Limits and Derivatives

10.01 Introduction :

Here we will study that branch of mathematics in which the value of the function changes with the change in
points of domain on basis of definition of limit and their algebraic studies. It is called calculus. To study calculus, we
willuse intuitiveidea. At last we will be introduce with general information ofalgebra of calculus.

10.02 Limits, a view point :

If we consider a regular polygoninscribed in a circle, we observe that -

(1)  What so ever may be the number of sides of the polygon increases, its area cannot be more than the circle.

(i)  Asthenumber of sides ofthe polygonincreases, itsareaalso approaches to the area of'the circle.

(i)  Asthe number of sides of the polygon increases, the difference inareas of circle and polygon reduces and
reaches to minimum.

This defines the concepts of limits in calculus.

10.03 Meaningof X > a:

Let x be a variable and a be constant. When x takes the value close to @ and approaches to a butxisnot
equal to @ , then we write x — a.

If x approaches to a fromthe right handi.e. x approaches from the number greater than a we writeit as
X syigf”

Similarly, if x approachesto afromtheleft hand sidei.e. xapproachesfromthe numberlessthan a,we
write it asx —> a~

Now, if §is a positive number whichis very small and & be number such that 0 <|x — cr‘ <0 , thenwesay

that x approaches to @ and we write as x — a.
Note : x approaches or tends to @ means x can take all neighbourhood values of @ but nota . These values are
known as the limiting values at x = a . For example linemeans x —» 2 ,xwilltake 1.9,1.99,1.999, ... and 2.1,
2.01,2.001, . . .etc. i.e. all nearby values of 2 but not 2.
10.04 Definition of Limit of a Function :

Consider a function y = f{x), whichis defined orundefined at x = & but defined at right and left neighbourhood
ofx =a , thenareal number/ is called limit of function fwhen approachestoa, ifand onlyif, a positive number

S existsfor aarbitrary positivenumber g i.e. |/(x)-/ <z while 0 <|x—d| <& . Itisexpressedas lim f(x)=1/

X—=a

Right Hand Limit : If x approaches to'a' from right side, then right hand limit of £ is written as }il‘} f(x)

or f(a+0).
To find the right hand limit, we substitute x = a+ / in_f{x) and by putting /# — 0, therefore

f(a+0)= !‘inl"_!f((hth),(h >0)

Left Hand Limit : If x approaches to 'a' from left side, then left hand limit of / is written as |im f(x) or

fa-0).
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To find the left hand limit, we substitute x = a —/ in f{x) and by putting #— 0, therefore
f(a-0)= Ln}]]_)‘ (a—h),(h>0)
10.05 Existence of a limit :

lim f(x)existsonly, ifleft handlimit lim f(x) and right hand limit lim 7(x) existand areidentical.
r=a x> x—=at
Limit existsonly when < f(a —0)= f(a+ 0) . That means,
lim /(x) = lim f(x) = lim f(x)
%2a x—sa x—at
If limit ofany function at any point exists, then it is not necessary to find outboth limits.

[lustrative Examples

Example 1 : Find wheather the limit exists for the function f(x)= 5 L at x=2
-
. 3 | ; 1
Solution : RHL=/(2+0)=lim f(2+4)=lim —————=1im =—
0 0 24+(24h) 0 4+h 4

. 1 . 1 1
LHL=f(2-0)=lim 7(2-»)=lim T h) e

h—0

f@2-0)=1@+ 0):%

Limit exists at x=2
Example 2 : Show that the limit does not exist for the function

(1/2)-z5 D=m=if

' = tx=1%
7 (x) ((3;’2)—x,;1;’2<x<1 e

Solution : ForRH.L,, f(x)=(3/2)-x

f[l+0]:lim{i—[l+h]}:lim[i—i—h}:lim{l—h}:l
2 02 (2 0 |2 2 >0

ForLHL.,  f(x)=(1/2)-x

(1 I AT T . B (1 |
_f[z—()]—lhu:q{i—[g—h]}—£r11}315—5+!?}—¥}1}3{l?}—O ‘f[f—(]]i‘f[5+0]

Limit does not exist at x =15
: - ; S5x — B
Example 3 :Evaluate the Right hand and Left hand limit of the function f(x)= ‘x % BEs l,
' 4x" —3x, l<x<2
at x = 1

Solution : ForRHL., x=11If f(x)=4x"-3x

f(l+0) :lim[-’-l(lJrh)z —3(14—)‘?)}:]im[4(1)3 —3(1)]:1

h—0 h—0
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ForLHL., f(x)=5x-4

f(1-0)= lim[S(l—h] - 4] =lim[5-5h-4]=lim(1-5h) =1

h—0 =0 =0

FIEG=10 -]

Limit existsat x=1
Exercise 10.1

log

1. Show that the limit of the function 7(x)=—2= at x = 1 exists as Right hand and Left hand limit and its
valueis 1.
Co . . ‘ X+ | x |
2. Doesthe limit exist at x =0 for the function f(x)=—" " ?
-
3. Provethatthe limit existsat x =0 forthe function /f(x)=|x|+|x—1|

sl X

A
SIS ]

4. Prove that the limit does not exist at x = 2 for the function ¢ (\») = {
X, <. -

5. Find the Right hand and Left hand limit for the function f(x)=x cos(1/x) at x=0
10.06 Theorems on limits :
Let / and gbe two functions defined in domain D such that both 1\“}} f '(«\‘ ) and 1\11}}&’ (‘) exist, then

we can define four new function f £ ¢, f¢ and f/g indomainD as.

