Diffraction of Light (Part - 1)

Q.97. A plane light wave falls normally on a diaphragm with round aperture
opening the first N Fresnel zones for a point P on a screen located at a distance b
from the diaphragm. The wavelength of light is equal to 2n,. Find the intensity of
light /0 in front of the diaphragm if the distribution of intensity of light I (r) on the
screen is known. Here r is the distance from the point P.

Ans.
The radius of the periphery of the N* Fresnel zone is
Fy = N b F
Then by conservation of energy

Iox (YNbA Y = [ 2xrdri(r)
1]

Here r is the distance from the point P.

Thus Iy -Hihf rdri(r).
[}

Q.98. A point source of light with wavelength A = 0.50 p,m is located at a distance a
= 100 cm in front of a diaphragm with round aperture of radius r = 1.0 mm. Find
the distance b between the diaphragm and the observation point for which the
number of Fresnel zones in the aperture equals k = 3.

Ans. By definition
abi
=kl

For the periphery of the k™ zone. Then

ary+bri = kabh

- ﬂ"i - ar
kak-rr kak-#
on putting the values. (It is given that r = r ) for k = 3).

So b = 2 metre ..

Q.99. A diaphragm with round aperture, whose radius r can be varied during the
experiment, is placed between a point source of light and a screen. The distances

from the diaphragm to the source and the screen are equal toa =100 cm and b =
125 cm. Determine the wavelength of light if the intensity maximum at the centre



of the diffraction pattern of the screen is observed at r1 = 1.00 mm and the next
maximum at r.=1.29 mm

Ans. Suppose maximum intensity is obtained when the aperture contains k zones. Then
a minimum will be obtained for k + 1 zones. Another maximum will be obtained for k +
2 zones. Hence

ab
rf = klﬂ-i-b

ab

r%-{k+2]lm

a+b

On putting the values.

Q.100. A plane monochromatic light wave with intensity lo falls normally on an
opaque screen with a round aperture. What is the intensity of light | behind the
screen at the point for which the aperture (a) is equal to the first Fresnel zone; to
the internal half of the first zone; (b) was made equal to the first Fresnel zone and
then half of it was closed (along the diameter)?

Ans. (a) When the aperture is equal to the first Fresnel Zone

The amplitude is Ax and should be compared with the amplitude y when the aperture is
very wide. If 10 is the intensity in the second case the intensity in the first case will be
4lo

When the aperture is equal to the internal half of the first zone Suppose Ain and Aoyt are
the amplitudes due to the two halves o f the first Fresnel zone. Ain and Ao differ in

n
phase by 2 because only half the Fresnel zone in involved. Also in magnitude
| A | = | Aoul then

Al = 2|4 so |Anf ==
Hence following the aigument of the first case. Tu =21,

(b) The aperture was made equal to the first Fresnel zone and then half of it was closed

Ay

along a diameter. In this case the amplitude of vibration is 2" Thus
I=lo.



Q.101. A plane monochromatic light wave with intensity lofalls normally on an
opaque disc closing the first Fresnel zone for the observation point P. What did the
intensity of light I at the point P become equal to after (a) half of the disc (along
the diameter) was removed; (b) half of the external half of the first Fresnel zone
was removed (along the diameter)?

Ans. (a) Suppose the disc does not obstruct light at all. Then
Agie + A pemainier = %-“m

(because the disc covers the first Fresnel zone only).
S0A cnainder = ~ %5&:

Hence the amplitude when half of the disc is removed along a diameter

1 1 1
- zﬁah*‘ﬁm - 21‘1&-24&# ~ 0
Hence [ = 0.

(b) In this case

We write

T

where Ain{(Ae) stands £0r Aomai (Acuemat ) Ty factor j takes account of the 2 phase
difference between two halves of the first Fresnel zone. Thus

A--%A, and [ = AL

1
4
1 2 2 1.2
Ip = = (AL +A% ) = =42

Onthe other hand ° - & = f=? =3

I - '1"!“.

So 2

Q.102. A plane monochromatic light wave with intensity /0 falls normally on the
surfaces of the opaque screens shown in Fig. 5.20. Find the intensity of light | at a
point P
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Fig. 5.20.

(a) located behind the corner points of screens 1-3 and behind the edge of half-
plane 4;
(b) for which the rounded-off edge of screens 5-8 coincides with the boundary of
the first Fresnel zone. Derive the general formula describing the results obtained
for screens 1-4; the same, for screens 5-8.

1
Ans. When the screen is fully transparent, the. Amplitude of vibrations is 4 (with
intensity

1.2
Io = 5A}).
9

1ﬁf"

{a) (1) In this case A = %(%Al] s0 squaring [ =

1
(2) In this case 2 of the plane is blacked out so

212

(3) In this case A = 41{;1,»*1] and [ = ll—ﬁf.,.

A= l[l,«tl] and 1 = :1'-.1’.,

1/1 . 1 Iy
(4) In this case A = _I(EAI) again and J = E—Iﬂ so Iy = 3

z

In general'we get f(g) = In(l - (%]]

where @ is the total angle blocked out by the screen.

(b) (5) Here A = %[%Al]"‘%dl

A, being the contribution of the first Fresnel zone.

Thus A= %Al and [ = Efn

16
11 1 3 9
{ﬁ] A= E(EAI)'I'EAI b EAI and [ = EI,D



11 3 7 49
{7} A= E(EA]')‘.EAI - E-“il and [ = Efﬂ

1(1 1 3 9
(g} A= E(EA]']-‘-EAI’-IAI I“ﬂj-zfu{.ra-Iﬁ}

In 5 to 8 the first term in the expression for the amplitude is the contribution of the

plane part and the second term gives the expression for the Fresnel zone part. In general
in (5) to

2

(8) 1 = J¢[1+[-§;]) when ¢
is the angle covered by the screen.

Q.103. A plane light wave with wavelength A = 0.60 1.t.m falls normally on a
sufficiently large glass plate having a round recess on the opposite side (Fig. 5.21).
For the observation point P that recess corresponds to the first one and a half
Fresnel zones. Find the depth h of the recess at which the intensity of light at the
point P is (a) maximum; (b) minimum; (c) equal to the intensity of incident light.

IRIREIN'
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g
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Fig. 5.24.
Ans. We would require the contribution to the amplitude of a wave at a point from half

a Fresnel zone. For this we proceed directly from the Fresnel Huygens principle. The
complex amplitude is written as

E=-[K(y) e ™as

p




Here K(wp) is a factor which depends on the angle g
between a normal 71'to the area d § and the direction from
dS to the point P and r is the distance from the element

d5 tw P

We see that for the first Fresnal zone

[using re b+-§% [l:'ol V p?+b? )]
Vb
iy

.
Ew B f e ikb-ikelby nndp (K(g)=1)

. 2 2
For the first Fresnel zone = b+%/2 so r* w b +bh and p* = b

Thus

Fe
a iy eV
= pne —ik/b

iy . i 4n, -i
-sze “{—~2}-—-Tmue “-Al

For the next half zone
3bk
|

dy _; ;
E -fe"“?n fe kxib oy x
bR

3
dy . PR L1 _i
‘Tzﬂlﬂ Jlb(e ¥ 3 -2 ik ps2

- P2mie ™ (414i) = - w
If we calculate the contribution of the full 2" Fresnel zone we will get - Av If we

1
take account of the factors K (¢) and r which decrease monotonically we expect the

contribution to change to - Az. Thus we write for the contribution of the half zones in
the 2" Fresnel zone as



EECETI P GEL)

The part lying in the recess has an extra phase difference equal to
the full amplitude is (note that the correct form is € """

A . A
(Ai'EE[l +EJ]E+IE - ‘:,!‘2'[1—i}+d3—1‘14+."

-[z(l-ﬂ]e -2{1-1}-&2
Ai . #J“ -Al A}
- 2{1"!]‘ e + IT(B Az ""A; -A]_:l IDd-A_:;-Aq_*-As... - E.

