Exercise 15.1

Chapter 15 Multiple Integrals 15.1 1E
(a)
Consider the surface z=xy.

The solid that lies below the surface and above the rectangle R ={{_1-,_1.~}| 0<x<6,0<y 241

is shown below:




Meed to find the volume of the solid using Riemann sums.

Take m=3.n=2.

The squares are shown in the below figure:
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Area of the square with side length 2is 22 = 4.

The upper right corner of each square is (2,2),(2,4),(4.2).(4.4).(6,2).(6.4).

And the function is z = f(x,y)=xp.

The volume of the solid using Riemann sum with m=3,n=2is

v~ iij’{;}._}'}.)m

= £(2,2)Md+ f(2,4)Ad+ f(4,2)Ad+ f(4,4)Ad+ [(6,2) Ad + £(6,4) A4

=(2)(2)(4)+(2)(4)(4)+(4)(2)(4)+(4)(4)(4) +(6)(2)(4) +(6)(4)(4)

=164+324+324+644+48+496
= 288

Therefore the required volume of the solid using Riemann sum is [288].



(b)

Midpoints of the six squares are shown in the below figure:
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Area of the square with side length 2 is 22 = 4,

The Midpoints of each square is (1,1),(3,1),(5,1),(1,3),(3,3).(5,3).
And the functionis z= f(x,y)=xp.

The volume of the solid using Riemann sum with m=3,n=2is

v aii{{i,mm

= F(L)AL+ £(1L,3)Ad+ F(3.0)Ad+ £(3,3)Ad + f(5.0)Ad+ £(5,3) Ad
=((1)(4)+(1)(3)(4)+(3)(1)(4)+(3)(3)(4) +(5)(1)(4)+(5)(3)(4)
=4+12+12+36+20+60

=144

Therefore the I'EIJUiI'EIj valume of the solid LJSiI"IQ Riemann sum is ‘

mré-t
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Consider the surface

z=xe7;

The objective is to estimate the value of the integral H » Xe % dA using Riemann sum with m =
n=2.
Where R=[0,2]x[0,1].

Sketch the rectangular region R in xy- plane, as m = n = 2 divide the region K into 4 smaller

equal rectangles, label the right upper corner points and then find the area of the each
rectangle.
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As it is observed from the above diagram that, length of the each rectangle is 1 and width is %

so the area of the each rectangle Ad is ll



Wirite the Riemann sum formula to estimate the value of the integral.

iif(.r‘.,yj)m ...... (1)

=] =]

[[ afCx3yda=

Write the data observed from the above discussion.

FEE )= 2™
m=n=2; (2}

Ad=~
2

Write the upper right corner points of each rectangle (observe the diagram the above).

(x.21)=(L1) ﬁ
(Iz!-“'z}z(ll)

'[xpys}{l,%] ......
o)

Use (2)and (3)in (1) and rewrite it

W

—
Land

L

ﬂ pXe Vdd = i if{x,.,yj]ﬂ.-{

=;EIJ:]]M +f{2,i}M+f[L%]M i f 1%]
. [|}e*-’ﬂ'}(%] . (E]EHH’][%) . {l]e"'ﬁ][%] . {E]E‘-zﬂ][l]

1
=%[e"' +2e +e 4+ Ee"]

1
=%[35'] +2e +e 3]

=0.99041  Use calculator

g

Therefore, the required volume of the solid using Riemann sum is [(.90041



(b).

Using midpoint rule:

Divide the region g into four equal squares and choose the sample point to the midpoint of
each square.

The Midpoints are shown in the below figure.
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As it is observed from the above diagram that, length of the each rectangle is 1 and width is

so the area of the each rectangle AA is l

bt | —



Write the Riemann sum formula to estimate the value of the integral.

Hﬁﬂxd’]ﬂ*%%f{zi]ﬂd ...... (4)

Where  is the midpoint of [x, ,x] and y, is the midpoint of [y, ,,].

| :l

Write the data observed from the discussion.

fley)=xe™
M=t {5}

Ad= =
2

Write the midpoints. (Observe the diagram the above).

