Chapter 10

MISCELLANEOUS
THE HODOGRAPH. MOTION ON
REVOLVING CURVES.
IMPULSIVE TENSIONS OF
STRINGS

End of Art 135
EXAMPLES

L If 7 be aoy point on the parabels, § it fecus, P the perpendiclor
on the divectriz, and &1 the parpendicalar cu the taugaot nh P then

Vly. PE=3y . §P=2 5%

Henoe & F is perpendiculr bo, and varies as, the velocity. The Tiodngraph
= 4hue the losws of 77 turoed through a mght angla, &.e {t 18 & vertical
straight line, and it is deseribed with uniform veleeity, since the: velocity
in the hodegraph is equal to the secolerstion in the path.

2, "The polar reciprocal of & conie with respedt o 1t foous iz a civcle,
apd 3f the nomic e-a parshola (his circle passes through the foens Hence,
eto, by Art 130

&

3, By Ark 40, v=n/p. 0D, Henee 00 38 parallat and proportional to the

velocity, Heties, wte

4. i e By {0 )= Low gin? g. Henco, ot

& )
ST atorosf’ :
birned through a vight angle abotit e centie of fores

. ; b
Bow= Henon the hoadograph i= the parahola Ly

af - 2
8§, For the bodograph ; g*=lr, anid ':—3- 17, =6 that y= Fednd .1:=PT &
3 Ll

s :
For the path ; %’?-ﬁa&%ﬁ. sl %=§y=kﬁ'.

i ¥ o
i J!‘.'u'-i:;t—z # A, and I":’}'L—g— 14 B a0 that {}’—ms—ﬁ; P §

7. Tith the tiotation of Art 100, the figore being inverted, wa fanys if
the porticle start at o depthoa— b below the yortex
e 2 [T cont (A D —lo =) ]=2g {2 cos 2447, wheve d=L Q40
1 the particls sbarts feom the highest point, e b=gand 7=3x/gaensd,”
so that the hodograph isa circle. i
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il —.L b ,-4ota, Hence the bodo i the equi-
B-o. vuﬁ=§‘3]uu_ a_ﬁinqe a : E!‘&P\h -
angular epiral r=he" 4% purried through an angle a chont-the pole.

9, . the pole, Pany poind on the enrve, 8T tha parpendicalar upon tha

tangent PP Then, since
wi=atooedd, tan ;STT=E§£= = ot 28w tan (% +ﬂf§) 3

bo that =L FSX =84. Henes
E - AE - h2 o
VI~ Faosidd oo g
Hones the hodograph is the curve 3 =A% aec? S turned through a vight
angle, ¢ it is the curve

2 r -2
PLI - el B PV el
e (3 5 <j}) A geg g

=

10, (®, y)any point on the curve and (g, ») the correaponding point on
the eirgle. Then
el .
= A =D (a4 cos wf), and %n}w-h{z i et
O }-L-.itijl edy and y_R (1 — o8 et
k o & @

if fhe particle is at the origin when =0, Henos, ete,
13, z=acos 8 y=asing, and 2 =af tan g, go that i ),
cosa
2 ey ?
Then — Xi=hed (Lg) —3. 2g sin? 6 cos? & (b — af tan a),
2 o fdyy?
Fi=hy (EE) =h. 2y cos® d cos’ o (h—af tana),

" a3 .
and EF= it (ﬁ) =\ 2g 8in® g (b—afd tan g).

o AP PR oot? q, and Z¥=Bhgainta (b - g tan g tan—1 %}
Henes, eto.
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End of Art 140
EXAMPLES

L. The perpendicular O upon the tuba revolves with constant sagular
veloelty w, 50 that the acceleration of ' is aw® slong 0 aud 1= 5610 per-
pendicular to €0, Hence, if CP—, we have

wE Nt
Henee o= 4 sinh (wf+ B}, Also, when £=0, =0 and #= — qu.