The corresponding intensity is
A? o _
I= TI[{I-i}e“*+%][(1+i]e"'—i]
n

- Ip[3-2cosd+2sind] .f.,[suﬁsin(a - E]]

(a) For maximum intensity sin

. n
sm(b-*]--tl
or G—E-ka-r%, k=01,2,..
in 2=
O=2kn+ a " (n=1)h
h 3
80 ﬁ’n-l[h'g]

(b) For minimum intensity

m[a - E] -1
n inm Tx
ﬁ;—z-zhu-z— or h-ikruT

_ﬁ-—%[n-]}fi.

Thus



() FmI-Io,muﬁ—ﬂ} nt{ gin & = 0

sin 6 = -1 cos &= +1
Thus a!ll-l.t.'il:}:-—l-:L
=1
in A in
or ﬁ-zkn+2,hnn_1[k+4)

Q.104. A plane light wave with wavelength A and intensity I, falls normally on a
large glass plate whose opposite side serves as an opaque screen with a round
aperture equal to the first Fresnel zone for the observation point P. In the middle
of the aperture there is a round recess equal to half the Fresnel zone. What must
the depth h of that recess be for the intensity of light at the point P to be the
highest? What is this intensity equal to?

Ans. The contribution to the wave amplitude of the inner half-zone is

b2

. 2
J' E—Hzpﬂhpdp
0 —hfu-
-ikh bAAA

J-E—il:xr’b-i': —_—
0 —_—
—_—

2nage **t

b

2mage
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1
=ik -
-Enn“e b{e'“”‘-l]u _!:j;

b

- —ikb
2nxiagze”’
ool LN

. Ay .
T [—1—1}-+—2—-{1+1]

A -
Tl{li-i:le"‘whmﬁ -zf[n-l}h.

With phase factor this becomes The contribution of

A
the remaining aperture is —zi{l-f]
(so that the sum of the two parts when & = 0 is A, )
Thus the complete amplitude is
Ay . i Ay .
1'|:1+tfjr.- +2{1—-1}

And the intensity is

P [(1+i)e+ (1-i)][(1-i)e "+ (1+i)]
-h[2+2+(1-iPe P e(14+ife)
-L[4-2ie 't +2ie?] = [j(4-4sind)



Af
Iy = — . . .. i . . i
Here " 4 .sthe intensity of the incident light which is the same as the intensity due

to an aperture of infinite extent (and no recess). Now

l is maximum when 588 = -1

ﬁ-ztm%"

h 3
h-m[i:-rz} and (b) [T = 81y

Q.105. A plane light wave with wavelength A = 0.57 um falls normally on a surface
of a glass (n = 1.60) disc which shuts one and a half Fresnel zones for the
observation point P. What must the minimum thickness of that disc be for the
intensity of light at the point P to be the highest? Take into account the
interference of light on its passing through the disc.

Ans. We follow the argument of 5.103. We find that the contribution of the first
Fresnel zone is

Ai - —4::ﬂoﬂ-£*b

._%[l +i)
For the nexth alf zone it i

A;
. .. ) -==(1-)
(The contribution of the remaining part of the 2" Fresnel zone will be 2 ‘
If the disc has a thickness h, the extra phase difference suffered by the light wave in

passing through' the disc will be
2=

b= 5= (n-1)h.

Thus the amplitude at P will be

A A
'EP = [Al—"i'z"{] +EJJE_‘a“Eg{I—i}fA!-A‘—AS+

- [Alil-i}]f_‘.a+iﬂ A

, -ih .
3 5 ,2[{1—:}2 +i]



The corresponding intensity will be

BH

I=1Iy(3-2cos-2sind) = f.,[a-zv’isin[m }]

The intensity will be a maximum when

san{hi] - -1

n In
ﬁ+4 - 2kn+ 2

O = (t+§-).zn
i.e

A 5
50 .&-—1 l:-l-aln::-ﬂlz
Mote :- It is not clear why k = 2 for A, normal choice will be k = 0. If we take
k=0 we get by, = 0559 pm.

Q.106. A plane light wave with wavelength A = 0.54 um goes through a thin
converging lens with focal length f =50 cm and an aperture stop fixed immediately
after the lens, and reaches a screen placed at a distance b = 75 cm from the
aperture stop. At what aperture radii has the centre of the diffraction pattern on
the screen the maximum illuminance?

Ans. Here the focal point acts as a virtual source of light. This means that we can take
spherical waves converging towards F. Let us divide these waves into Fresnel zones just
after they emerge from the stop. We write

Pi e (- W= (b~ m A2 - (b~ B)

Wm
=V

Here r is the radius of the m™" fresnel zone and A is the distance to the left of the foot of
the perpendicular. Thus




P w2fh=-bmih+2bh
So h=bmi2(b-f)
and P = fbmi/(b-f).

The intensity maxima are observed when an odd number of Fresnel zones are exposed
by the stop. Thus

ry = %_E% where k= 1,35, ...

Q.107. A plane monochromatic light wave falls normally on a round aperture. At a
distance b = 9.0 m from it there is a screen showing a certain diffraction pattern.
The aperture diameter was decreased n = 3.0 times. Find the new distance b' at
which the screen should be positioned to obtain the diffraction pattern similar to
the previous one but diminished n times.

Ans. or the radius of the periphery of the k™ zone we have

i
=V 22 - VERD ifa=w.
a+b

If the aperture diameter is reduced n times it will produce a similar detraction pattern
(reduced n times) if the radii of the Fresnel zones are also 1 times less. Thus

Fy = rng/n

This requires b’ = b/’

Q.108. An opaque ball of diameter D = 40 mm is placed between a source of light
with wavelength A = 0.55 um and a photographic plate. The distance between the
source and the ball is equal to a = 12 m and that between the ball and the
photographic plate is equal to b = 18 m. Find:

(a) the image dimension y* on the plate if the transverse dimension of the source is
y =6.0 mm;

(b) the minimum height of irregularities, covering the surface of the ball at
random, at which the ball obstructs light.

Note. As calculations and experience show, that happens when the height of
irregularities is comparable with the width of the Fresnel zone along which the
edge of an opaque screen passes

Ans. (a) If a point source is placed before an opaque ball, the diffraction pattern
consists of a bright spot inside a dark disc followed by fringes. The bright spot is on the
line joining the point source and the centre of the ball. When the object is a finite source
of transverse dimension, every point of the source has its corresponding image on the



line joining that point and the centre of the ball. Thus the transverse dimension of the
image is given by

b
y =y =9mm.

(b) The minimum height of the irregularities covering the surface of the ball at random,
at which the ball obstructs light is according to the note at the end of the problem, corn*
parable with the width of the Fresnel zone along which the edge of opaque screen

passes. SO
Boin = Ar

To find Ar we note that

2 khab
a+b

2rAr=DAr =220,
a+h

Where D = diameter of the disc (= diameter of the last Fresnel zone) and Ak = 1 Thus

Adb
Thuahmn - W = (099 mm.

Q.109. A point source of monochromatic light is positioned in front of a zone plate
at a distance a = 1.5 m from it. The image of the source is formed at a distance b =
1.0 m from the plate. Find the focal length of the zone plate.

Let r; = radius of the central undarkened circle. Then for
this to be first Fresnel Zone in the present case, we must

have
SL+LI-5] = }/2



Thus if ry is the radius of the periphery of the first zone

fn’+r§+sz+r§-[u+h}.% L
L/J-‘I\\

n(1. 1\ A 11 1 ° +
or E[I*E]'E Pad Sl vy “ o o I

It is clear that the plate is acting as a lens of focal length

ab
.fl - - 2+ b = 6 metre.

This is the principle focal length. Other maxima are obtained when

A A
SL+LI-SI=33,5%,...