E)-(33)
RNt (
- Ei T (6)
(34

Use (5) and (6)in [4} and rewrite it.

H xe TdA = EEI[ f,,}-'_,]

jm] =]

3 9 i 3
I|le? 328 g3 38
=—|—+ + —+
2| 2 2 2 2
=1.1514 Use calculator

Hence ﬂ pXe Vdd = (Using Midpoint Rule).
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(a)

The objective is to evaluate z:f{x,y} =1+x* +3y at the lower left corners of four

rectangles shown in the figure.

Here, Ax = 0.5, Ay = 1.5 and A4 =%_

If f(x., y} = (), then the volume of the solid that lies above the rectangle R and below the

surface z= f(x,y) Is V= Hf(r‘h,l-’]dﬂ.
Then,

Vo= H(] +x°+ Sy]a'A_

From the figure, we get the sample points at the lower left corners as,

(1,0),(1.5,0),(1,1.5) and (1.5,1.5).

Then, the volume of the solid is given by

V = %{[| + 14 3(0)]+ [1+(1.5)+3(0) |+ [1+ 17+ 3(1.5) ]+ [1+ (15 +3(1.5) |

Vo= %{2 +3.25+ 6.5+ 7.75)

= %{19.5)

= 14.625
Therefore, the volume of the solid is given by (14.625.

(b)
Approximating the volume by using Midpoint Rule with ;= n = 2 we evaluate
flx, =1 +x° +3y at the centers of four rectangles shown in the figure.

So, x, =125, x, =175, » =075, »,=2.25_
The area of each sub rectangle A4 =0.75-
From the figure shown in part (a), we have the mid points of the rectangle as

(1.25,0.75),(1.75,0.75),(1.25,2.25) and (1.75,2.25).



Then, the volume of the solid is given by

[1+(1.25) +3(0.75) | + [ 1+ (1.75) +3(0.75) | + [1+ (1.25)" + 3(2.25)

=
1
|

+[1+(175) +3(225)]

V = %(4.3125 +6.3125 + 9.3125 + 10.8125)

= %{31.25)

= 23.4375
Therefore, the volume of the solid is given by [23.4375(
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A swimming pool dimensions are 2(x 30 feet.

Consider that the depth is measured from one corner of the pool at 5 feet intervals.

The values are recorded in the table as follows:

0|5 (10|15]20]25]30
012|346 | 7|8
50121347 |8/(10
10]2(4|16 |8 101210
1512134 |5|6 |87
20121212123 |4

Objective is to estimate the volume of water in the pool.
R =[0,20]%[0,30]

Then, the volume of the swimming pool is as follows:

0 30

Vazz_f(x“ yr.}ﬂ.t!.

i=l y=1



Approximate the volume by Riemann sum with m=p=3.

e y
L] L L @
(5,30) (10,30) (15,30) (20,30)
& @ L 4 o
(5,25) (10,25) (15,25) (20,25)
L L 4 ® L
(5,20) (10,20) (15,20) (20,20)
) = o ®
(5.15) (10,15) (15,15) (20,15)
& 4 . %
(5,10) (10,10) (15,100 (20,10)
& @ o @
(5.5) (10,5) (15,5) (20,5)
0 (5.0) (10.0) (15.0) (20.,0) "
= 20-0
4
30-0
Av=reo—uo
¥ 6
=35
Then, the area of each rectangle is as follows:
AAd = Axx Ay
=5x5

=25



The volume of the swimming pool is as follows:

Vhiif(xj,y‘.]ﬁﬂ

=] =l

= fl:S,S}M+f{iﬂ, 5)Ad+ f(15,5)Ad+ f(20, 5)Ad4

+

£(5,10)Ad+ £(10, 10)Ad+ £(15,10) A4+ £ (20, 10) Ad

I
+£(5,15) A4+ £(10, 15) A4+ £(15,15) A4+ £(20, 15) A4
+£(5.20)A4+ £(10,20) A4+ £(15,20) A4+ £(20,20) A4
+£(5,25)Ad+ £(10, 25) A4+ £ (15, 25) Ad+ £(20, 25)Ad
+1(5,30)Ad + £(10, 30)Ad + £ (15, 30) Ad+ (20, 25)Ad