Ff—rui=0 and ;:-a¢a3+ ii(ﬁ*"&ﬂ = e + e,

Soor= —nsinh ef, nd g: — e [2 cosh wt —1].
2 Tor the raotion of the Pﬂ.!"ﬂic].‘i! with respeat to the tube put on an
extra fovee sma® e sin @ outwards feoin the given rli'lﬂ.‘."ﬂ.ﬁb&l.
Then af= — g gin f4-ng sin f cos §, and aﬁ:a—?g sin® @ — g cos @,
. off=2g eonfl f-ng s 429, sinoa =0 when d—=n,

a M./H'{l + 3] ’r.au‘"‘g

1 e Sk b
= & Hotvor : L Pl
p’1+nlu‘° |:a.a']+-i-e-._q.uﬂ+,\/1+{l-[—»}tan gu

=——— lor [a.,. lg-n4 ﬁ-‘rﬂ +ﬂ-]

) ﬂ.fl_
3. Asin Ex, E,aaﬁ—ﬂg oo - wﬁaﬁiu"ﬁ+ﬁ
: = m[ﬂﬂﬁs?gmﬂ-l-mniﬂ ﬂms‘*ﬂ:| since e () when d=a

" Hemee =gt amig(omig—ms“ u)
1 -cﬂsm‘ tﬁﬁ 1 mtg
BT R = ir e 30T —=.b
. @
EHD— \/mtgﬂ i GD{:S— .-'.:Elln.?_"_. r \ 'Dl}tlﬁ
~since # =g when (=0, Hence, ete.
4, af= mgasmﬂmﬂﬂ-gmnﬂquh Hm'ﬂosgma}smg.
7. L Vi sonag b i ey 1w DY {1}
: E =g 2
This hold& unkil t.'tm ﬂtrmg ]:uamrmes un.ata'etcned w6 uut11
) !
t!m-—-ﬂﬁ, whan ﬂ_

f T]:lemc-tmn is thenglvenhv e G T L T

; L T g wsﬂﬂ_‘;—-"g{l—maﬂ}+d+_;.,. i)

The walue of ¢ given by (1) and (2) riust he the saie- wlmn i—~¥, -
f-h&t .e:l-l me (43 g—ﬂ when E.—--g-,, it fluudg Hanuu, eta
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5, As before the yolative motion i gwen ]Jj’
aflwat o (1 oo fuind, so that'd!mde? [1— iR H] - N}Eﬂﬂz e

+o! '
e atmd [ ‘m [ mtﬂ] +"'_=- % ¢=2t&n"1 (o)
i ok Fsmﬂ—- s e
o

-8, !15 hﬂ&mﬂﬂﬂmﬂ gsm{? Hﬁnu& t.he.re Iﬁ l'eIﬂ.twa equ.lllhnum
* when 3='l or wheri ""U‘Hdﬂaa : ;

it Lol mﬂ}E Lot oow z=-Z and pub 6= a+¢-, where v is b!ﬁﬁﬂl i
3
: .Then ﬂ;—-ﬂr[gco.du nﬁca&&x}——~¢}a

o mﬂ

Jete

Semnﬂl;p’ 1f m?-:-_:E ilhe relative &qulllbnum is gwen bj" E? ﬁ
:Ii'ehﬁam&.ll th&ﬂﬂff-—--ﬂfg ns‘* et«:.._ i T,

T, #=4ay. The auee]e.ratwn to norease a

2 Bova (mz—ti
— b & g5y —"" . Hence, etc.
Va Y e N P

8. i¢=3ﬁ“+ﬁfﬂ oy dy — 2 (20 —w)= By + oy 2y (v —2a)
]
'-=§ [%+ B —a®]
Henoe p=1, when
alzin? #¢1 4-ooe 812 4-2a’ cos @ {1 +oos 8 —of=0,
t.e, when G=coa &[4+ 2 cos § — 2 cos® §— cos® §]escos 8 (2 —ooe® @) (24008 6],
the only solution of which is cos =10,