(f£g)(x)=7(x) £ g(x), () (x) = 1 (x) g(x),

f} (x) =212
L |(x)= ,g(x)#0, ¥V xeD
[ g ) g(x) )

Using these, we can find the below given results

Let lim f(x)=/ and lim g(x)=m.If ¢ and m exist, then
xX—=a

X—>a
(i)  Sumand Difference Rule llm (fxg) (x)= llm f(x) i_l\_ilﬂg(x) ={tm
(i)  MultiplicationRule ]\111"' (f g) (x)= l\lin f(x) ]\1In g(x)=Im
)y M)
(i)  Quotient Rule lim [;] (x)= lim g (v) L #0
(iv) Constant Rule If f(x) = k where kisaconstant, lim f(x)=lim k=k
X—=>a X—=>a

(v)  Multiplication witha constant 1\‘1}3 f(f‘(x) =k lim f(x) =k( | where £ isa constant

(vi) ModulusRule tim | (x)|=[tim 7 (x) | = ¢|
il Bowerituls 1‘11}1 [{f(x)}g|\1:| _ {1‘1131 f(x‘)}fﬂ‘},m.\w _ o
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Specialcase  (a)  limlog f(x)=log {!\_igg .f'(«‘r)} = log /

o Lim £ &)

(b) lime'" == =¢!
() lim /' (x) =+ or —=. then lim _l =0
X—bal X~ }‘ (,\')

10.07 Methods of evaluation of limits :
(i) Substitution Method : After substituting, if the value of the function does not take the form

[g, —,0x®,0 -~ ©,0°1%, ©° ] . then that value will be the limiting value.
0 o '
Example : lim (.\'2 +3.\-+2): 9% p 39y B

x—=2

(iii) Factorization Method : If f(x) and g (x) be polynomial and g (a) =0

)
im = =
x>a g(x) lim g(x)  gla)

2 i .
Example : lim . .. = lim w= lim (.\7+2)= 4

=2 x—2 x—2 x—2 x—2

(iii) Rationalisation Method : Square root functions are rationalised and method of substitution is used.

. . 3—w53+x
Example : Find the value of lim ————
x—=4 | =45 —x

3—5+x 3—\:’5+xx1+\/5—xx3+\/5+x

Solution : lim =lim
au s I—y5—x *1-J5-x 1+5-x 3+45+x

4—xx1+\/5—x_ 2. 1

=lim
x4 —4+x 34+4/5+4x 6 3
(iv) Expantion Method : If x — 0 and the expression contains a function which can be expanded, then it
is expanded in terms of ascending power of x . On dividing common power of x in numerator and denominator,
indeterminate formcan be omitted. Someimportant expansionsare astollows :
2 3 > 3

" X X sz X X
(a) e =l+x+—+—+--- (b) g o [ e cay
T 2 3l

2 # o ] ;
() a“=l+(xlog,a)+ (v log, @) S (xlog. a) e

2! 3!
2 3 ‘_2 .1'3
X% . x> :

(@ log,(1+x)=y-+X .. © log,(l-x)=—x-Z T ..

2 3 2 3

3 5 2 4

; : S - -
X=x——4+——--- x=l-——+——--.

H sinx=x S (g COS X T
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x> 2x°
(h) tanx=x+—+—+--
3 15
[I+L]x E [] 1L I
Q) . 513
1)) Sn?=1242%4%% & +;?”:M2”—+l)
6
Some Standard Limits :
(a) lim dakers = (b)
=0 x
ey i 2 (d)
=0 X
X _
() lim =log, b(h#0) ()
=0 5 2
) 1\1_r}1(1| (1+ ,\')l":"' = (h)
) . XM g™ _— )
(1) lim — =ma ()
X—a X—d
. . -1
Example : Find the value of lim g caz0
=l X

(1) (1+£x)' =1+nc+ x* s

_nln+1)

(k)  Zn=1+2+3+-+n

2
@ I =P 243 s = HOHDE

4

lim cos x =1
A0

Iim =
x—) \
x
. 1
Im|1+—| =e¢
Ny ¥
m m
. x"—a m
]ll'l"l il TN, ﬂ'm ]

x=a x" _g" n

1+(x log, a)+ (x log, a)z I.,.-""2[+ s ]