=(3+443424+446+4+2+748+5+2+8+10+6+3+10
+12+8+44+8+10+7+4)25

=140x25

=3500

Hence, the volume of the swimming poolis F =|3500 cubic ft.|
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Consider the function,

f(x,y)zﬂl'il-x: -y
And the rectangle 2<x<4,2<y<6.
The objective is to arrange V, L, and U in increasing order without calculating them.
Recall the mid-point rule for double integrals,
ﬂf X,y awwzzf( BALY:
f=] =l

where . is the midpoint of [x,_,,x,] and p is the midpoint of [ iV ]



Use midpoint rule with s = p = 2 to evaluate the integral.

From the table, R is a rectangle defined as R:[2,4]x[2,ﬁ]_

Divide this rectangle in to sub rectangles [x,._“x,.]x[yj._,,y}.] _ To divide this find  Ax, Ay

where m:b;”,ay ]
Li i

As Ris of the form [a,b]x[c,d]. a=2,b=4,c=2,d=6

o b—a S d—c
m n
= .
) - 2
=] =3

The lines x =3, y =4 divide the rectangle into four sub rectangles.
The line x =3 divides the interval [2,4]to [2,3],[3,4]

The line y =4 divides the interval [2,6] to [2,4].[4,6].

Name themas R, ,R,,R,, and R,,

Sketch the figure representing the sub rectangles.

14

3.6 4.6
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The centers of the intervals [2,3]ﬂ[3$4]

- 2+3 _ 3+4
e L=——
7. 2
_3 _J
2 .

The centers of the intervals [2,4],[4,6]

_ 2+4 _ 4406
M= 3 _.}’2=—

2
=3 =5

The area of each sub rectangle,

Ad = AxAy
=1.2
=2

Thus, the volume of the solid is.

V= (3:5) M+ [ (5, 7,) M+ (5.7, ) M+ [ (%, 7, ) A

= f(2.5,3)Ad+ f(3.5, 3)Ad + [ (2.5, 5)Ad+ f(3.5,5) A4

=[f[2.5‘ 3)+ f(3.5,3)+ (2.5, 5)+ f(3.5, 5}]-2 Substitute A4 =2
From the figure the lower left corners are (2,2),(3,2),(2,4) and (3,4) and the upper right
corners are (3,4),(4,4),(3,6). and (4,6)
The Riemann sum using lower left corners of the sub rectangles is,
L=f(22)A4+ f(3,2)Ad+ [(2,4)Ad+ [(3,4) A4

=f{2.2) 2+ f(3,2) 2+ f(2,4) 2+ f(3.,4) 2 Substitute A4=2
=[/(2.2)+ f(3.2)+ f(2.4)+ f(3.4)] 2 Plug out 2
And the Riemann sum using upper right corners is,

U= f(3.4)Ad+ f(4,4)Ad+ [(3,6)A4+ [(4.6)AA

=f(3,4) 2+ f(4,4) 2+ f(3,6) 2+ f(4,6) * Substitute A4=2

=[/(3.4)+ £ (4,4)+ £(3.6)+ f(4.6)]



Sketch the graph of the function f(_r‘_},] = .52 -x* __}.1 as shown below:

Clearly fis a decreasing function within the rectangle.

In the sub rectangle R, .

£(2,4)> f(25,5)> f(3,6)

In the sub rectangle R,,.

f(3.4)> £(3.5.5)> f(4 6)

In the sub rectangle R,,.

£(2,2)> £(25,3)> £(3,4)

In the sub rectangle R,,.