A A

These focal lengths are also 3ATSh

Q.110. A plane light wave with wave- length A = 0.60 um and intensity I, falls
normally on a large glass plate whose side view is shown in Fig. 5.22. At what
height h of the ledge will the intensity of light at points located directly below be
() minimum,;

(b) twice as low as lo (the losses due to reflection are to be neglected).

Ans. Just below the edge the amplitude of the wave is given by

RNy
T
4

A= %ml-azmg-aﬂ..,)e'“

+%{A| A+ Az -Ag+ ... )

Here the quantity in the brackets is the contribution of various Fresnel zones; the

1
factor 2 is to take account of the division of the plate into two parts by the ledge; the

phase factor 5 is given by



2x
8 = Tﬁ(#—l]

And takes into account the extra length traversed by the waves on the left.

Ay
. .Al'-ﬂg‘f‘.l‘g—'.d‘,"' asa E
Using

A
A= —~41{1+¢“1
we get

And the corresponding intensity is

2
A
I-Inh'ma. where I o [—1]

2 2
cosh = -1
So b =(2k+1)m
A
and h-{3k+1}m. k=0,12..

usingn = 1:5, A = 060 um
ho=060(2k+1)um.

(b) I = Jy/2 when cosd = 0
x )
or ﬁ-l:m-rz-{lh-l]z

Thus in this case ho=03002k+1) um.

Q.111. A plane monochromatic light wave falls normally on an opaque half-plane.
A screen is located at a distance b = 100 cm behind the half-plane. Making use of
the Cornu spiral (Fig. 5.19), find: (a) the ratio of intensities of the first maximum
and the neighbouring minimum; (b) the wavelength of light if the first two maxima

are separated by a distance Ax = 0.63 mm.

Ans. (a) From the Cornu’s spiral, the intensity of t*e first maximum is given as

foax,1 = 1371

And the intensity of the first minimum is given by
Tgin = 078 I

so the required ratio is



Jnax

= 1-76

(b) The value of the distance x is related to the parameter v in Fresnel's integral by
Ve X v Ezi

For the first two maxima the distances x1 , X2 are related to the parameters vi, v» by

b b
5=V5mn=-Vim
B
Thus [vz-vl}v e -xy-x; = Ax

- ,2_[,._-’-"1_]2

or b Va=W¥

From the Cornu’s spiral the positions of the maxima are
vy = 122, vy = 234, vy = 308 etc

Thus A = 063 pm.

S 2(Ax 2
bi112

Q.112. A plane light wave with wavelength 0.60 pm falls normally on a long
opaque strip 0.70 mm wide. Behind it a screen is placed at a distance 100 cm.
Using Fig. 5.19, find the ratio of intensities of light in the middle of the diffraction
pattern and at the edge of the geometrical shadow.

Ans. We shall use the equation written down in 5.103, the Fresnel-Huygens formula.

e s s . — — ——— ——— —

A

e e e e e e ———— e —— .-x-l

I

Suppose we want to find the intensity at P which is such that the coordinates of the



edges (x-coordinates) with respect to P are xz and - X1. Then, the amplitude at P is

E=[K(p) ':—“ e ik gs

(1)
We write d§ = dxdy, ¥y is to integrated from - o + 0+ == We write

MNP <3 4 o))

2b

(r is the distance of the element of surface on [ from P. It is ¥ b1+;2+y2 and hence
approximately (1)). We then get

L -

E =Ay(b) f e"";ﬂh dx+ fe_”;ﬂtdx

x: - 00

m =¥

I
-Arn{b} fe—l’% dis + j‘e-riﬂ-ls:ﬂdu

I't = m

1}' 2 v 2
where Wy = H Xq, Wy = E"i' Xy

The intensity is the square of the amplitude. In our case, at the centre

”1’"2‘“5{'%*”&-0-64

2bh
(@ = width of the strip = 0-7mm, b = 100cm, & = 0-60 um )
At, say, the lower edge v =0, v, = 128
Thus
m . = [H6d o 2 1 2 1 2
fe ™ 2dus [ e qu =-C(064) | +|=-5(064)
Icmm i+ - 2 2
Tae  |= _ o (1-C(128) P +(1-5(128) )
e J. e""ndu-rf eixi g, ( )Y +( ( ))

1-28 -

Where
¥ 2
c(v) -_[m“T"du
o

S{v}-_rain!éﬁdu
0

Rough evaluation of the integrals using cornu’s spiral gives



Locire
Tosge

- 2:4

(We have usedfcm-—-du J‘Sm—du - l
C (0-64) = 062, §(0-64) = 0-15
C(1:28) = 065 5(1-28) = 0-67

Q.113. A plane monochromatic light wave falls normally on a long rectangular slit
behind which a screen is positioned at a distance b = 60 cm. First the width of the
slit was adjusted so that in the middle of the diffraction pattern the lowest
minimum was observed. After widening the slit by Ah = 0.70 mm, the next
minimum was obtained in the centre of the pattern. Find the wavelength of light.

Ans. If the aperture has width A then the parameters (v, - v ) associated with

2

LY NETSY
I--'-l2 b}h-’!! Zb:l".

The intensity of light at O on the screen is obtained as the square of the amplitude A of
the wave at O which is

associated with (M, - ﬂ] are given by

¥
m
5 0
g“f’/z
Thus I=20L((C(»)P+(S(v)P)

where C(v) and S(v) have been defined above and [ is the intensity at Q due to am
infinitety wide (v = o= ) aperture for then

SCRCIEES

By definition v corresponds to the first minimum of the intensity. This means



h+Ah

Y2bA

hth+Ah, the comesponding vy =

when we increase relates to the second

minimum of intensity. From the comu’s spiral v, =~ 2:75

Thus Ah=VZbh (vy-v;) = 085V 2BA
F) 2z
Ah) 1 0-70 1
" 1.(0135) 2b '(ﬂ-ss] axogM™ " OS6Skm

Q.114. A plane light wave with wavelength A = 0.65 p.m falls normally on a large
glass plate whose opposite side has a long rectangular recess 0.60 mm wide. Using
Fig. 5.19, find the depth h of the recess at which the diffraction pattern on the
screen 77 cm away from the plate has the maximum illuminance at its centre.

Ans. Let a = width of the recess and

.ﬂ_.‘f_i a 06 _
v 2 B u (60

V2bh V2x077x 065

be die parameter along Cornu’s spiral corresponding to the half-width of the recess. The
amplitude of the diffracted wave is given by

-y ¥

v = k] ¥ . 1
. const I e“fe““:adu +j' e~ Ty +_{ e~ i gy
2x
where O = T(n-l}h

Is the extra phase due to the recess. (Actually an extra phase e '® appears outside the
recess. When we take it out and absorb it in the constant we get the expression written).
Thus the amplitude is

N
o
K

_ const |[(C(V)-iS(¥)e®+ -;--C(u})-i %-sm

From the Comnu’s spiral, the coordinates corresponding to the parameter v = 0-60 are
C(v) =057, 5(v) =013
50 the intensity at @ is proportional to



|[{ﬂ-57—l]-13i)e" - 007-i037]|°
= (057° +013%) + 0:07% + 037

+ (057-013i)(-007+037i) e’

4+ (057+013i)(-007-i037i)e”"?

We write

057 7013 i= 0-585 ¢/ o = 12:8°
-007+ 037 i= G377 e*'P B = 100.7°
Thus the cross term is

2 x 0-585 x 0-377 cos (& + 8E")
~ 2 % 0:585 x 0-377 cm‘.[6+%]

For maximum intensity
m% =2kKn, ¥ =1,2734,..

=2(k+1)m, k=0,1,23, ...

& = 2kt

Or 2

So

Q.115. A plane light wave with wavelength A = 0.65 p.m falls normally on a large
glass plate whose opposite side has a ledge and an opaque strip of width a = 0.30
mm (Fig. 5.23). A screen is placed at a distance b = 110 cm from the plate. The
height h of the ledge is such that the intensity of light at point 2 of the

,imﬁmmjm e R
o . =] Ja
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Fig. 5.24. Fig. 5.25.

screen is the highest possible. Making use of Fig. 5.19, find the ratio of intensities
at points 1 and 2.