Solution : lim a = lim

x—=0 x x—0 x

= lim

(x log, @)+ (x log, af f.-"".2!+.”

x—>() x

= lim (log 2 a) +x (logt, a)g /2!+---

=0

=log, a

(v) x—oc: Underthiscondition, the highest power ofthe variable of the functionis taken commonand then

the infinite limit is put in the numerator and denominator.

ax? +bx+c

Example : Evaluate = lim — ‘
X=—o afx +ex + ,I

=lim

x? [a+(bfx)+(c;’x3”

. . ax’+bx+c
Solution : lim——
oo " +ex + f

F 2 [a’ +(e/x
(

Jr(f/,\c‘2 )J



(vi) Simplification—Inthis method, the given functionis simiplified in such a way that the indeterminate form can
be omitted .

. l—cosx
Example: Evaluate: lim ———
=i} Sll‘l ‘X‘
i X . %
(i 2sin” 5 sin
Solution : lim ————=]lim —=—=Iim £ =)
x—0 x—0 . X X x— r
Sin X 25111—cos; COs —
Hlustrative Examples
, cos X
Example 4 : Evaluate : lim ———
=0 | 481N x
2 i Ccos X cosO
Solution : lim — = —=1
=0 ]+smx  1+sn0
x—1

Example 5 : Evaluate : lm ————
P va =1 2x° —Tx+5

- :'\‘ = l
Littoi lim
Solutio x>l 2x° —Tx+5

Let x=1+hIf x>1, h—>0
(1+4)-1 . h 1 1

=lim =lim =——

lim - = -
=0 2(1+h) —7(1+h)+5 02 =3h "0 2h-3 3

. XE—Sub
Example 6 : Evaluate : lim =—2277
=2 x?—4

Solution :

2 s A e BN 5E
lim 2 ’D'\ cl lim (r—2Je=2) = lim (~3) xR
=2 x2_4 x-2(x+2)(x-2) x>2(x+2) 2+2 4
, x
Example 7 : Evaluate : lm ———
P =0 1+ x -1
x

Solution : Im—F——
=

Retionalising the demominator by multiplying with /] + x +1 , numerator and denominator both

X VI+x +1 -
—— ey +1=lim (VI+x +1)=1+1=2

lim X =lim
x—0 Jl_{_x_]_ Jl.{.x +]_ r—30 I.+.Y"l sl

' o™ _ ef‘.\‘
Example 8 : Evaluate: llm ————
x=0 sin ¢x —sin bx

ax bx

. ) e —e
Solution : Im ———
x—0 sin ¢x —sin bx
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=lim

lim [(a_b)x— (a’-5")x’ ” (a"=b")x" _}

o g |

On dividing numerator and denominator by x,

[(a—b)wLLb:)x*L”}
=lim - 3 3

3! 51

(a=b+0+---) a-b

(n—b—0+0—---) a—b
o 12422 £3% g p®
Example 9 : Evaluate : lim :
H—roo n
n(n+1)(2n+1) ”;[1+ l][7+ 1]
2 2 ~ 2 2 .
Solution : iy L2 +-“+“'+"" :“me’ e 6 - n) n
= n n—o g n—yu n = 6
o (1+1/n)(2+1/n) 2 1
:11111( )( ):—:—
6 6 3

Example 10: Evaluate: lim (secd—tan®)

[

: - ; 1 sin | _ 1-sin6 ) . 1—cos (7z/2-6)
Solution : {}11,1;112 (secd—tan@) = 011’1312 {cosé’ - cos(}] = {}11,1;!11: [70059 ] = lim [ sin(z/2—-0)

_ 2sin’ (7/4-6/2) _ [}‘T 9]
= lim - : = = lim tan| ——— |=0
o-n2| 2sin(7/4-6/2) cos(7w/4-0/2) ) o-ri2 4 2

. x"-a .
Example 11 : Prove that: lim =na""
X—ra x j— C.f
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M n " n

: . Xx"—a ;
Solution : Here, lim——=Ilim

[~ lim f(x) existsif .. ‘111"1:1 S (x)=lim f(-l‘)]

x—a Y — xr—=a’ X—a v sa X
Y
( ) a1+ -1
. (a+h) -a" . a
=lim =lim
-0 a+h—a ¥ >0 h

|:1+H-E+Mh; +,..—l}

a 2 =
h—0 h

n: 1 ”(”71) h n 1 n=l
=d" lim| —+———+... |=ad" —=na
h-0| ¢ Ig a’ a

Exercise 10.2

Determine the following limits :

%2 —3% . 2y =3)(x-1
| @) lim X ) 3x+2 ) fim ( X J)(‘ )