£1(3,2)> 1(3.5.3)> f(4.4)



Add the above inequalities to obtain that,

[£(22)+£(3.2)+ £(2.4)+ f (3.4)]
>[/(25.3)+ £(3.5.3)+ (25, 5)+ /(35.9)]
>[ £(3,4)+ f(4.4)+ £(3.6)+ f(4.6)]

[£(2.2)+ £(3.2)+ f(2.4)+ f(3.4)] 2
>[ £(2.5.3)+ f(3.5,3)+ £(2.5.5)+ £(3.5, 5) | -2 Muttiply by 2
>[ £(3.4)+ f(4.4)+ f(3.6)+ f(4.6)] 2
That is,

L>¥V>U
or
U<V <L

Thus, arrange the sums in increasing order as |[J <V < L]
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Consider the following figure:

¥
p

2 SN

> 2



The figure shows level curves of a function £ in the square R=[ﬂ,2]x[[l,2]_

The objective is to estimate the value of integral JLf{x,y} dA . use the midpoint rule with

m=n=2.

To approximate the integral, use a double Riemann sum is as follows:

[ fxy)da= 3 £ (x,00,) Ad,

i=l j=I
The variable m represents the number of partitions along the x interval [a,b]_
A=Xy <X LXK, <X < <X, =b
The variable » represents the number of partitions along the yinterval [c,d].
CE Y, <Y <Y <y <Ly, =d

And A4, = Ax, Ay, .

In this particular problem the xinterval is [{LZ] and Ax, is as follows:

2=]
2

Ax, =

2
2
=1

Similarly. say that the y intervalis [0,2] and Ay, is as follows:

2-0
By ==~

2
2
=1

Find area A4,
M# = fir” Ay,
=(1(1)
=]
This allows us to write the integral as the double Riemann sum.

2

Jfof (x.y) s SHWLIBIL

ful ful



In any manner choose the sample points f(_‘r?. ,y:.‘.}_

In this particular problem to apply the midpoint rule which yields:
x=05x=15

¥ =05 y,=15
Take the sample points from the given figure as follows:
f(0.5,05)=1

J(0.5,1.5)=3.5

f(1.5,0.5)=3

f{1.5,1.5)=>5

Then the integral becomes:

[[7(03) =133 1(5,.)

jul jul

~[£(0.5,05)+ £(1.5,05)+ £(05,1.5)+ £(1.5.15) ]
=1(1+4+3.5+5)

=13.5
Therefore, the required estimated value of the integral is Hf{l',}’] dA=[13.5]
0o
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(a) Consider the square R =[0,4]x[0,4].

Take m=pn =2, then the midpoint rule field

[/ (ey)M=[F (L) + £ (3.0)+ £ (13)+ £(3.3) ] x a4

4—0 4-0

Now Ax = =72, ﬂ_}}: =2

= 2
Therefore area of the each square with side length 2 is
A4 = Axx Ay

=4

Then the integral becomes
[[£(ey)aa=[£(L1)+£(3.0)+ £ (1.3)+ f(3.3)]xAd

=[ (L) +£(3.0)+ £(1,3)+ £ (3.3)](4)
=(27+15415+5)(4)
=(62)(4)

=248

Hence Hf(fu y)ad =,

R
(b} Estimate the average value of f(xﬁy].
The area of the region g is
A{R): dx4
=16

The average value of f{}:‘_}r}iﬁ

ol =ﬁfﬂl.f (x.7) A4

I

=—(248
Tg\248)

=155

Hence the required average value of f(x‘_}r}l's 15.50
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As in Example 4, we place the origin at the southwest corner of the state. Then R = [0, 388] x
[0, 276](in miles) is the rectangle corresponding to Colorado and we define f(x.y) to be the
temperature at the location (x.y).

The average temperature is given by

i . i :
Fae = I J:,{.U x,yldA= mgf x, v [dA

To use the Midpoint Rule with m = n = 4, we divide R into 16 regions of equal size, as shown in
the figure, with the center of each subrectangle indicated.