ANS.



'
'ff./fﬁ’/fﬂi ﬁ
- @ -

b

TTTTTTT77 éF;:’” ?FFFW screen

{ 2

- ——
—— i —

Using the method of problem 5.103 we can immediately write down the amplitudes at 1
and 2. We get:

] v

o @
lmp"mde.d] — mt fe_'-‘-tadu +£‘iﬁ“- e-l':l:u]f‘du_]
Atl

- o

v L0
amplitude A; _ const f e"“nduﬁ-e"af e'““ad'u]
At 2

1{ 2
ve gy —
where b

is the parameter of Cornu’s spiral and constant factor is common to 1 and 2. With the
usual notation

C=C(v) -fnm%du
o

S =5(v) -f'sin-:'tzidu
(1]

- m‘.uz p . :rr.u?‘ 1
{cm Td" -{sdeu -5
And the result

We find the ratio of intensities as

1 (1 —ia(1-1i),2
L (2 C] 1(2 5]1-# 3

R




(The constants in A1 and Az must be the same by symmetry)

In our case, @ = 0-:30mm, L = 065pum, b = 1-1m

2
v = 030x/ o = 050

C{050) = D48 S(050) = 006

3
A — (e : —is(1-i iz |2
L _ |90 0Mive Tl | 1s(002-0mi) VT T
h l %e"hu-uz-um;i 14(002-044i)V2 e 2% %

But 002 - 0447 = 0-44 ' & = 1.525 rad (= 87-4°)
, 2
14044 xV 2 x '3~ 070 1+2(044)*+2V 2 x 044 cos (6 -0-740 )

I3
So = = : -

I 1+0-44xV 2 xe 801001 1 1 2(044)+2V 2 x 044 cos (6 +0740)
I3 is maximum when 6 -0740 = 0( modulo 2x)

1-387 + 1-245 2632

, I
Thus in that case 1 = 1387 + 1235 cos (148) -5 - 1-75

Q.116. A plane monochromatic light wave of intensity I, falls normally on an
opaque screen with a long slit having a semicircular

Vv oAb b

i [

]

k-

b =
—_ =
1§ §

=
t?.;-______-i -
_'- ==
i =

= =

Fig. 5.23.
cut on one side (Fig. 5.24). The edge of the cut coincides with the boundary line of
the first Fresnel zone for the observation point P. The width of the slit measures
0.90 of the radius of the cut. Using Fig. 5.19, find the intensity of light at the point

P.
f il I -f +f
r

Ans_ aperture Semicircle STt
The contribution of the full 15t Fresnel zone has been evaluated in 5.103. The
contribution of the semi-circle is one half of it and is



-Ekffia.,e*‘“ = —igghe P
The coatribution of the slit is
050V BA . =
%ﬂ J’ o~ ikb e""i';"b d:fe"'t"zﬂb dy
o -
= = z
Now fe'""!ﬂ“ d}r-fe"-ib';: dy

v !’2—}" J.e_'."‘lndu - Vb e int

Thus the contribution of the slit is
09 xY2

E‘E-‘rlbl e-it#—ilﬂf f e-inuif-‘- diu ﬂ
b 2
0

127

—ikb-ina 1 —ixu 2
= aphe —'r e du
Va2 A

Thus the intensity at the observation point P on the screeii is

: i 1=i)(067-065i) :

14[(:[1-2?}-.‘5{1-211]\ ..:3.1.1\ >

2
(on using C (127) = 067 and §(1:27) = 065)

2
= A’ | -i+001-066i |

ai]\.z =1+

- a223?| 001 -166i |
= 276 ai A’

Now az A? is the intensity due to half of 1 Fresnel zone and is therefore equal to Jo (It can

also be obtained by doing the x-integral over- = to + % ).
Thllﬁ ..r - 2‘76 Iﬂ -

Q.117. A plane monochromatic light wave falls normally on an opaque screen with
a long slit whose shape is shown in Fig. 5.25. Making use of Fig. 5.19, find the ratio
of intensities of light at points 1, 2, and 3 located behind the screen at equal
distances from it. For point 3 the rounded-off edge of the slit coincides with the
boundary line of the first Fresnel zone.



Ans. From the statement of the problem we know that the width of the slit = diameter

zone = 2V b -

of the first Fresnel where b is the distance of the observation point from

the slit
We calculate the amplitudes by evaluating the integral of problem 5.103 we get
Y AL LA L LIS

/. ~ ~
it 2 39)
AR X7/ 5

frgdeiy R

Vih
2 = 2
-i ik ik
Ai-% f etk . "“‘“,r* kT dy
Vb

V2
y P |
=20 ik L}J‘ e"““’zduxfe""adu

. agh(1=i
Ay = -iﬂﬂ:"..ﬂ_db-l-_#

(e(VT)-is (V7))

Where the contribution of the 1%thalf Fresnel zone (in A3, first term) has been obtained
from the last problem.

Thus

. . 2
Thus .rl.ag;.:j“-f}l&f-&?z:)
2

(onusing c(ﬁ] = 053, s( ) - n-';z)
= G232 | 0095 - 0625 |" = 03996 a2 32
I = 41,




I, = 0232 | -0:095 - 0625i - i |’
- 22| 0095 - 1625 |
= 26496 aj A2

So .Ir:!-ﬁ‘ﬁfl
Thus Iily:ly m 1:4:7

Q.118. A plane monochromatic light wave falls normally on an opaque screen
shaped as a long strip with a round hole in the middle. For the observation point P
the hole corresponds to half the Fresnel zone, with the hole diameter being n =1.07
times less than the width of the strip. Using Fig. 5.19, find the intensity of light at
the point P provided that the intensity of the incident light is equal to lo

AnNS.
The radius of the first half Fresnel zone is V b o/ and
the amplitude at P is obtained using problem 5.103,

= ¥ bas2

T @y _ kel
fe u‘?ﬂbd}'-ﬁff 1##_,-? "’H'Zdep,

- ]

We use

_avba2

A |
J- E—;kx!‘lbdx

F3
] T
-J-e—.l'.lrfzb dx .J. e—:n dx

nY bi2 nv bhT



-f e-*'i‘l'.l:ﬂ % du - \’ % [

- n z ([%_cm}]-:[%—sm;]]

Thus

2 ey, B

n ]
_J‘ e-u:ufl du.
0

A= auixi x(1-i)e kb [[%rﬂ‘[n}l}

-i[%—.&‘[q}]]+anh{1-i} e

Where we have used

Y b2
J‘e'”"tm' 2xpdp = ZTB{_I'” = %“'” = rb(1-0)

1]

Thus the intensity is

2

I-|AP = @332x2 {3!2-61‘.*1}}’+[%-S{n}] ]

From Cornu’s Spiral,

C(n) = C(107) = 076
S(n) = §(107) = 0:50

I=agda*x2%(074)" = 10945 37

As before
Iy= 0232 so [=I,.



Diffraction of Light (Part - 2)

Q.119. Light with wavelength A falls normally on a long rectangular slit of width b.
Find the angular distribution of the intensity of light in the case of Fraunhofer
diffraction, as well as the angular position of minima.

Ans.

If a plane wave is incident normally from the left on a slit
of width b and the diffracted wave is observed at a large
distance, the resulting pattern is called Fraunhofer
diffraction. The condition for this is b” <« [ A where [ is
the distance between the slit and the screen. In practice
light may be focussed on the screen with the help of a
lens (or a telescope).

Consider an element of the slit which is an infinite strip
of width dx. We use the formula of problem 5.103 with
the following modifications.

