extarmal wotk done
. 3M0 = 608
or, Mp = 20kNm




plastic moment capacity M_,
! P ft
s ittt 8 —]
—— L
Solutlon: ) ‘ :

Combined mechanism : Th ible .
: The possible locations of plastic hin
gesare A, C. D
Externalwork done = Eload x defiection) anasonky
= 40x2x9+ 20x3x 0= 1400
Internal work done = Elplaslic moment x rotation)
= Mpo + M0+ 8)+ MB+ Mg+ Mo
= M8 +2M 8+ MO+ MO2 + M2
= 5Mp0 '
By the principle of virtual work, 4

20k —— b df

- Internal work done = External viork done
54,8 = 1408

or, 140
A@ = T’-' 28 kNm

-
The Dti!suﬁ moment [or ﬂlB frame is Ihe maxin um of the threg p]asﬂc“m" enls tou"d- Thare ore, the

o
} Find collepise for the beam as shown. The beam Is of unifarm section with

Degree of stalic indeterminacy () =2

. No. of hinge reguired (or collaplse = n+B=2+1=3

Two of these hinges will (orm at the ends and the remaining third hinge will (rom either at Corat D.
Lel third hinge forms at Das shown in coliapise mechanism-1.

PA _3PA
Wor = PA+ —é—- = -—2—
W, = M+ Mpla +B)+ M = 2Mpfa - )]
A _2A
Bul w=f= T
[?A;Z—'ﬁ}  BMp2
Wo= el L) L
i Wnnl = W,
3PA  BMyA
=3 — O ———
2 L
16M, [ 5.33M,
= P= AL [— T ] . 1)
If third hinge gets formed al Cihen collaplse mechanism-2 will four,
P.2a _5PA
W = —_—— = —
ot PA+ 3 3
W = Mp9+Mp(6+¢)+ Mp¢=3Mp(B+¢)
But q=3f
W, = 2M (0+ 36)=BM%
Won = W
5PA
= = o
A
B 5 —=
ut 4= BLA)
a
= 5P\ = 32Mp —E
32M,{ 6.4M
P: --—‘-—p = ____p res i
= S t L } &
From {i) and {ii). co\l?pse 1oad will be the lesserof woi.e.,
- I 16M,
<
etarmine the value of {ully ptastic .
moment M, for the frame shown in figure below. Plaslic moment 20 KN —> ’
am
capacity of beam = 1/2 x plastic moment capacity of column.
Am am

Solution:

Number of possible plastic hinges, n=9

Degree ol stalic indaterminacy, r=6-3=3

Wumber of independent mechanism, i=n~r=5-3= 2




Bsarn Mechanlsm :

Applying principle of virtual work. we get
External workdone = Inlemal workdong

1

10 » 2 Xx4xA =05 M‘,0+ 0.5 Mp{ﬂ +8)+05 Mo
= DxA =2Mp [26=4) 05N
= M, = 20kN-m

Sway Mechanism :
Applying principle of virlual work, we gel
Exiernal workdone = Internal workdone !
20x4= M0+ 0.5M8 + 05M 8+ M8 .[4=40)

= 20x40 = SMPB
= :‘% = 28.67 kN-m
Comblned Machanism :

Applying principle of vidual work, we get
External wotkdong = Inlernal workdone

1 =
20x 46 + 10 x 2 Xx8 x4 = MﬁG+MpB+0:5Mp(B+¢)+O.SMP(B+¢)

= 808 + 2010 = 3M,0+ M, A
o 10|(ij\ 0.5 MP
= (80 + 2010 = M B+M, x:{: 20MN—e, XIS
0.5 M,
M
= 80 +20r = 3M, N -l
4-x
X B
= Mp(3+4—_;J = 80 + 20x 7
12-3x+x H
= Mp[TE_) = 80+ 20 Cn, Cu,
- o019 _ 1600
= PT B-x) T Te0-x
dMd,
For maximum value of M, -—5‘—” =Q
= (160— 103 x (1)~ [(B~x) x (~204)} = 0O '
= 1002 - 160 + 120r-20x2 = 0
= Ee 2416 = 0 '
=3 x = 153m .
- 160-10x(1537
L 6-153
o, M:_] = 30.56 kN-m

Thus the maximum value of M, is chosen as Ihe plastic moment capacity of Ihe portal frame 1.¢
Mp = 30.56 kN-m.