H s 2
6 T — &, and @=ﬂp la =V ., B=—
p ds P
T
Henes, by Art. 138, #=F+2meV=2me F‘I'—p“-

10, At time ¢, let & be the sirefched length of & portion of the steing
wheso unstretehed length was & and 77 the tension at distanes 4. Then

dp - nb;:T

T— ([ T+dTi=wx , mdE, where X

h§§=—qm”$ m—ﬁ&m[\/—f+3:[ imn[ +B]

Mow 2=0when =0, Alao T'=i, {4 .-:E_.E_l when &=t

. B0 and 1=2% cas 0. Henoe, when f=a, =4 sin 8=1 tan 0.
i
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oy i G §
11, Here =0 and ¥ =wmlr 008 g, to F=etroost a
i
Fle—e? poal g (v - of cos? )
For initially &4 0w sin a==0, 2.6, #4 @o sin a cos a=0, Lo f= — ¢t S0 &GOS 8,
whon e o Henee =0 whon y =0 008 o
med  msing.e!  mosine

Also B —melr ain a= 5 = ¢~ reosa
1
5 B—imobsin & (ET—LL-E&).
Hence =+ Smar= 8 4 Zmaty i — gt conl g
a0 that, when r=goose, R=me’eEinacosm

and, when 7me, £=me’sin a {24 - ¢ c05* o)+ Jmae'a sin a=ebe,
12, Put stiy= o™, and we obtain
p=ﬁ-§—’f{m—ﬁ], or = (u-l-’;-z'f_m{—a}, where & 3 can be found.

Henes if u—g w—F=8 M= (a-i-g)ﬁaﬂdﬂmlm-i-ﬂl

we have 744y = {4+ Bi) 6 (con 8 =1 €in 86+ (C4 L) & (cosnt— i sin nt),
a0 that =¥ [ 4 eos 8+ B sin 3]+ e [ oos na - Dain o],
and #==" [ — A sin &t + Boos 8]+ ¢ [ - Qsin ni+ D cos nt].
These reduce to the given equaiions if we are given that, whem #=0,
then arel, ye=0, @=qpand F= —&

13, The tension of the stﬁng:hf, g0 that the equations of Art. 51

- bagomme, o putting E{%=m3mﬁ,

[ﬂ?—l—w*{nﬁ—lj]x Bafly=10, and [DP4nd (0¥ = 1]y -+ LeDe=l,
- [FE 4l (0f - 1}]{v+a,yj+2mzﬂ{x-'-1y]“-ﬂ,
Pntﬂug a+13.| Aer, we have p=ai or — i, where
ge=in-— e and Feing1}o
L x+ay={,ei+ﬂfj (comwt 49 gin s+ (O I} (gos 8 —4 sin Gi).
== oon ot — B gin ol 4 C'cos 3+ £ =in 1,

and g dsin gt + Beos at— Osin 8240 cos S
Now, when ¢=0, =g, #=0,y=008nd g=0.
S G
G2 ~arg M B=D=0.

- Henee, on puttmg af'=1,-wa have”

et (Deste
_[a—— (lur-)]mnﬂ——(I——)m'nﬂll'lﬂ oy

which are the equaticny of o hypoeyoloid, whara ﬂ:m rndrus of tha ﬁx@d
circle=a, and tha.t of . ‘r.11¢ rcﬂlmg cirels 3 :

EE
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14, Tét A be the starting point, P any point on the tube, P perpen-
‘dicular to the verhmll thmugh A, and WV thﬁ perpendmulm upﬁu the
Cwerticsl axis :

Then the Mﬁele‘mf:ﬂ]:l m*NPmaqulmlant o mﬂﬂﬂ amii mﬁfﬂ’ﬂ Hence,

3 1fz[P-3: we ha,.ve . i

m-w” Mmﬂn*gﬁﬂsq m-ﬂ'.!il‘i:lE [ 9 q]