The factor % characteristic of spherical waves will be omitted. The factor K (@ ) will also be

dropped if we confine overselves to not too large ¢p. In the direction defined by the angle
@ the extra path difference of the wave emitted from the element al x relative to the wave
cmitted from the centre is

A= —xsing
Thus the amplitude of the wave is given by



+ b2

- .1 . 1
a fextnnq:-dx - [E:Elbuaqﬁ_eaiikhm')/ i ksin @

-b2
nb .
5 sin g
—Esm
X ¢
sin” o
Thus = fu_._i_
nb .
where o = == sing and

I is a constant
Minima are observed for sina = 0 but a= 0

Thus we find minima at angles given by
bsing = kh, k= + 1,223, ..,

Q.120. Making use of the result obtained in the foregoing problem, find the
conditions defining the angular position of maxima of the first, the second, and the
third order.

Ans.
Since J(a)is +ve and vanishes for bsing = k) ie for o = kn we expect maxima of
f{ia)between a = + 3 & @ = +2m, etc. We can get these values by,

—{I[u]} - Iy2 srzaddum;a -0

(1L COs O — Sin o

uz

=0 or tanoa =
Solutions of this transcendental equation can be obtained graphically.
The first three solutions are

o = 143w o = 246w, @y = 347 n
on the +ve side. (On the negative side the solution are - o), - oy — o3, ... )

Thus bsing, = 1-43 )
bSin% = 246 )
bsing = 3473

Asymptotically the solutions are

bsing, = {M-{-%]l



Q.121. Light with wavelength A = 0.50 [tm falls on a slit of width b= 10 um at an
angle 0o = 30° to its normal. Find the angular position of the first minima located
on both sides of the central Fraunhofer maximum.

Ans. The relation b sinf = kA for minima (when light is incident normally on the slit)
has a simple interpretation :&sin@ s the path difference between extreme wave
normals emitted at angle 0

—
b

—
—

When light is incident at an angle 8 the path differcnce is
b(sin B -sin @)
and the condition of minima is
b(sinB-sinB,) =kk
For the first minima

b(sinB-sinB) =+ A or sin® = sinBy= %;—
Putting in numbers 8y = 30° X = 050 pm b = 10pm

sinf@ = %: llﬂ = [-55 or 0-45

8,, = 33°-20" and O_, = 26° 44

Q.122. A plane light wave with wavelength A = 0.60 ti,m falls normally on the face
of a glass wedge with refracting angle © = 15 The opposite face of the wedge is
opaque and has a slit of width b = 10 pm parallel to the edge. Find:

(a) the angle AO between the direction to the Fraunhofer maximum of zeroth order
and that of incident light;

(b) the angular width of the Fraunhofer maximum of the zeroth order.

Ans.



(a) This case is analogous to the previous one except that
the incident wave moves in glass of RI n. Thus the
expression for the path difference for light diffracted
at angle B from the normal to the hypotenuse of the
wedge is

b( sin 0 - nsin @)
we write 0=0+40
Then for the direction of principal Fraunhofer maximum

b(sin(@+A0 )-nsin®) =0
or AQ =sin"'(nsin®)-0
Using B = 15° n = 15 we get
AD = 784

(b) The width of the central maximum is obtained from (»= 060um, b=10pum)
b(sin0, -nsin®) = = A

Thus
ao=1 1" o
0, = sin [nsm6+;]-2&63

b
80 =0,,-0_, = 7-47°

0., = sin~" [mn'nnanE ] = 19-16°

Q.123. A monochromatic beam falls on a reflection grating with period d = 1.0 mm
at a glancing angle oo = 1.0°. When it is diffracted at a glancing angle a = 3.0° a
Fraunhofer maximum of second order occurs. Find the wavelength of light.

Ans.



The path difference between waves reflected at A and B is
d ( cos o — cos @ )

and for maxima
d{icosog-cosa) = kb, k=0,=1,22,..
In our case, k = 2 and oy, a are small in radiaus. Then

2 2
o’ - ap
z:..d[ : ]
2 2
a” - d
Thus L-{fu“-ﬂ-ﬁlpm
for n-;—’;,un-i—’;‘-ﬁ, d=10"%m

Q.124. Draw the approximate diffraction pattern originating in the case of the
Fraunhofer diffraction from a grating consisting of three identical slits if the ratio
of the grating period to the slit width is equal to (a) two; (b) three.

Ans. The general formula for diffraction from N slits is

sin’ o sinzHﬁ
I L .rn _.: 2
o sin“p

masind
A

Where

P n{a+b)sind

A

and N = 3 in the cases here.
{a) In this case a+b = 24

.2
50 Bp=2a and I-IQS-IE—IE[B-iishqu}:

On plotting we get a curve that qualitatively looks like the one below



l-’f" ) H"‘ 2, K '( I“.\"..Il_
of —
(b) In this case a+b = 3 a
S0 f=3a
. 2
and I=1,"2(2-4sin?3a)
o

This has 3 minima between the principal maxima

Q.125. With light falling normally on a diffraction grating, the angle of diffraction
of second order is equal to 45° for a wavelength A1 = 0.65 pm. Find the angle of
diffraction of third order for a wave length A, =0 .50 1.1.m.

AnS.

From the formula dsin® = mh
we have dsin45° = 20 = 2x 065 pm

or n‘-zﬁxﬂ-ﬁﬁum
Then for A, = 0-50 in the third order
2V 2 x0655in 0 = 3 x 0-50

1:5
1-3 x ﬁ

sin @ = = (81602

This gives 0§ = 54-68° ~ 55°

Q.126. Light with wavelength 535 nm falls normally on a diffraction grating. Find
its period if the diffraction angle 35°corresponds to one of the Fraunhofer maxima
and the highest order of spectrum is equal to five.

Ans. The diffraction formula is



d sin En = My A
where By = 35° is the angle of diffraction corresponding to order ny (which is not yet known).

A
Thus d = %o = nyx 09327 u m

sin En
onusing A = 0535pum

For the n™ order we get
. n o, n
sin® = —sin 0, = — (0573576
posinGy = L ( )
If my = 1, then n > my is at least 2 and sin 0> 1 so n = 1 is the highest order of diffraction.

Ifny =2thenn = 3,4, but sin @ > 1 for n = 4 thus the highest order of diffraction is 3.

If ng =3,
then n=4356.
Form = 6,8in 0 = 2% 057> 1, so not allowed while for

n=235 sn0 = %xﬂ*ﬁ?ﬁ?ﬁ-ﬂl
is allowed. Thus in this case the highest order of diffraction is live as given. Hence
ny = 3
and d =3=x009327 = 227981 = 2:Bum.

Q.127. Find the wavelength of monochromatic light falling normally on a
diffraction grating with period d = 2.2 pm if the angle between the directions to the
Fraunhofer maxima of the first and the second order is equal to A® = 15°.

Ans.
Given that
dsin®; = A
dsin®; = dsin(6; +A0) = 22
Thus 5in B cos AB+cosB;sinAB = 25in 0
or 5in® (2-cosAD) = cosBysinAD
sin A B
o B0 T ces A0
or sin @, = sin A 0
Vsin®AB+(2-cosAB )
_ sin A @
V5-4cosAD
Finally L-m—-‘i‘m——é-ﬂ-—-—.
V5-4cosAD

Substitution gives A = 0-534pum



Q.128. Light with wavelength 530 nm falls on a transparent diffraction grating
with period 1.50 lila. Find the angle, relative to the grating normal, at which the
Fraunhofer maximum of highest order is observed provided the light falls on the
grating (a) at right angles; (b) at the angle 60° to the normal.

Ans. (a) Here the simple formula
d sin @ = my A holds.

m = 0-530

1558 = mx0530 sinf = 15

Highest permissible m is m = 2 because sin 8> 1 if m = 3. Thus

5in® = % for m = 2, This gives @ = 45" nearby.

{(b) Here d(sinB;-sinB®) = nk

Thusslnﬂ-sinﬁn-%
600y 053
sin 60° — n x 15

= (-86602 — n = 0-353333 .

