15. Finally

Partial Fractions

. N(x) - Partial Fraction Form
Case Fraction D) Form of denominator, D(x) Aierei. Biafe i kre umicvmconsiaris}
N(x) _ A B
1 Linear F r ¥
(ax + b)(cx + d) B Frastors ax+b cx +d
N(x) . A B
_ +
(ax + b Repeated Linear Factors EEwS (ax + O
2
N(x) Linear and Repeated A + B N c
(ax + b)(cx + d)? Linear Factors ax+b cox+d (cx + d)?
5 N(x) LLqiar ancti ??a?rgtsj X . Bx + C
(ax + b)(Xz - Cz) (which cannot be factorised) p———k -
Factors

flx)

An expression of the form £ [-1'), where f(x) and g(x) are polynomial in X, is called a rational fraction.

(€3]

1. Proper rational functions: Functions of the form H[-*':', where f(x) and g(x) are polynomials and
g(x) # 0, are called rational functions of x.
If degree of f(x) is less than degree of g(x),then is called a proper rational function.

2. Improper rational functions: If degree of f(x) is greater than or equal to degree of g(x), then

flx)

glr) is called an improper rational function.

3. Partial fractions: Any proper rational function can be broken up into a group of different rational
fractions, each having a simple factor of the denominator of the original rational function. Each
such fraction is called a partial fraction.

-"-ih.

flx)
If by some process, we can break a given rational function glx) into different fractions, whose
denominators are the factors of g(x),then the process of obtaining them is called the resolution or

decomposition of glr) into its partial fractions.

Different cases of partial fractions

(1) When the denominator consists of non-repeated linear factors:
To each linear factor (x — a) occurring once in the denominator of a proper fraction, there corresponds a
A

single partial fraction of the form x—a, where A is a constant to be determined.

Ifg(x) = (x —ay)(x - ax)(x —az) ...... (x = ap), then we assume that,
X A A, A
AN . BN
gx) xx=@ X—=a == oT
where Aq, Ay, Az, ... A, are constants, can be determined by equating the numerator of L.H.S. to the

numerator of R.H.S. (after L.C.M.) and substituting x = ay, ap,...... an.



(2) When the denominator consists of linear factors, some repeated:
To each linear factor (x — a) occurring r times in the denominator of a proper rational function, there
corresponds a sum of r partial fractions.

Let g(x) = (x = a)k(x - a1)(x = @3) ....... (x - ar). Then we assume that
X A A A, B B
Ax) _ 4 R e EOL G O S +—I—
gx) x-a (x-a) x-af @-a) (x -a)
Where Ay, Ay, Az, ... Ay are constants. To determine the value of constants adopt the procedure as

above.

(3) When the denominator consists of non-repeated quadratic factors:

To each irreducible non repeated quadratic factor ax? + bx + ¢, there corresponds a partial fraction of
Ar+ B

the form rn'.I'E+IrJ'.I'+f', where A and B are constants to be determined.

Example :

4x3+2x+3 Ax + B C D
-+ +

(:cl+4x+9)(.‘r—2)(x+3)_x2+4x+9 x—2 x+3
(1) {:rx tg —q; _paj+g+ jZ:rar+,g

x&—a ax a“x a(x—a)

pPx +4q q q patgq
(2) 3 3 3 4 2

x(x—ay ax akx-a alx-a)

X+ ' —g:
g BEtE__ @ 4 vi
¥ ta) ax alxta)

(4) When the denominator consists of repeated quadratic factors:

To each irreducible quadratic factor ax2 + bx + ¢ occurring r times in the denominator of a proper
rational fraction there corresponds a sum of r partial fractions of the form.

4,x + B, N 4,x+B, " Ax+B,
ac> +bx +¢  (ax’+bx+e)P (ax? + bx +¢Y

where, A’s and B’s are constants to be determined.

Partial fractions of improper rational functions

flx)
If degree of is greater than or equal to degree of g(x), then glx) is called an improper rational
function and every rational function can be transformed to a proper rational function by dividing the
numerator by the denominator.

We divide the numerator by denominator until a remainder is obtained which is of lower degree than the

denominator.

General method of finding out the constants

1. Express the given fraction into its partial fractions in accordance with the rules written above.

2. Then multiply both sides by the denominator of the given fraction and you will get an identity
which will hold for all values of x.

3. Equate the coefficients of like powers of x in the resulting identity and solve the equations so
obtained simultaneously to find the various constant is short method. Sometimes, we substitute

particular values of the variable x in the identity obtained after clearing of fractions to find some or

all the constants. For non-repeated linear factors, the values of x used as those for which the
denominator of the corresponding partial fractions become zero.