22 ¥ 4yv—6 =1 2x*+x-3
2. (@ lim 2RETCOSE By G

a—=>mwid a'_7z-J,I4 =l x—1

. 8F Vi+x? —1-x?
-~ l - 1
SR N iy ® BT o

' —x I o
e +e " —2cosx . SIn x—tan X

: lim

e @) {T»}l xXsinx (b) x=0 x>
- e 2
5 @ Gy 1% +sImn X (b) fifii \/{m -1 —JZH -1
: r—>w || X —cosx Ny dn+3

i sin 5x —sin 3x |

0. (a) x=0 sin x (b) }lg:) X
Ax . 3/2 i 3/2
7 @ lm X (c 1) ) fi (x+2)% = (a+2)
: x=0 | —cosx x—a xX—a

10.08 Intuitive idea of derivatives :
Ifabodyinthrown froma standing rock the following results obtained :

f (second) = z i &
0f 1 1:5 1-8 1-9 195 2 2:05 2-1 22 Ty

o
-~

s (metre) i ) _ _ e
049 11-025 | 15-876 | 17-689 | 18:63225 | 19°6 | 20-392 [ 21609 | 23716 | 30-625 | 44-1 | 78-4

Onthebasis of observation, we have to find velocity atany time s =2 , thenwe have to divide the problem
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intwo sections :
(1)  Meanvelocity at different time interval before 7 =2

(i)  Meanvelocity at different time interval after ¢ =2

Distance travelled in time interval

Mean velocity=
time interval

Mean velocity at time interval before 7 = 2 isgiveninthe followingtable
Table-1

f, (second) 0 1 1z 1-8 1-9 1-95 1-99

4 98 | 1477 | L1013 | 18762 | 19911 (199335 | 192551

(metre/second)

Thus, velocity at time interval before 7 = 2 is givenin the following table
Table-2

1, (second) 2:05 | 2:01

L
(V8]
2
N
2
2
88

v (metre/second)
20:-4124-5122-05|20-58 | 20-09 | 19-845 | 19-649

Fromthe calculation of first table, we have found the mean velocity at increasing time intervaltill 7 =2 . Let
thereinnot any dramatic happeningbefore 7 =2 . Inthe second table of calculation, we have found mean velocity
atdecreasingtime intervaltill f =2 . Let thereis notany dramatic happeningafter 1 =2 .

After studying combine observation ofboth tables, we can observe clearly that instantaneous velocity at
t =2 1isinbetween velocity 19.551 m/sand 19.649 m/s.

'Y

Distance axis

&

o

Timeaxis

Figure: 10.01
An alternative method of process of limits is shownin figure 10.01, whichis graphbetween past time and
distance betweenvertex of rockandbody. As 4,, /1., ... tendsto zero withrespectto time, the limit of mean velocity

s 2 = (']Bl (‘SBJ (TFBS
1S same as ratio of A(wl 2 A(-*: > A(: LR

Here (B, = 8, — S, distancetravelledbybodyintimeinterval s = AC’, etc. It resultfromthefigure10,01

isequalto slope oftangent tothe curve approachestowards slopeat point A. In other wordsinstantaneous velocity
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at t=2 isequalto slope oftangenttothe curve § =497 at =2
10.09 Derivatives :
We get aninitial idea of derivative from intuitiveidea of derivative in section 10.08

Derivatives: —let y = f(x) beacontinuous function. Let x changes with minute change 8x then change

. . L . Oy I oy . .
in v, correspond tox, is dv , then limit of fraction (5— , where §x — 0, meansif lim { 5’ exists, thenit is
'\‘ x =y} X

called differential coefficient of v with respect to x . It isdenoted by é
ie. y=f(x)
than yv+ov=f (,\‘ + (5)()

Sy =f(x+8x)-f(x)

oy _f(x+69)-7(x)

= ox ox
" . o~ s " Y 51” . X
=5 di:lim_é—'lzlim_ JE50%) T %)
dx Sx—0 (S'.\' Sy—0 (5‘1.

Differentiation by first principle : Direct method to get differential cofficient from definitionis called Differention
by first principle. It is also known as 'Ab-initio or delta method".

Differentiation : — The method of finding differential coefficient of any function f(x) iscalled differentiation.

d ,
Notation : — Differential coefficient of f (x) withrespectto xis generally denoted by E.f (x) or f'(x) or

d .
D [f(r)} , where D = ;—f and differential coefficient at x = ¢ is denoted by f‘(c) or {Ef (‘)} If

2 i

. . . . . . dv
=i (\) , then differential coefficient of v withrespectto x is denoted by a or y, or y'or Dy

oy . :
Note : 1. 5— isa fraction, means oy +0x
X

dv : - . Sy
2. —— isnotafraction, while it only notation of lim ——
dx Sx—»0 5x
Defenition : Let /' be areal single valued function and thereisa point 'a' defined inits domain, then differential

coetlicient of f at aisdefined by
- f(a+h)- f(a)

=0 h

If limit exists, Differential coefficient of f(x) at ‘a’ isdenoted by f‘(a)
Geometrical description of derivative at any point of a function :