—————

Collapse loads of some standard arrangements:

Fow—"y L T

|« —

[ w
M,
1 g l 2 Wo==7
o L —]
1 aM,
=M
2 l t w"! l l “’D' T
S —
WW\’W:YVWW‘M _BMF
. R Oar
L —
b 16M,
i}yvv\wwmmﬁa w, = 1%
‘ [ L -
1
l V|V : Mol
b i A
e * 2 Yo
8, .
| p—— t L-{
w
I 5 Myt
] i * W, = ab
6, 31— k
. L i
w
} W, S
¥ L
N 2,
C L —_—
w
b ' e - w _ Mp{L+b)
§ ¥ =2l
8. ﬂ— g
g |
; L {
Fﬁmo’“'w‘”“”“é 1855
9 P!mshcwnaowilﬂumhum—} £ g S
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0.1 \Muchmeonhem‘gsmmnectmmm
shear capacity of aprismatic beam under plasiic

design of steel stractures?
(@) OSAF, ©) 055AF,
© 0.75th @AF,

Qe !n the T-secn?n shown in ligure (ali dimensions
inmm), the distance of plastic neutral axis from
opis

{a} 10mm {) 15mm
€} 20mm (d) 30mm

Q.3 Given ligure shows a portat frame with Ioads, All
members of (rame have same plastic momant
of resislance M,. Thecollapse load Wis

w
w

—

:':’.1_;51.:.,@:' Piw

‘ép

Q.1 Aconmmbeamres:s on !oursuppm:sA B.
C,0:AB=8C =CD=4m.Each span carrier a
uniformiy distributed load; 251 on AB, 50 { on
BC. and 3010n CD. Thebearn is to be of unilonn
section between supporls but the secion of the

o ——

Q4 For the baam é’w’cwn in the given tigure, the
¢coilaase load P is given by

.4,:;( o
} : ;;a:' l i .
o
e Lﬂ ———te LS L!;l,,_q

S =
124,

© *—L"-' td) —— wM"

QS5 Afixed beammadno! sleelis shownin the figure
below. At collapss, the value of load P will be
equaito

r

.M,'-—l M,

—— 2 ey

10 .
{a) —Llh (b} %&
16Ms oM
{c) JL {d) g__

Hinge !engmcannotbeta}censqmplyas panrwhne
(3) computing deflections

{b) designing the bracings

{c) Both(a)and (o)

{d) Noneof (a}or(b)

';AﬂS

20»'30 5\ 4 (o)

' 1. (b)
6. {c)

5. (a)

;.;Convqnﬂonallpiacuc'é‘

..Que" tio

e wNLtlaar e,

centre span is to be heavier than thal of either
span. Find the required value of the full plastic
moment for each span if a load factor of 2 al
collapse is {0 be provided.

0

- ———— § e

:zscm i&kloml ;Bmlolcd
o

rorr o r
fem——q 1 4m Am

[Ans.: For spam AB M, = 17.148 m.; For spam BC
#fn = 30.9 mi; For spam CD M, =2058 m.t]

Q.2 Obtain the length and profile ol & plasticrhinge
for simply supporied beamoflanglh 'f subjecled
1o uniformly distributed load "W’ per uhit run.

|Ans. 1143)

Q.3 Deduce the shape (aclors for the following
sections:

(b)

bo 3 e g =TI
B—

——

(c)

RETS
[Ans. (a) 1.402 (b) 2,036 (c) 1.5, (d) 1.64]

Q.4 For lhe beam saction shown in ligure determins

(he plastic modulus and the fully plastic moment.
(Take f = 250 N/fmm?)

50 mm—-{
E
E
8
——— 100 mm——

[Ans.:182362.5 mm?, 45,59 kNm]

Q.5 Alixed beamolspan ‘f' is subjected loaloading
as shown in tigure, Compule the ullimate load
by the mechanism method.

E /f(ﬂﬂ\m\;\ ]

] 1
e 14—t i e {1 —=
192M,
[Ans.: Ly
512

Q.6 Asimply supported beam of span ‘t’ overhangs
by a distance a. Il is subjected 10 a v.d./ ol w
per unit run. Find Lhe crilical value of ‘a” so hat
collapse occurs simultaneously in (he canlilever
portion and in the interior span. Compute the
value of toad interms of M, and 1.

(Ans.;0.415/, %{{g |

Q.7 The continuaus beam shown in Figure is having
unilorm section throughout. {t is subjected 10
loadings as shown in figure. Compute the ullimale
load, Skelch BMD al collapse.

Y arataraal

lP ]
in [irs

I ¥

e ‘ ! /———-1 i

7.
[Ans. "%,A—/"l]