What is Mathematical Induction in Discrete Mathematics?



First principle of Mathematical induction

The proof of proposition by mathematical induction consists of the following three steps :

N\
1.

Step I : (Verification step) : Actual verification of the proposition for the starting value

Step II : (Induction step) : Assuming the proposition to be true for “k”, k = i and proving that it is true
for the value (k + 1) which is next higher integer.

Step III : (Generalization step) : To combine the above two steps. Let p(n) be a statement involving
the natural number n such that

1. p(1) is true i.e. p(n) is true for n = 1.
2. p(m + 1) is true, whenever p(m) is true i.e. p(m) is true = p(m + 1) is true.

Then p(n) is true for all natural numbers n.

Second principle of Mathematical induction
The proof of proposition by mathematical induction consists of following steps :
Step I : (Verification step) : Actual verification of the proposition for the starting value i and (i + 1).

Step II : (Induction step) : Assuming the proposition to be true for k — 1 and k and then proving that it
is true for the value k + 1; k =i + 1.

Step III : (Generalization step) : Combining the above two steps. Let p(n) be a statement involving the
natural number n such that

1. p(1) is true i.e. p(n) is true for n = 1 and
2. p(m + 1) is true, whenever p(n) is true for all n, wherei < n < m.

Then p(n) is true for all natural nhumbers.
For a # b, The expression is divisible by
(a) a + b, if nis even.

(b) a - b, if n is odd or even.

Divisibility problems
To show that an expression is divisible by an integer

1. If @, p, n, r are positive integers, then first of all we write aP"*t" = aP" , a" = (aP)" . a".
2. If we have to show that the given expression is divisible by c.

Then express, aP = [1 + (aP - 1)], if some power of (aP — 1) has c as a factor. aP = [2 + (aP - 2)], if
some power of (aP - 2) has c as a factor.
aP = [k + (&P - k)], if some power of (aP - k) has c as a factor.

Mathematical Induction Problems with Solutions

1. For all positive integral values of n, 32" - 2n + 1 is divisible by
(a) 2

(b) 4

(c) 8

(d) 12

Solution:
Putting n = 2 in 32" - 2n + 1 then, 32(2) - 2x2 + 1 = 81 - 4 + 1 = 78, which is divisible by 2.

2. If n € N, then x2" — 1 4 y2n - 1 jg djvisible by
(a) x +y
(b) x-y



(c) x? +y?
(d) x2 + xy

Solution:
x2n -1 4 y2n -1 s always contain equal odd power. So it is always divisible by x + y.

3.If n € N, then 72" 4+ 23n -3  3n-1jg always divisible by
(a) 25

(b) 35

(c) 45

(d) None of these

Solution:
Putting n =1 in 7°" +2°"3 31

2 = =
then, 7% 42313 311

=724+2°3%=494+1=50 ... (i)
Also, n=2
722 4 23273 3271 - 2401 + 24 = 2425 szelii)

From (i) and (ii) it is always divisible by 25.

4.If n € N, then 11" + 2 4 122n + 1 jg djvisible by
(a) 113

(b) 123

(c) 133

(d) None of these

Solution:
Putting » =1 in 11"°% +12°**!

We get, 112 +1221 =11° +12° = 3059, which is
divisible by 133,

5. The remainder when 599 is divided by 13 is
(a) 6

(b) 8

(c) 9

(d) 10

Solution:

5% =(5)(5*)* =525)% =526 -1)*

= 5x(26)x (Positive terms) — 5, So when it is divided by
13 it gives the remainder — 5 or (13 - 5) i.e., 8.

6. When 2391 js divided by 5, the least positive remainder is
(a) 4
(b) 8
(o) 2
(d) 6



Solution:
2 =1(mod5);= 2" =@)” (mod»)

ie. 22% =1 (mod5) = 2°% x2 =(1.2) (mod 5)
— 2’ =2 (mod 5), . Least positive remainder is 2.

7. For a positive integer n,

Let a(n):1+l+l+i+...,+ L . Then
258 2"-1

(@) a(100)=100 (b) a@(100) =100

© a(200)<100 d) a(200)> 100

Solution:
It can be proved with the help of mathematical induction

that % >an=n.

22ﬂ < a200) = @200)>100 and a100)<100 .