Consider y = f(x) beafunction having twoneighbourhood points P(a, f(a)) and Q(a +h, fa+ h))
lyingonits graph. We know that
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I (a) lim: '(a+i‘.~')—f(a)

h—s0 h

fla+i) lQ fa+h, f{a+ih)}

Fromtriangle PQR, itisclearthat theratio whoselimit, we are taking
in precisely, equal to tan (QPR), whichis the slope ofthe chord Q. Inthe

limiting process, as h tends to o, the point O tends to P and we have G v e, s
<+ —
. ({a+h)- fla . OR 8] a ath
lim 'f( ) 'f( ):]Im"— =
J1=0) h o-F PR

Thisis equivalent tofact that the chord PO tends to the tangent at P ofthe curve y = f(x) . Thusthe limit

turns out to be equal to the slope ofthe tangent. Here f'(a) = tany .

Hlustrative Examples
Example 12: Find the derivative of f(x)=8x at x=2

24+h)— F(2 24 5
Solution : f(q)_}}_l}[{f( + }2 S ):;,133 (2+ ?) 8(2)
:]imwzlimg—h:]imS:8
oD h h—( ‘1? ()

Thus, at x =2 , thedevivative of the functionis 8.
Example 13 : Find the derivativeof f(x)=2x"+3x—5 at x=-1. AlsoProvethat, f'(0)+3/'(-1)=0.
Solution : We know that

F(=1+h)-f(-1)

(D) =i
Pl -
[ 2(-1+ Y +3(=14h)=5 |- 2(-1) +3(-1)-5 ]
= lim
Jr =i ‘1?
. 2h*—=h
:L]l;l;l] = —LUB(’?!?—I): (O)—l:—l
(0+h)— (O
and f'(O):liimf( +? /(9)
11—} 7
[2(0+h) +3(0+h)=5|-[2(0)"+3(0)-5]
= lim
=0 h
2h* +3h .
—Ll_l;lgT—E}_l)l;ll(2;1+3)=2(0)+3=3

f1(0)+3f'(-1)=0

. 1
Example 14 : Find the derivative of ./ (X) = T
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1 1

(x+h)-f .
Solution : We know that /()= lin /U0, (6 ¢

h—0 h h—)l !?

1 (x+h)| . 1| —h -1 1
=lm—-| ——|=lim—| —— [=lM——=——
o hl o x(x+h) | 0h| x(x+h)| ox(x+h) X
10.10 Algebra of derivative of functions :

Theorem 1:Let fand g betwo functions such that their derivatives are defined ina common domain. Then
(1)  Derivative of sum oftwo functionis sum of the derivatives of the functions

dr . d d
E[.f(x“g("')]:g.f (x)+—-g(x)

(1)  Derivative of difference oftwo functionis difference of the derivatives of the functions
dr,
L (9)-g()] = f ()-8 ()

(i)  Derivative of product oftwo functionis given by the following product rule
—[f(\‘ g(x)]=7(x) —2( )+g(x )7.7"(-‘»‘)

(iv) Derivative of quotient oftwo function isis given by the following quotientt rule ( where the denominator is
non-zero).

{_}"(A‘)J g (x )—f( )~ (% )—g( )
() (<)
The proofs ofthese follow essentially from the analogous theorems for limits. We will not prove these here.

Asinthe case oflimits, there theoremstell us how to compute derivatives of special types of functions. Thelast two
statements inthe theorems may be restated in the following fashion which aids in recalling them easily

Let #=f(x) and v=g(x) . Then,
(uv)' =u'v+ur'
Thisisreferred to a Leibnitz rule for differentiating product of functions or the product rule. Similarly, the

quotientruleis
u)'  ovu'—uy'
v v

Now, let us take derivatives of some standard functions. Itis easy to seethat the derivative ofthe function

f(x) = x istheconstant function 1. Thisis because

f(x+h)-f(x) .. x+h-x

(x)=1lim- =lm—————- =1
f ( ) h—(t ;? hi—»0 h
We use this and the above theorem to compute the derivative of f(x)=10x=x+x+...+x(10 terms)
df (x) d

d d
=—(x+..+x =—X+..+—x = =
- dx(w +x) (10 terms) p —-* (10terms) =1+...+1 (10 terms) =10

We note that, thislimit may be evaluated using product ruletoo. Write f(,\)—lO\ =uv, where u isthe
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constant function taking value 10 everywhereand v (x) =x. Here, f (x) = /0x = uv . Weknow that the derivative
of u equals 0. Also derivative of v (x) (= x) equals 1. Thus by the product rule, we have
f(x)=(10x)'=(uv)'=u'v+uv'=0-x+10-1=10
Similarly, the derivative of f(x)=x" may be evaluated. We have f(x)=x’=x, x and hence

af :i x-.\‘): d (x)-x+x-i(x):]-x+x-]:2x
dx dx dx dx

More generally, we have the following theorem.