VA




The area of each subrectangle is 44 = 14& . 24& = (693 . s0 using the contour map to

estimate the function values at each midpoint, we have

( \ 4 4
J]r_f],r,, yidA Z 21 x, y_]zlx!
R e

= AA[31 +28 +52 +43 +43 +25+57 +46 +36 +20 +42 +45+30 +23 +4

= 6693(605)

6693605

Therefore, f e

= 37 R sothe average temperature in Colorado at 4:00 PM

on February 26, 2007, was approximately 37.80F.
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202-16.1-11E sA 1adl
SR 1645

We evaluate the integral IIBdH by interpreting it az a volume.
2

The integral ”f (x,y)dA, where R = {[x,y): —Z2=2zx=2, 1=y 6} 13 the volume
J:

of the solid that lies above the rectangle £ = [—2, E]K[l, 6] and below the
function f (x,y)=3



7
|

f(x,y)=3

|
r
|
]
/ |
|
|
|

=0 the given double integral represents the wolume of the solid that lies abowe the
rectangle & = [—2, 2]:»«:[1, 5] and below the function § (x,y) = 3s
The wolume of solid 1s the area of the rectangle with sides 4 axd 5.
| 3 d4=3[[ as
2 2
=3(Area of the rectangle with sides 4 and 5)
=3(4x3)

Chapter 15 Multiple Integrals 15.1
The integral II(ﬁ - x)dﬂ . where £ = [(x,y): D=x=d, 0sy= 3} 15 the volume of

I
the solid that lies abowve the rectangle & =[D, 5]}{[[:], 3] and below the plane

f(x,y)zﬁ—x orz=0-x



(0,3,5)

L

(0,3,0)

"

(5,0,0)
(5,3,0)

X

The solid 12 a triangular cyvlinder whose volume 15 3 times the area of triangle

Then [[(5-x)dd= 3(%x5x5]

b4

25

= 3}{—

=8k
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The inte gral ”(4— 2_}?) Z4d where B =[D, I]K[D, 1] 15 the wolume of the solid that
E

lies abowve the rectangle & = [D, I]K[D, 1] atd below the plane

z=f|:x,y)
=4- 2y

Sincez = (x, y)=4-2y=0,for0 =y =1, thus the given integral represents the
volume of that part portion of rectangular solid

S"=[|:x,y, zj: 0=x=1,0=y=] 0=z 54]
That lies below the plane z=4 - 2y



(0,0,4)
=4 -2y

(0,1,2)

1.]1
2

(0,1,0)

|4 -

X

Thus  [[(4-2y)a4 1)[2)+1[%}«:1><2]

&

=]

=3

Chapter 15 Multiple Integrals 15.1

The given integral iz ” J9—ytdd, R :[0,4]><[D, 2]
£



The given function f I:I, y) = 4% —yz 15 always positive when 0= y =2 Then

ifz=1||'9—y2 Jtheny* 4z =% and z2 0
o the given double integral represents the volume of the solid that lies below the
circular cylinder * +2z° =9 and above the rectangle B

F

| (0,0,3)

-

(0,2,0)

‘/{i,u,{a)
X
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Consider the integral

H 1+ xe™ dA
"

Where R=[0,1]x[0,1]



Apply Mid-point formula over R =[0,1]x[0,1] with ,* squares.

M i)

[[£(x2)da=3"3" f(x.y;)ad . (1)

=] jJ=l
Where,
— i 1
X, = ———
no2n
ey
n 2n
Now, substitute y. Y L 3. =4 1 and Ad =
“m 2n T m 2nm
ﬂ-f{xd‘}dﬂz%iif .f-___L,{-_L
-4 oo \n 2Zmn 2n
For p=

=Zi$+u&ﬂwm

i F=1

Use Ti-Nspire to evaluate.

L 2 (0.54)

1
i-0.5
E E 44— e 1
1
1| j=1

1=

1.14161

1 . :
F in the equation (1).

Hence, the value of Hw"1+rf-""'dfi for p=11s[1.14161]-
R



Use Ti-Nspire to evaluate.

2 2 1 .
—_ | 5=
1 i-0.5 2( 7
— E E 1+ e
2 2
2
i=1 | j=1

1.14319

Hence. the value of H\"H.ﬁ-‘&" "dd for p=2is _
"

For y=4:

] e i | ] |
i~z 3 50 sty tmatm)

Use Ti-Nspire to evaluate.