Forn = 5, sin 8 = - 0-900645
fhr ne=6 sinB<c=1.
Thus the highest order is n = 5 and we get

0 = sin~' (- 0900645 ) = - 64°

Q.129. Light with wavelength A = 0.60 tim falls normally on a diffraction grating
inscribed on a plane surface of a plano-convex cylindrical glass lens with curvature
radius R =20 cm. The period of the grating is equal to d = 6.0 pm. Find the
distance between the principal maxima of first order located symmetrically in the
focal plane of that lens.



Ans. For the Lens

f
For the grating

1 1 1 R
_-[H—l}[ﬁ—-;] or .f*m

dsin®; = A or sin0, = =
cosec B, -%,mtﬂ, - Y [d) -1

N

tan El -

[P | |
B
I
|

?-F

(3

Hence the distance between the two symmetrically placed first order maxima

2R

V(-

Onputting R = 20, n = 15, d = 60pm
A= 060pm we get 804 em.

=2ftany, =

! I

Q.130. A plane light wave with wavelength A = 0.50 pm falls normally on the face
of a glass wedge with an angle ® = 30°. On the opposite face of the wedge a
transparent diffraction grating with period d = 2.00 pm is inscribed, whose lines
are parallel to the wedge's edge. Find the angles that the direction of incident light
forms with the directions to the principal Fraunhofer maxima of the zero and the
first order. What is the highest order of the spect rum? At what angle to the
direction of incident light is it observed?

Ans. The diffraction formula is easily obtained on taking account of the fact that the
optical path in the glass wedge acquires a factor n (refractive index). We get

d(nsin®-sin (00,)) = ki
Since n>0, © O;>© and s0 Oy must be negative. We get, using © = 30°
3

1 . o . "
EIE-H“{}G B3 ) = sin 486



Thus By = - 186"
Also for k = 1

3 . A_0S 1
4 s (30°-0.) = =20 " 4
Thus B,, =0°

We calculate 8, for various k by the above formula. For k = 6.

sin (6, - 30°) = f—t=~ 8, = 786°

For k = 7

sin (0, -30°) = + 1= 6, = 120"
This is in admissible. Thus the highest order that can be observed is
k=6
corresponding to B, = 786"
(for k = 7 the diffracted ray will be grazing the wedge).

Q.131. A plane light wave with wavelength A falls normally on a phase diffraction
grating whose side view is shown in Fig. 5.26. The grating is cut on a glass plate
with refractive index n. Find the depth h of the lines at which the intensity of the
central Fraunhofer maximum is equal to zero. What is in this case the diffraction
angle corresponding to the first maximum?

Ans. The intensity of the central Fraunhofer maximum will be zero if the waves from
successive grooves (not in the same plane) differ in phase by an odd multiple of n. Then
since the phase difference is

b = —[n—l}ﬁ

for the central ray we have

—-{;': 1];.-( )2:1 k=1,23,.

)

M!n-

or le

N|n-

—_———



The path difference between the rays 1 & 2 is
approximately (negleciing terms of order 8%) a
0

asinb+a-na

= gsinf-(n-1)a

Thus for a maximum

asinﬂ—(k’ +%]l = mh

or gsin = [m+k"+%)l,

¥ o=012..
m=0=1,z2,...

The first maximum after the central minimum is obtained when m+ k" = 0

We 'get’ asinf = %L

Q.132. Figure 5.27 illustrates an arrangement employed in observations of
diffraction of light by ultrasound. A plane light wave with wavelength A = 0.55 pm
passes through the water-filled tank T in which a standing ultrasonic wave is
sustained at a frequency v = 4.7 MHz As a result of diffraction of light by the
optically inhomogeneous periodic structure a diffraction spectrum can be observed
in the focal plane of the objective O with focal length f = 35 cm. The separation
between neighbouring maxima is Ax = 0.60 mm. Find the propagation velocity of
ultrasonic oscillations in water.

Ans. When standing ultra-sonic waves are sustained in the tank it behaves like a grating
whose grating element is

d= E = wavelength of the ultrasonic
v = wvelocity of ultrasonic. Thus for maxima
% sinf, = mh
On the other hand

Franl@, = mAx

Assuming 8, to be small (hmuse l{:%j

_fun8,  fanby, _ Avf

we get Ax
m v

v
Hsmﬁn



or v =l

Ax
Putting the values A = 0-55pm, v = 47MHz
f=035m and Ax = 060 x 10" ? m we easily get
v = 151 km./sec.

Q.133. To measure the angular distance y between the components of a double
star by Michelson's method, in front of a telescope's lens a diaphragm was placed,
which had two narrow parallel slits separated by an adjustable distance d. While
diminishing d, the first smearing of the pattern was observed in the focal plane of
the objective at d = 95 cm. Find y assuming the wavelength of light to be equal to A
=0.55 pm.

Ans. Each star produces its own diffraction pattern in the focal plane o f the objective
and these patterns are separated by angle As the distance d decreases the angle 0
between the neighbouring maxima in either diffraction pattern increases (sinf - A/d).
When 6 becomes equal to 2y the first deterioration of visibility occurs because the
maxima of one system of fringes coincide with the minima of the other system. Thus
from the condition

=

=
L?

{
R
J

T

0 =2y and =in0Q = %wc get

P o= %El' - %{mdians]

Putting the values we get 1y = 0-06"

Q.134. A transparent diffraction grating has a period d = 1.50 pm. Find the
angular dispersion D (in angular minutes per nanometers) corresponding to the
maximum of highest order for a spectral line of wavelength A = 530 nm of light
falling on the grating (a) at right angles; (b) at the angle 00 = 45° to the normal.



Ans.

(a) For normal incidence, the maxima are given by

dsin® = nh
] sinﬂ:ni-uxnrsm
d 1:500
Clearly n=2as sinB>1forn=23.

Thus the highest order is n = 2. Then

p.de __k _k 1
V. (&
| 4

Putting k = 2, A = 033pm, d = 1-5pum = 1500nm

2 1 180 .
we get D - x=—x60 = 647 ang. min/nm .
500 = ¢

(b) We write the diffraction formula as

d(sinOy+sin0) = kA

80 aiirl.lil.|]+sinlﬂl-.l‘:E
d
Here Oy = 45 and sin 8, = 0-707
s0 sin By +sin @ = 1-707 . Since
h 053
i 15 - 0-353333, we see that

k<4
Thus highest order corresponds to &k = 4.

d0
Now as before D = HM

k k/d

" dcos® -
.¢1- k—}*:-si.nﬂ
d 1]

= 12948 ang. min/nm,

D

Q.135. Light with wavelength A falls on a diffraction grating at right angles. Find
the angular dispersion of the grating as a function of diffraction angle 0.



Ans.

We have dsin® = k)
50 ﬂ-ﬂ- k ____lanﬁ
dh decos B h

Q.136. Light with wavelength A = 589.0 nm falls normally on a diffraction grating
with period d = 2.5 pm, comprising N = =10 000 lines. Find the angular width of
the diffraction maximum of second order.

AnNs.

For the second order principal maximum
dsinB, = 2h = kA

or %Edsinﬁz-ZNn

minima adjacent to this maximum occur at

ﬁ%dain{ﬂ;.:tﬂﬂ} = (2N21)x

dcos6,40 = &

Or

Finally angular width of the 2*¢ principal maximum is
2""3'1\'.::2::::;9,, B = - 2
Navy - (kwd)?

On putting the values we get 11-019" of arc

Q.137. Demonstrate that when light falls on a diffraction grating at right angles,
the maximum resolving power of the grating cannot exceed the value I/A where | is
the width of the grating and A is the wavelength of light.

Ans. Using
A N d sin 0
R - H - k” - }L
IsinB |



Diffraction of Light (Part - 3)

Q.138. Using a diffraction grating as an example, demonstrate that the frequency
difference of two maxima resolved according to Rayleigh's criterion is equal to the
reciprocal of the difference of propagation times of the extreme interfering
oscillations, i.e. 6v == 1/ot.