Theorem 2 : Derivative of f(x)=x"is nx"" forany positive integer 7.
Proof : We have,

P (X)th (x+h)—f(.) (x+h) —x

lim
h—0 l? fr—() 1

(x+1) = ("C) ¥ + (") e (7€, )i
(.\"+h)" —x" =h(nx“ bk ]) ’

df (x) (x+h) - x"

) h(nx” "+ h l)
lim =lim

h—0 h h—0 h

= lim(nx” L+ A" ]):nx” ]

f1—=0)

Hlustrative Examples

Example 15 : Find the derivative of the function, f ( x) = 2x withrespect tox

h x+h)-2 2
Solution : We know that, f'(x)=lim- i b 2 /(x) =lim b 2 (x)—{}lﬂf—z

Example 16 : Find the derivative of the function, f(x)=x" withrespecttox

f'(x+h)—f(x) = Bin (x+h) (l_) —llm(h+2.\)

h—0

Solution : We know that, f'(x)=lim-

h—0 1 h—m

Example 17 : Find the derivative of the function f(x)=1+x+x’+...+x" at x=1 withrespecttox

Solution :
f'(x)=1+2x+..+10x"

10x11
2

, f'(l)zl+2(1)+,,,+10(1)9: B

at x=1

Example 18 : Compute the derivative of sin x with respecttox

Solution : Let f(x)=sinx
df (x) f(x+h)—f(x) . sin(x+/)—sinx
=11m
a"\ J:—)IJ h h—0 h
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2cas[Q'H'L)]sinE A+B . A-B
2 2 [Using sin 4 —sin B=2cos ;L sin ; J

=lim
h—0 h 2
cos[zx+h sinh
. 2 2 .. hY. sinh/2 _ A s
=lim =limcos| x+— [lim =cosx-] =COSX
130 l?l,(z h—0 h—0 hx{Q

Example 19 : Compute the derivative of f(x)=sin" x

Solution : Using the product rule,

df
%rx):%(sinx-sin x) :(sin x)'sin X +sin x(sin x)'

=cosxsinx+sinx(cosx) = 2sin xcosx =sin 2x

Exercise 10.3

1. Findthe derivative of x~ —2 withrespecttox at x =10
2. Find the derivative of 49 x with respecttox at x = 50
3. Find the derivative ofthe following functions from first principle.

oA . o1 ) x+1

(i) x*-16 (i) (x—1)(x—2) (iil) — (iv) , (x=1)
X x=]
x]r:n xs)\) Xj
4. If f(x)=—+—+..+—+x+1 that 7'(1)=1007"(0
)= It Eo b+t provethat /7(1)=1001(0)

. v . =l 2..n=2 =l
Find the derivative of x" +ax"" +a’x" " +..+a" x+a" for some fixed real number 'a'.
For some constants a and b, find the derivative of the following functions.

(i) (x—a)(x-b) (ii) (ax: +b): (i) %, x#b
7. Find the derivative of X; : Z” , for some constant 'a', with respect to x
8. Find the derivative of the following with respect to x
@) 2x—% (ii) (5" +3x—1)(x-1) (i) x*(3-6x7")
2 53

(iv) x*(3-4x7) )

x+1 3x-1
9. Find the derivative of 4 cos x fromfirst principle
10.  Findthe derivative of the following functions with respecttox

(1) sinxcosx (ii) secx (iii) cosecx

(iv) 3cotx+5cosecx (V) Ssinx—6cosx+7
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Miscellaneous Examples
Example 20: Findthe derivative of ¢* w.r.t.x. usingfirst principle.
Solution : Let y=et

y+oyv=e

5‘; — c.\'i-li,\' _ e.\'

or {5}" = e.\' . eo‘.\' _ e.\'
oV e ..
. i — 2% —1
o ox (S'x[ ]
5 ? o~ (5 -~ (5 C -
or A l+—i+( A) +...—1
ox Ox L |2
(5_}.’_(3""(51’ 1+§+
or By 5x |Z
fiis, 2 = it | 1.6 2% 4
or Sx—) 51- Sa—ai) 2 22
dy . ;
—=¢" [1+0+..|=¢€"
oF dx ¢ [ ] e
o o
4 ()=

Example 21 : Findthe derivative of " w.r.t.x. using first principle.
Solution : Let y=a*

x+dx

y+oy=a

v

5}) - a.\'—:\‘.\' —a

or 5}_‘ — a.\' . ”p‘_\- _ a_'\.
Sy a' r .
—=—\a" -1
o ox Ox ]
oy _a' (51‘): 2
" —=—I|1+0x-log. a+——(log. a) +..—1
o1 Sx 5_‘{ g, Q ( g, )
Ay _a vx lo a+5—x(lou a): i
o ox ox B 12 o