1 :
B ;(‘3-57}

&5

1.14353

Hence, the value of _‘-_‘-\"1+x€"'£fr‘1 for p=4is [1.14319]
R

For y=8§:



Il
:m}l it
M-
f[“ﬂ“ -
e 08
+
sl
L1

1.14362

Hence. the value of H\l'1+?€€"'"'ﬁ':‘i for w=8is [1.14362]-
R

For p=16:

I 16 16 » § I
ﬁf{x"ﬂ 168 4 ,f[lﬁ E{Iﬁ}é_z(lﬁ}]

| I 16 | |
=~—1 -0.5 -0.5
55 (f-09h-09)
16 16 —0.5 L io.s-
.#Z JH ) s
Ry 16
Use Ti-Nspire to evaluate.
-(0-5—;')
1.14364

Hence. the value of H\"l +xe"dd for p=16 is [1.14364]
i



For p=32:

N _‘I_"J"":.L_l_-i_l
j;j,fu,r-ldﬂ—HEZE-f[ﬂ 2(32)'32 2(32}]

I=l =]

L) L]

| T 1 ;.
:323ZZ_;[J—E{:—D.S}E—E[_;—D.S]J

i=l j=1

] ] F-—nﬂ} :_‘[ﬂﬁ i

! (
) 32322\/” 7

=l =l

Use Ti-Nspire to evaluate.

32

1
1 52: 2 : i-0.5 5, (059)
2 32
32 |
i=1 | j=1

114264

Hence. the value of Hx'] +xe " dA for p=32 is [1.14364]-
L

Chapter 15 Multiple Integrals 15.1 16E

The Midpoint Eule states that the volume under a surface fix.,y) over aregion Kcanbe
approzimated as follows:

”f(x,yjciﬂﬁzzuf(fijj)ﬂﬂ where X is the midpoint of [x . %] and ¥, is the

R iml =l

midpoint of [y, .0 ].



Applying the Midpoint Eule with the region & divided into 1 square.

”sin(x+ﬁjlciﬂﬂﬁii F(x.7;)hd

R iml j=l

1 1
=22 f(%.5,)44

iml ful

= fl®.7)04

It £=[01]x[0,1] 1z aregion of 1 square, then it 15 a square that 1z [0,1]=[0. 1], and the x
and v midpoints of the intervals are both 1/2. The area of &1z (13(1) =1 Therefore:

[[sin(x+fy)daw (7, 7084
R
11
=f(§§] (1

_ 1\F
=8n | —+,|—
9345907

Lpply the Midpoint Eule with the region & dirided into 4 squares, the diwision 13 looked
like [0, ¥], [1/2, 1] both along x - axis and along v — axis. o, the midpoints of these

T
squares are xlzg,xgzg,ylz

T |

ER ==

| =

. 1 : .
Further, each edge ofthe square 15 oflengthg . the corresponding area of the square 15

1

e, Ad= o4 Tsing these things, we get

™ "

sin x4y )ddn T3 £ (%, 7,)04

iml jal

e B

20
=2, 2 F(%.5,)hA

izl j=l

:f(flrfljﬂﬂ"'f(fl:fﬂm+f(fzrflm-f‘1+f(f:=}_’ﬂﬁﬂ

frtee e 3240
i )

~|.8819906]



Apply the Midpoint Eule with the region & divided into 16 squares, the side [0, 1] 15
divided into 4 equal parts as [0, 2], [1/4, ¥4], [1/2, 34], [34, 1] and similarly along v —
axis

So, the respective midpoints of the subintervals are x =
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Further, the area of the smaller square with the side l s Ad=—w_=—
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Tsing these in the function and the formula ”sin(x+\f;:|.:iﬂ s FE. YA
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Apply the Midpoint Eule with the region & divided into &4 squares, we tollow that each
side 18 divided into B equal subintervals and so along the x — amis, the mid points are

1 3 15

— ., —,....— and similarly along v - axis.
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In this case, we see that Ad =

=0, the respective integral 1s
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We use CASMaple) for the application of the Midpoint Eule for the region B divided
into 256 equal squares.