8. 10M + 3(4" * 2) + 5 is divisible by (n € N)
(@) 7

(b) 5

(c) 9

(d) 17

(e) 13

Solution:
10" +3@™H+5
Taking n=2; 10 +3x4* +5
=100+ 768 + 5 =873
Therefore this is divisible by 9.

The Binomial Theorem

. Y|
You are faced with the problem of expanding (.IT - y] U . What to do??? Do you really have to multiply
this expression times itself 10 times?? That could take forever.



The Binomial Theorem
» Gives us the coefficients for a binomial expansion

« The values in a row of Pascal's triangle are the
coefficients in a binomial expansion of the same degree
as the row.

* A binomial expansion of degree nis (a + b)".

* The variables are
ab? + a™p’ ¥... ¥ @™ £ b ¥ AD°

Let’'s investigate:

When binomial expressions are expanded, is there any type of pattern developing which might help us
expand more quickly? Consider the following expansions:

la+b) =1

(@+bY =a+b

(@+b)y =a® +2ab+b°
(a+bY = +30°h + b 4 °

(a+b) =a' +4’b + 6a'b" + 4ab’ + b

. . . (.11 + b)”
What observations can we make in general about the expansion of

1. The expansion is a series (an adding of terms).

2. The number of terms in each expansion is one more than n. (terms =n + 1)

3. The power of a starts with an and decreases by one in each successive term ending with a0. The
power of b starts with b0 and increases by one in each successive term ending with bn.

4. The power of b is always one less than the “number” of the term. The power of a is always n minus
the power of b.

5. The sum of the exponents in each term adds up to n.

6. The coefficients of the first and last terms are each one.

7. The coefficients of the middle terms form an interesting (but perhaps not easily recognized) pattern
where each coefficient can be determined from the previous term. The coefficient is the product of the
previous term’s coefficient and a’s index, divided by the number of that previous term.

Check it out: (a+d = a* +4ab +6a°b® + 4ab® + B
L (1504 To Get Coefficient

1 4 From the Previons Term:

@3 _

The second term's coefficient is determined by

The third term's coefficient is determined by 4a3b: 6 | —————

number of term

(This pattern will eventually be expressed as a combination of the form , O 1 )

8. Another famous pattern is also developing regarding the coefficients. If the coefficients are “pulled
off” of the terms and arranged, they form a triangle known as Pascal’s triangle. (The use of Pascal’s
triangle to determine coefficients can become tedious when the expansion is to a large power.)



\y
00
000
0000
000060
000DOO

(The two outside edges of the triangle are comprised of ones. The other terms are each the sum of the
two terms immediately above them in the triangle.)

By pulling these observations together with some mathematical syntax, a theorem is formed relating to
the expansion of binomial terms:

Binomial Theorem Most of the syntax used i this theorem should look:
{or Binomial Expansiml Theorem) familiar. The [ ]mﬂnm 15 just another way of
AW writing a combination suchas ;, C ¢ (read "n choose
n-kpk =) E
(a+b)" = r |( b = n
.\:—'I:I 1 !
n il
— ncl: =
4 [yz =l

Onr pattern to obtain the coefficient using the previous term (in observation =67,
toogfficient)(tdex qf o)
" mwnmber of term
Here is the connection. Using our coefficient pattern in a general setting, we get:

.actually leads to the ;, C zused in the binomial theorem.

nip—1 nan-1n-12)

ﬂ-l_b+ "l:. )d»-ﬂ._bﬁ_'_ u L za)ﬂ-x b5+ +b:!r

1.2.3
Let's examuine the coefficient of the fourth term. the one in the box.

If we write a combination , C ; using &= 3, (for the previous term), we see the connection:

oo nn=Dn-DE=) - Dn-2) _nk- -2
" (=303 T33! 31 1-2.3

The Binomial Theorem can also be written in its expanded form as:

(cx+b)”=1-.::r"+£a

."H %
(a+5)" _| |a"6 +‘ J ’“bl+| ”E:P+| la*263 4. +| |alb“ + |a“£:|”
| L)
” :
Femember that [ el n— | 1 and | |: 1.
s (=i 0 )
Examples using the Binomial Theorem:
1. Expand (x+ 1}5_ ‘ Leta=x & =2 n=>5 and substitute. (Do not substitute a value for £.)
AY" = v S=k 5 k
wrir=3 k
(x+2)° = x>2n+‘ |x”2l+i 53‘32+| ‘.xb ey ‘ '54-'e+ b ]
\ 0 e 2 L5

The fastest and most accurate way to calculate combinations 15 to use vour graphing calculator.
For calculator help, see the link at the end of the page.