Ans. For the just resolved waves the frequency difference

By o S0X_ ¢ ¢

A AR T LEN

Ndsin® &1t

since N d sin0 is the path difference between waves emitted by the extremities o f the
grating.

Q.139. Light composed of two spectral lines with wavelengths 600.000 and 600.050
nm falls normally on a diffraction grating 10.0 mm wide. At a certain diffraction
angle 0 these lines are close to being resolved (according to Rayleigh's criterion).
Find 0.

Ans.
0k = 050 nm
A 00
R = ™05 - 12000 (nearly)
= kN
On the other hand
dsin® = k)
Thus 1 sinh = A
kN
where | = 10~ 2 metre is the width of the grating
Hence sinh = IZUE}DX%
= 12000 x 600 x 10”7 = 072
of 0 = 467,

Q.140. Light falls normally on a transparent diffraction grating of width I = 6.5 cm
with 200 lines per millimeter. The spectrum under investigation includes a spectral



line with A = 670.8 nm consisting of two components differing by oA = 0.015 nm.
Find: (a) in what order of the spectrum these components will be resolved; (b) the
least difference of wavelengths that can be resolved by this grating in a wavelength
region A = 670 nm.

Ans. We see that

N=65x10x200 = 13000
Now to resolve lines with &8 A = 0-015 nm and & = 670-8 nm we must have
_ 6708 _
0-015
Since 3N < R < 4N one must go to the fourth order to resolve the said components.

R

44720

(b) we have d = ﬁmm =Spum

kX _ kx 0670
d 5

80 sinf =

since |sin @ |s 1 we must have ks 746

d
50 kﬂI-T-L
Thus Rm-kmuh’-'ilmﬂﬂ-%-i

where [ = 65 cm is the grating width,

A 670 Al

E = %1000 - V07am = Tpm = —,

Finally B Aip = i

Q.141. With light falling normally on a transparent diffraction grating 10 mm
wide, it was found that the components of the yellow line of sodium (589.0 and
589.6 nm) are resolved beginning with the fifth order of the spectrum. Evaluate:
(a) the period of this grating;

(b) what must be the width of the grating with the same period for a doublet A =
460.0 nm whose components differ by 0.13 nm to be resolved in the third order of
the spectrum.

Ans. Here
A 5893
R-H- 06 = kN = 5N



5893 102

3 d

3x1072
5893

H-

d =

m = -0509 mm

b= 460-0nm and &8 A = 0-13 nm

(b) To resolve a doublet with in the third order we must

have

R 460

N=3=3 013

= 1179

This means that the grating is

Nd = 1179 x 0-0509 = 60403 mm

wide = 6cm wide.

Q.142. A transparent diffraction grating of a quartz spectrograph is 25 mm wide
and has 250 lines per millimeter. The focal length of an objective in whose focal
plane a photographic plate is located is equal to 80 cm. Light falls on the grating at
right angles. The spectrum under investigation includes a doublet with
components of wavelengths 310.154 and 310.184 nm. Determine:

(a) the distances on the photographic plate between the components of this doublet
in the spectra of the first and the second order;

(b) whether these components will be resolved in these orders of the spectrum.

Ans.
(a) From dsin@ = k)

we get 650 = ﬁ%

On the other hand r = fsin@
50 ﬁx-fcmﬁi‘:ﬁ-%[f}l
For f=080m, 8 & = 003 nmr and

1
d = ﬁ{}mm

6um if k=1

bx ~ {12|J.m if k=2
we get



(b) Here N = 25 x 250 = 6250

A 310-169
b 0-03
and so to resolve we need k = 2 For k = 1 gives an R.P. of only 6250.

and = 10330 = N

Q.143. The ultimate resolving power AdL of the spectrograph's trihedral prism is
determined by diffraction of light at the prism edges (as in the case of a slit). When
the prism is oriented to the least deviation angle in accordance with Rayleigh's
criterion,

62 = & | dnldh |,
where b is the width of the prism's base (Fig. 5.28), and dnldk is the dispersion of
its material. Derive this formula.

Ans. Suppose the incident light consists of two wavelengths A and A + A which are just
resolved by the prism. Then by Rayleigh’s criterion, the maximum of the line of
wavelength A must coincide with the first minimum of the line of wavelength A + dA,
Let us write both conditions in terms of the optical path differences for the extreme rays
: For the light of wavelength A

bn-(DC+CE)=10
For the light of wavelength A + &6 &
b(rn+dn)-(DC+CE) = h+dhA
because the path difference between extreme rays equals A for the fist minimum in a single
slit diffraction (from the formula asin® = A ).

Hence bin = b

and Reub

5 A -b

on dn
LY d M




Q.144. A spectrograph’s trihedral prism is manufactured from glass whose
refractive index varies with wavelength as n = A + B/A?> where A and B are
constants, with B being equal to 0.010 1pm? Making use of the formula from the
foregoing problem, find:

(a) how the resolving power of the prism depends on k; calculate the value of AL0A
in the vicinity of A1 = 434 nm and A, = 656 nm if the width of the prism's base is b =
5.0cm;

(b) the width of the prism's base capable of resolving the yellow doublet of sodium
(589.0 and 589.6 nm).

Ans.

A dn
(a) ﬁuﬂ-b -—

d
For b=5cm,B=001pm> A =0434pm =5x10"um

R, = 1223 x 10*
for by = 0656 pm
Ry = 03542 x 10°

= 2Bb/%

(b) To resolve the D-lines we require

Thus 932 = {—'j'

3
b = QEZxDUﬂjEQSI Jm = I{]ﬂixlﬂ"um = 1405 cm

Q.145. How wide is the base of a trihedral prism which has the same resolving
power as a diffraction grating with 10 000 lines in the second order of the
spectrum if | dn/dn| = 0.10 pm=17

= kN = 2x10,000

bx010pm™" = 2x10*
b=2x10"pum=02m = 20cm.

Q.146. There is a telescope whose objective has a diameter D = 5.0 cm. Find the
resolving power of the objective and the minimum separation between two points
at a distance | = 3.0 km from the telescope, which it can resolve (assume A = 0.55

pm).



Ans. Resolving power of the objective

D 5x10°2

- - = T‘ﬁ b4 1"]‘
122h  122x055x10°°

Let (A¥)ma be the minimum distance between two points at a distance of 3.0 km which
the telescope can resolve. Then

[ﬁﬂ.m,_ 122h 1
3x10° D 7-45 x 10*

(8y)mn = =240 004026 m = 403 cm.

T-45 = 10

Q.147. Calculate the minimum separation between two points on the Moon which
can be resolved by a reflecting telescope with mirror diameter 5 m. The
wavelength of light is assumed to be equal to A = 0.55 pm.

Ans. The limit of resolution of a reflecting telescope is determined by diffraction from
the mirror and obeys a formula similar to that from a refracting telescope. The limit of
resolution is

11222 (Ay)un

D L

==

where L = distance between the earth and the moon = 384000 km
Then putting the values L = 0-55pum, D = 5m
we get (Ay)me = 51-6 metre

Q.148. Determine the minimum multiplication of a telescope with diameter of
objective D = 5.0 cm with which the resolving power of the objective is totally
employed if the diameter of the eye's pupil isdo, = 4.0 mm.

Ans. By definition, the magnification

angle subtended by the image at the eye '
angle subtended by the object at the eye

122
D

At the limit of resolution

where D = diameter of the objective

122 %
dp

On the other hand to be visible to the eye ' =



where do = diameter of the pupil

Thus to avail of the resolution offered by the telescope we must have
1220 ] 2% D

r - -

=4 D 4
D 50 mm

rm-d{,,t 4mm 125

Q.149. There is a microscope whose objective's numerical aperture is sina = 0.24,
where a is the half-angle subtended by the objective's rim. Find the minimum
separation resolved by this microscope when an object is illuminated by light with
wavelength A = 0.55 p,m.