O : 3 ox 2
lim — = lim a* | log, a +—(log, a) +...
Sx—0 §x  Sx—0 12

dy : .
— =g [log,a+0+..]=a"log,a

dx

or
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% (a“' ) =a"-log,a

Example 22 : Find the derivative of log, X w.r.t.x. using first principle.
Solution : Let y=log, x
y+0y=log,(x+Jx)

Sy =log, [ i 5'\”]
X

or (5}’ = logc [1 + ﬁ]
X
. T
v 2V .x 3\ x

dy Ox|1 16x 1 (5,\‘):
or B ™ el T s
ox Ox|x 2x 3

. Sy . |1 16x 1 (5.\:‘):
or bt ==l | e e ey,
dx =) (j‘x Sx=0( 2 X 3 x
dv 1
—=——0+0..
= dx x
dv_1
B dx x
d 1
—(log, x)=—
or a’x( g.¥) x

Example 23 : Find the derivative of JX wrtx using first principle.
Solution : Let y=+fx=x"
v+oy=(x+ 5.\:)] .

=

Jy= (.1'+5:c)] g2

sy _x" [H@]”_l
or ox ox X

Sy xl:{ 1ox 1/2(1/2-1) [csxjg }
or b’ S i, N [ ) O R

Sx Ox| 2 x 2 X

or

5}_,._151{11 1/2(1/2-1) ox }

ox 2 x 12 X
. BX .. ol 1 1/’2(1#’271) ox
or lim —=limx""| —4———+...
dx—0 (Sx dx—0 2x Q *°
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dy | 1
—_— = —+0+
o dx { 2% }
Lh" 1/2 l
—=x""|—+0+...
- dx [ 2x }
dy 1 1
or = =

de 2¥'° 2%

¥ |
E(‘/;) ~2dx

Example 24 : Find the derivative of ~/tanx w.r.t.x. using first principle.

Solution : Let v=4ltanx

}-': =tanx

or (y+5y): -yt = tan(er(Sx)ﬁtan ¥

sin

: 0> =
or 2¥0y+(6y) = x+6x) _ sinXx

(
cos(x+(5x) cos x

w

in(x+8x)-cosx—cos(x+Jx)-sinx

2voy+(oy =
or Y2 ( J) cos(x+5x)-€05x

sin (x +5x—x)

- 2ySy+(Sy) =
2 y5y+(y) cos(x+0Jx)-cosx

oy 1 sindx
or —[2v+oy]= :
Sx cos(x+3Jx)-cosx  Sx
i O : 1 . sinox
or lim —“[23.9 +(5}-’] = lim lim
x>0 §x x50 o8 (X +JX)-cosx 0 Jx
dy 1 4
or —[2y+0]= 1=sec’ x [-- or §x—0 then, 5y —>0]
dx COSX-COS X
dy | 2 I 2
or — = —86C° X = ——=—==5eC" X

dx 2y 2+/tan x

d sec’ x
or —(\/tan .1*):7
dx 2+/tan x

Miscellaneous Exercise 10

1. lim ,}\;1 =

=1l 2x° —Tx+5

(A)1/3 (B) -1/3 (O) 1 (D)-1
9. tm OE o

x=o X

(A)0 (B) o ) 1 (D)-1
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10.

11.

12

13.

14.

(A)3 (B) 2

) . T T
lim xsin —cos — =
X% 4x 4x

(A)0 | (B) 1

(A)O (B) 1

(A)O B)1/2

N
. sin 3x _
lim =
x=01 tan x

(A)0 (B) 81

T
lim e =
.\'—)O+ 1-3 £

(A)0 (B) =

(C)1/2

(€)1

(©)0

(C)log, (ab)

(C) /180

@y <112

(©)4

(C) -1

If x isafunctionof v, then derivative of y w.r.t.x will be

A 5—‘ B) lim o)
( )é'x (B)

Sy— 5x
f i
‘_(x ):

(A) ™
a1
dx \/T -
1
(A) o
d ey,
—(5) =

(A) 5"

(B) (n —1)x"

1
(B) ’2_“/;

(B) 10°
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C) lim 5—‘
( ) Sx—0) (S'X

(C) nx™!

(C) 2x+/x

(C) 10" log, 5

(D) 3/2

(D)-1

(D) »

(D) log, (a/b)

(D)

(D) -1

(D) 1

(D) 1

(D) lim —
dx—s0 5};

D) x™' /n+1

(D) —2x+/x

(D) 5" log, 5



15.

16.

17.

18.

19.

20.

24,

22,

23.

24.

25.

26.

27.