(42 =2 +5x% 24105722 $10x%2% 4 55024 4 2°

=5 +10x5* +405% + 80x" +80x + 32



Look carefully!!
2. Expand {Ix‘*—yf_ This can be a tricky one! §[

The "tricks" involve the use of an expression with an exponent as the {2_
"t1" value. and also the change of sign between the terms. For the

Binomial Theorem. this problem is actually 255+ (—y W e e

(Leta = [l:.’fjuJ b = (-7, n=3 and substitute. The parentheses are a "must have"!l!)

w3 )tk e
(2x*— ) —2[ b (2x" ¥ (-y)
k=0 !
. 3 (3 37 . 3
(2x*—y) = 0 [:;-413{—y1”+11 12,x-"r2[—}f}1+| L (2 =y + ; 240 (—y)

Grab your calculator. Be sure toraise the entire parentheses to the indicated power and watch out for signs.

et =P =82+ 3. (45 (=) +3- 2+ (=)
=8x (=12 )+ 6xy + (-57)

=8x™ -llxgynl-ﬁxd;uz -f

Binomial Theorem for any Index
Binomial theorem for positive integral index

The rule by which any power of binomial can be expanded is called the binomial theorem.
If n is a positive integer and x, y € C then

x+y) ="Cox™ %0 Y'Cx™ Iy +C, 2+

re n
H
e, (x+y)' = Z LETY 0 e (1)
r={

Here "C,, "Cy."C,......"C, are called binomial coefficients and

n!
"C,=——for0<r<n.
rin—r)!

Binomial theorem for any Index

Statement :

nn—1x* nn-D-2) 5

A+x)' =1+nx+

x" +...terms up to =

when n is a negative integer or a fraction, where , otherwise expansion will not be possible.
If first term is not 1, then make first term unity in the following way,

M
y

(x+y)' =x" 1+2 . I e
x x




General term :

_nn-Dn-2)...,n-r+1) .7
7! ‘

7

r+l

Some important expansions

i) A+x)' =1+mx +¥xz %

) ;n(n—l)(n—E) ...... (n—-r+1) , N

!
(i) 1—x)" =1—nx +”(”T!_Dx? SI-—
L =D —2}1.....(91 —r+1) ) 4o
(i) 1 —x)" = 14+nx + w.ﬁ’ . hs E(ﬂ D,
F mn+1).....»(n +r—1Jx,+"m

r!

(V) A+x)"=1-nx + i 1).1:2 a0 2Jx3 ~

(v) (l—i—x)_l S O g T o0

(Vi) =2y = l+x+x2+x 40

Gl e el =P Bt = daty ., w

(viiD) A1 —x)2 =14+2x+3x2 + 4% +.ee
(X)) A +%)° =1 =38 + 6% — s e
il — 2 =86 s s o

Problems on approximation by the binomial theorem :

We have,

n—1} ;

(1+x]”:1+m:+nT.r {osens .

If x is small compared with 1, we find that the values of x2, x3, x4, ..... become smaller and smaller.
~ The terms in the above expansion become smaller and smaller. If x is very small compared with 1, we

might take 1 as a first approximation to the value of (1 + x)" or (1 + nx) as a second approximation.
Three / Four consecutive terms or Coefficients

(1) If consecutive coefficients are given: In this case divide consecutive coefficients pair wise. We
get equations and then solve them.



(2) If consecutive terms are given : In this case divide consecutive
terms pair wise ie. if four consecutive termsbe 7,,7T,.,.7,.,,T,.5 then

& 2

find —-, Tf =7 1: *2 = A, A, A4 (say) thendivide A4, by 4, and 4,
r+l r+2 r+3

by 4 andsolve.

Some important points

(1) Pascal’s Triangle

1 (x +}:}U
1 1 (x +J,:)1
1 2 1 (x + )
1 3 3 1 (x +y)
1 4 6 4 1 (x +3)
1 5 10 10 5 1 (x +3)

Pascal’s triangle gives the direct binomial coefficients.
Example : (x + y)* = x* + 4x3y + 6x%y2 + 4xy3 + y4.

(2) Method for finding terms free from radicals or rational terms in the expansion of (al/P +
bl/a)N v a, b € prime numbers:

Find the general term
N—r r

I;._l :_.\I‘FC}.(E‘,II p)f'-.-'_—}‘ (bl g)}‘ :;?'vrcr ﬂTbE

Putting the values of 0 < r £ N, when indices of a and b are integers.
Number of irrational terms = Total terms — Number of rational terms.