*sm“’u

%-HT Amnh[mmnuﬂHBsm‘u{umuuz}

: s
Now, when t=-{‘l- m-iﬂl aﬂd =iy, ,.4= 'u—ﬁ-ﬂ-?—.andﬁ—ﬂ.-

-"e"_"g EID:"R [1 - e::-ah (@ Bin utj]— '—ﬁ: D:Si smh’ I[-é-m sin uﬁ}
i

End of Art 143

1. Eguation [4) of Art, 142 gives
E_E‘IT_-'I - g _a_gw—-P_E—(r-H
dlg=—i,30th&ti—a:l.lﬁ +.BE __ﬂ’:"___ﬂ-:;._. ﬂ'.-,
since =1 when =0 snd =0 when d=m.
- ad @ dr 8 2
2, Hare tan -:;.q:sﬂ-a;- =g 80 that AT wnd p=r, Ji3’ and henes
elr *'13 BT 4T ;
p=i e . Hence eguabion (4} of Avt, 142 gives e Putting
4
Pmpr® we llave pm 5 01—
g
o P dpdb g B b= 04 Doz,
i
where Tye= 04 D and 0= 05"+ D3,
R Ta
&0 that AT . Hence, ete,
PR I |
3. Hero tan qb=§ 'E=i = o and =Er Henes we have
] R P L T ke i
2T Bd T 5

& T T AT
Putting 7'=v%, we have nmE or —L, so that T=Ar¥ 4 BrY,
But £'=2 when r=1, and F=1 when »=206, so that 4 =0 and F=2.

2.3
Henee when »=581, T_..,Td 3— ;
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4, Let T be the blow, per unit of length, on the upper sphere, 5o that
N
A

Alsg, if T, is the jmpuleive tension in the wire, then
Ty, 2am = Tgina, 2, whore # iz vory small,
o St L L
. Fy=rsin uT—ﬂ. i Tt
§, Let AOF be the horizontal dismeter, B heing tha point at which the
vertical part of the string i= tangential, and let f{=ay) be the scceleration
of this siving af time 2
Then, & being the angular distance of any point of the string in the tube
frorn A, we have
mabd . f=(T1d T cos 58— T— g i vos 8=&1"— myn déd cos 8.
* anaf (8 =)= T=saga (sin § — sin ), since T=0 when f=1.
Henwce, if T Is the tension ab 5,
ginitf [ — ) = T Fongo ain

7 =2, T oo o ik |

Bat, for the vertical portion of the string, we have
manfe . ¥=—T) Lamgen.
Hence i =mg (Ybsin ), ge emjr=g (Y +sin §).

T - \;.-—} gin 1;,-
Alag i gind —sin P4 {@—p), 220
The maximium valoe of 7'z given h:,.' fi—i:ﬂ, and then coafd= — i :
T

6. At any moment let 3 and 3 be the vectorial angles of the ends of the
- ghain, For any efement of the chain, if #be ¥s acceleration, we have
mida. F={T+3T) con dde — Thmpr . da cos a= 8T +aips. & cos? o

mfs=T+%f Foestedad gl

~-Sinoe the tension iy zere aé sach end, this gives
3 E-—'F 4= aﬂ*]mﬁ?u, t:.@._,r-— (8, +2g) cos® o

Thﬁ distance of & pm. ticle at- i'r]:na mridd]e point of t.hﬁ* chain from the pole

s +
i ¥ 5 'ﬂ , G084, m:-d hama b a@cel&mtmu

bopan o A '
=p[umsa cog u:-—{a +sﬂ)cunﬂu-f

2
Alza {l}gwes; _
' T+—'“raﬂ g chos” —m_f (g =& m’"’{s +$ }(a & }naa*a
_ .E .3 2 .EI f'
: .T;@mﬂ?d{s—s ;[a +s -{H-H. ]-—m-:- { =
s 2 L ‘s ki ﬂ””r *}

|=E.$'[|':—E:Iﬂﬂﬂtd i i
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