=0, each side 1z divided into 16 equal subintervals of length =

_t 11
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[[sin 5+ ) a4 = [0.85875
2
similarly, using Maple for 32 subintervals on [0, 1] both along x — axis and along ¥ —

axis, we get _I-_I-sin(x+\b_f)ciﬂs:ﬂiifﬁ;,fj)&ﬂ
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The graph of the region using 32 subintervals along both axis 13




Chapter 15 Multiple Integrals 15.1 17E
Let £ be aconstant function. Now, based on this, write the following:

f(x,y)=4k (Constant) and R =[a,b]x[c,d]
Show that [[k dA=k(b-a)(d~c)
i

The first ST.Ep is to divide the re::tangle R into SLJDFEET.EIT‘IQES.

Accomplish this by dividing the interval [a,b] into m subintervals [x,_,,x,]of equal width
Ax = (b ~a)/m and dividing the interval [e,d] into n subintervals [_}!J._L,_‘;!j:l of equal width
Ay=(d-c)/n

Draw the parallel lines to the coordinate axes through the end points of these subintervals, as
in the following figure.

Form the sub-rectangles as follows:
R, =[Jrr._|,,r|.]x|:yj._|* J'",.-]
= :[.1’., _}r) X SX2X, P Sy E}'}.}

Each, with an area Ad=AxAy.

A-‘L s+
L —— A
‘7'" 2 g S, Sy y, : - (X.,7.)
L == I
Bt i e © ® ® H/‘--""!;
&}’I y1j1_-____ L] ® ® o .""'-.. @
JT | ® (o |0 |o o |®
}'} ST— o o| o| @l e ®
yz ®| @ ® @ ® e | ®
|‘.’}-———— ] | @ o|l o |® s}
%
0 4 R Gy K - b
e
Ax




Recall the midpoint rule for double integrals.

HHIPM*Zthu}

i=l j=l

Here, X, is the mid — point of [J:f._“xr.] and y, is the mid — point of [y;._“ y}.].

Since f(_r,y] = k , then by using the midpoint rule, write the following:

HﬁM*ZZf[ ALY

i=l f=1

=[k+;'r+k+ .......... + ik (mn times]]iu!

(Since fis a constant function, and f(,ﬁ, j,‘-}.):k ¥ i, j.the total numbers of triangles are

mxn.)

Thus. I kdd=nmn-k-AAd
R

=mn-k-Ax Ay Since. Ad = ArAy

"":” ,%_(b_ﬂ} (d-c) Since: _.-ir:{h—ﬂ}fmaﬁd ﬂ_v:{c.l"—c}/n
m n

mrrrkl:b—a}{d—c]
: pifi -k (b—a)(d-c)
i

:k(b-a){a‘—ﬂ}

Multiply the numerators and denominators

Cancel out the common term. mn

Therefore, ”kdff =k(b-a)(d-c)
X

Chapter 15 Multiple Integrals 15.1 18E
The objective is to show that

- I 1 1 1
0= ”Rsmﬂxms.s'rydﬁ sﬁ where R :[D‘E}X[E*E]

Observe that, sjn x>0 for all xe[ﬂ,i}and cosay =0 for all pe[%%]

Thus, H sinaxcosaydd =z () where R= D,l P lﬁl Rl 1
R 4| |42



Also, notice that

Sir!l;;'r,l:ﬂzairlE =L1 Yxe {],l
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And, cosay<CosS—=— 6 Yye|—,—
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Therefore, singxcosaydd £ || —=-—=dld
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Recall the fact that, if £ is a constant function, f(x,y)=k and R=[a,b]x[c,d] then
[[kda=k(b-a)(d-c)
R

Using the above fact,
ljj' Latct:l-l{l-n]-[l-l] Here R:[D,l}x[l,l}
2z 2 4 2 4 4] 142

; 1
Thus I_‘-Rs1n;z'xcns;aryd;{ EE iesifdy

From the inequalities (1) and (2), we have that

1 11
{]5” sinm‘cns.&‘ydﬁil where R=|0,— x|—,—
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