28.

d
Rty s
dx( og, x)

I log, a 1
£, ®) — Bl

If f(x)=x"+6x"-5 then f'(1) =
(A)O (B) 9 (C) 4

The derivative of secx” is:

T T
A x't o B) —secxtan x "y ——secx” tan x°
(A) secx tanx (B) 130 (C) T80

Thederivative of log _a is:

log. a log a log. a
(A) —=— B) ———— () ——
XIO.gL» X x(logu X‘) x(logc c
. 2x+c¢
If f(x)= —— and £'(0)=0 thenthevalueof ¢ is
(A)O (B)1 (C)2

The derivative of log, \/T 1S

| 1
(A) 52 ®) 575 (©) 2+/x

X -
. ae’ —bcosx+ce .
If lim , =2 _thenfind the valueof a, b, ¢
¥—0 xsinx

Evaluate lim +/x (1!.\‘ +e— J\_)

X—rw

Nx-1+4x-1

Evaluate lim —
x—1 D 1

x

6x+1

2.2 . 3x—1
Evaluate lim (#J

x| x“4+x+4+2

) - a
Evaluate lim 2" sin| —
X—0 2

X o™X

. e
Evaluate lim ————
x—>rl e +e -

. | +cos2x
Evaluate lim ————

.\'—"H'F_,-"E (}r — 2'\')2

If y=
T x+5

dy
, then prove that xd; =y(1-y)
I
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X

(D) Jog_a

(D) 15

(D) secxtanx

_ log,a
(D) xlog, x
(D)2



p dy
If y=x'-¢"sinx , thenfind —— .
dx

29.
{ Important Points J'
1. Defination of limit - A function y = f(x), is not defined at x = a but nearerto x = afromleft toright 7(x)is
defined. Function f (x) tendstoareal number ¢.Symbolicaly we writeitas lim 7 (£)=2¢
2. Reft hand limit :- If x approaches to a fromits right hand side then limit of function f is written as
lim 7 (x) or f(a+0).
3. Lefthand limit :- If x approaches to « from its left hand side then limit of function £ is written as
lim /(x) or  f(a-0).
x—a
4.  Existance oflimit :- lim f(x) existswhen f(a-0)= f(a+0)
X=3
5. Some standard limits -
. . tanx . e =1
(a) lim cioiia P (b) lim cos x =1 (c) lim Ll (d) lim - =1
=0 X =0 x—0 x=0  x
b o log [tex
(e) lim =log A(h#0) (f) lim L: I (g) lim [] + x]l"‘ =
x—) X x—=0) X x—0
. | % . z l'm — m = - . X " am m  m—n
I l+—| =e lim —— = ma™ lim ——=—aq
(o) .\l-inx [ " .\‘:| ‘ W xl—llla x—a md (J) x=a x" —g" 1
. o . . . flat+h)=fla
6. Atpoint a thederivative of f isdefinedas: f'(a)= lim ( ;) ()
T—»l '?
7. Derivative of f at every point isdefined as :
df (x (x+h)—f(x
PRGN CE2) SR
d.\: h—() h
8. Ifwu v,w,. .. arefunctionof x then
d du dv dw
—(uxviwx. )=—=*—+—=+.
dx dx dx dx
’ du y dv
9. i(m-‘)=u'z']r—‘/+1-‘ﬁ 10, (1) _ _dx dx
x dx dx el vy 2
11. Some standard deriatives.
d - P d y
—(.\ ) =nx""', —(sinx) =cosx, —(cosx) =—sinx
dx dx dx
Answers
Exercise 10.1
2. NoHere we 5. f(0+0)=0,f(0-0)=0
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Exercise 10.2

1.(a) % (b) —% 2.(a) 2 (b) n 3.(a) 2log,2 (b) 1 4.(a)2 (b) %
5.(a) 1 (b) \E;\E 6.(2)2 (b) I 7.(a) 2 (b) g(au)i—

Exercise 10.3
_n

1. 20 2. 49 3.() 3x* (i) 2x-3 (iii);—f ) (1)

a—>b
6.() 2x—a—b (i) dax(ax’ +b) (i) (5’

n—1

5 mx"! +a(n— l)x” i (n—2)x” i

" —anx" —x" +a”

- i 8. ()2 (i) 20%° —15x> +6x—4 (iii 4 24 *_12+£
. (x—a)“ . ()2 () 20x —15x X (111) 15x +T (1v) = 100
- x(3x—2)
(v) (x+l): B (3x~1)2 9. —sinx 10. (i) cos2x (1) secxtanx
(iii) —cosecxcot x (iv) —3cosec x—5cosecxcotxy (V) Scosx+6sinx
Miscellaneous Exercise 10
1.(B) 2. (A) 3.(D) 4. (C) 5.(A) 6. (D) 70
8. (B) 9.(B) 10. (C) 11. (C) 12. (C) 13.(B) 14. (D)
15.(A) 16. (D) 17.(C) 18. (B) 19. (D) 20.(A)21. a=1,b=2.¢c=1
22 ]
22.¢/2  23. 12 24.9 25. a 26. L’+1 27.1/2
&

29, xe"cosx+x'e sinx+3x"¢e" sinx
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