Ans.
C
A B'
90-L
B A
D

Let A and B be two points in the field of a microscope which is represented by the lens
C D. Let A" ,2T be their image points which are at equal distances from the axis of the
lens CD. Then all paths from A to A" are equal and the extreme difference of paths from
Ato B'isequal to

ADB' -ACFHE
=AD+DE -(AC+CBHE")
=AD+DB -BD-DF

+BC+CB -AC-CFH
(as BD+DB =BC+CH')
s AD-BD+BC-AC
= 2ABcos(90°-a) = 24 Bsina

From the theory of diffraction by circular apertures this distance must be equal to 1.22 A
when B’ coincides with the minimum of the diffraction due to A and A’ with the
minimum of the diffraction due to B. Thus




Here 2a is the angle subtended by the objective of the microscope at the object.
Substituting the values

o 061 x 035

AB 034

m = 1-40 pm.

Q.150. Find the minimum magnification of a microscope, whose objective’s
Numerical aperture is sina = 0.24, at which the resolving power of the objective is
totally employed if the diameter of the eye's pupil is do = 4.0 mm.

Ans. Suppose dmn - minimum separation resolved by the microscope y = angle
subtended at the eye by this object when the object is at the least distance of distinct
visionlp (=25cm) .
1-22

dy

y' minimum angular separation resolved by the eye =

From the previous problem
0-61 A
drun = sino
dma 0613
and Y= T Lysina

Now

. angle subtended at the eye by the image
T = magnifying power = angle subtended at the eye by the object

when the object is at the least distance of distinct vision

z}E-I-Z 'ﬁ]- sin O
Wy dy

Iy 25
ol - 024 = 30
| - Z[dn]sma qu_4xl]24

Thus

Q.151. A beam of X-rays with wavelength A falls at a glancing angle 60.0° on a
linear chain of scattering centres with period a. Find the angles of incidence
corres- ponding to all diffraction maxima if A = 2a/5.

Ans. Path difference



= BC-AD
= af{cosB0® -=cos)
For diffraction maxima

alcosbl” —cosa) = ki,

since A = %a,w:gd

B =
e
-

CO5 (L =

And we get

k= -1, cosa= %+§—r = 09 o= 26%

k=0 cosa===05,a = 60°

=], = 84°

FAT I

Wi LA

Other values o f k are not allowed as they lead to | 1>

Q.152. A beam of X-rays with wavelength A = 40 pm falls normally on a plane
rectangular array of scattering centres and produces a system of diffraction
maxima (Fig. 5.29) on a plane screen re- moved from the array by a distance | = 10
cm. Find the array periods a and b along the x and y axes if the distances between
symmetrically located maxima of second order are equal to Ax = 60 mm (along the
x axis) and Ay = 40 mm (along the y axis).



Ans. We give here a simple derivation of the condition for diffraction maxima, known
as Laue equations. It is easy to see form the above figure that the path difference
between waves scattered by nearby scattering centres P1and P2 is

P e

Pzﬁ—Pl.B =Fr S=-r-
SRR =T

—— , —»
Here r is the radius vecior P, Py . For

=
M

—
3.

-
Bo
4 P: g
.l" -
I
- J; ey
A 7T
- >
P B 3

maxima this path difference must be an integer multiple of A, for any two neighbouring
atoms. In the present case of two dimensional lattice with X - rays incident normally

r 5= 0. Taking successively nearest neighbors in the x - & y - directions

acosc = it h
bufmﬁ =k

Here cosa and cos are the direction cosines of the ray with respect to the x & y axes of
the two dimensional crystal.

cosm — 3% sin['lm"l%;—‘} - 028735

Viax)yY+ai?



S0 using h =k =2 we get

qas= ;E;;;j pm = 0278 nm
Similarly cos p = — Ay sm(mn‘l%ﬂ = 19612
V(ay)P+4ar®
80
b= msﬁpm = 0-408 nm

Q.153. A beam of X-rays impinges on a three-dimensional rectangular array
whose periods are a, b, and c. The direction of the incident beam coincides with the
direction along which the array period is equal to a. Find the directions to the
diffraction maxima and the wavelengths at which these maxima will be observed.

Ans. Suppose a, B, and y are the angles between the direction to the diffraction
maximum and the directions of the array along the periods a, b and c respectively ( call
them x, y, & z axes). Then the value of these angles can be found from the following
familiar conditions

al(l-cosa) = kg A

beosf = kgh and ccosy = k3 h
where K, k;, k; are whole numbers (+, —, or0)

(These formulas are, in effect, Laue equations, see any text book on modem physics).
Squaring and adding we g et on using cos” o+ cos” f+cos”y = 1

i 2 2
2—2:0&&-[[%] ...(%._] +{%] ]lz _Zir:l
R El:]fa
Thus [“’r]-"I‘I}z+{k2f'3}1+[k3ja}2]

Knowing a, b, ¢ and the intr,g-tr ki, ky, k3 we can find a0, P ,-‘y' as well as A

Q.154. A narrow beam of X-rays impinges on the natural facet of a NaCl single
crystal, whose density is p = 2.16 g/cm® at a glancing angle 6 = 60.0°. The mirror
reflection from this facet produces a maximum of second order. Find the
wavelength of radiation.

Ans. The unit cell of NaCl is shown below. In an infinite crystal, there are four Na" and
four CI" ions per unit cell. (Each ion on the middle of the edge is shared by four unit
cells; each ion on the face centre by two unit cells, the ion in the middle of the cell by
one cell only and finally each ion on the comer by eight unit cells.) Thus



M _ 3
41"{4. pra

where M = molecular weight of NaCl in
gms = 585 gms
N, = Avogadro number = 6023 x 107

1 ..“J M .
Thus 2::- AN p 2822 A

The natural facet of the crystal is one of the faces of the unit cell. The interplanar distance

d = %—a - 2822 A

Thus 2dsina = 24
So ho= dsing -2'822;5;1%-244 pm.

Q.155. A beam of X-rays with wavelength A = 174 pm falls on the surface of a
single crystal rotating about its axis which is parallel to its surface and
perpendicular to the direction of the incident beam. In this case the directions to
the maxima of second and third order from the system of planes parallel to the
surface of the single crystal form an angle 6 = 60° between them. Find the
corresponding interplanar distance.

Ans. When the crystal is rotated, the incident monochromatic beam is diffracted from a
given crystal plane of interplanar spacing d whenever in the cours V of rotation the
value of 0 satisfies the Bragg equation.

We have the equations 2dsin @, = kyA and 2dsin®, = ky A
But n-28, =a-28,+a or 20, =20;-a

13
50 Bg-ﬁl+2.

Thus .!.d{sinﬂlcosg +msnlsin5} = kA

2 2 ;
-



Ky=#

.o o Kfs
Hence Edsmicmﬁl = [h-hmﬁi}l -;[..?,32.
also stingz-sinﬂl - tllsin';-
12
. ' , o 2 2 i |

Squaring and adding ZdSmE = (i:l + ky -Eklksz] A

" 2
Hence d= [k|2+k.f—2k,kgms%]

2 sin =
2

Substituting a=60",k=2,k=3A=174pm
we get d=281pm = 281 A

(and not 0-281 pm as given in the book.)
(Lattice parameters are typically in A's and not in fractions of a pm.)

Q.156. On transmitting a beam of X-rays with wavelength A = 17.8 pm through a
polycrystalline specimen a system of diffraction rings is produced on a screen
located at a distance | = 15 cm from the specimen. Determine the radius of the
bright ring corresponding to second order of reflection from the system of planes

with interplanar distance d = 155 pm.

Ans. In a polycrystalline specimen, microcrystals are oriented at various angles with
respect to one another. The microcrystals which are oriented at certain special angles
with respect to the incident beam produce diffraction maxima that appear as rings.

The radial of these rings are given by

r=Itan 2 @
where the Bragg's law gives . e l
2dsine = kh - £---]2uc T
Inourcase k=2,d =15pm, A = 178pm
S0 L = sin'1ﬂ= 66° and r = 352 em.
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