Relations and Functions

Cartesian product of two sets: Two non-empty sets P and Q are given. The Cartesian
product P x Q is the set of all ordered pairs of elements from P and Q, i.e.,

PxQ={(p,q):p€PandqeQ}

Example: If P={x,y}and Q={-1, 1, 0}, then P x Q = {(x, -1), (x, 1), (x, 0), (v, -1), (v, 1), (v,
0)}

If either P or Q is a null set, then P x Q will also be a null set, i.e, P x Q= ¢,

In general, if A is any set, then A x ¢ = @,

Property of Cartesian product of two sets:

If n(A) = p, n(B) =q, then n(A x B) = pq.

If A and B are non-empty sets and either A or B is an infinite set, then so is the case with A x
B

AxAxA={(a b,c):ab, ceA}. Here, (a, b, c) is called an ordered triplet.
Ax(BnNnC)=(AxB)n (Ax()

Ax(BUC)=(AxB)U(Ax(C)

Two ordered pairs are equal if and only if the corresponding first elements are equal and
the second elements are also equal. In other words, if (a, b) = (x, y), thena =xand b = y.

Example: Show that there does not existx,y € Rif (x-y +1,4x-2y-6) =
(y-x-4,7x-5y-2).

Solution:ltis giventhat (x-y+1,4x-2y-6)=(y-x-4,7x-5y-2).
=>x-y+l=y-x-4and4x-2y-6=7x-5y-2

=2x-2y+5=0 (1)
And-3x+3y-4=0 - (2)
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Since —3 3 —4, equations (1) and (2) have no solutions. This shows that there

does notexistx,y € Rif(x-y+1,4x-2y-6)=(y-x-4,7x-5y-2).
In general, for any two sets Aand B, A x B # B x A.

Relation: A relation R from a set A to a set B is a subset of the Cartesian product A x B,
obtained by describing a relationship between the first element x and the second
element y of the ordered pairs (x, y) in A x B.

The image of an element x under a relation R is y, where (x,y) €R

Domain: The set of all the first elements of the ordered pairs in a relation R from a set A to
a set B is called the domain of the relation R.



Range and Co-domain: The set of all the second elements in a relation R from a set Ato a
set B is called the range of the relation R. The whole set B is called the co-domain of the
relation R. Range SCo-domain

Example: In the relation X from W to R, given by X ={(x,y): y=2x+ 1, x € W,y € R}, we
obtain X ={(0, 1), (1, 3), (2, 5), (3, 7) ...}. In this relation X, domain is the set of all whole
numbers, i.e., domain ={0, 1, 2, 3 ...}; range is the set of all positive odd integers, i.e., range =
{1, 3,5, 7 ..}; and the co-domain is the set of all real numbers. In this relation, 1, 3,5 and 7
are called the images of 0, 1, 2 and 3 respectively.

The total number of relations that can be defined from a set A to a set B is the number of
possible subsets of A x B.

If n(A) = p and n(B) = g, then n(A x B) = pq and the total number of relations is 274.

A relation R from a set A to a set B is said to be a function if for every a in 4, there is a
unique b in B such that (a, b) €R.

If R is a function from A to B and (a, b) € R, then b is called the image of a under the
relation R and a is called the preimage of b under R.

For a function R from set A to set B, set A is the domain of the function; the images of the
elements in set A or the second elements in the ordered pairs form the range,while the
whole of set B is the codomain of the function.

£ ={(-1,3)(0,2).(1,3),(2,6),(3,11)]

For example, in relation - 'since each element in A has a

unique image, therefore fis a function.

Each image in B is 2 more than the square of pre-image.

()= * 22 .. 2
Hence, the formula for fis J “] . +'Or Jix—=x 42

Domain ={-1,0, 1, 2, 3}
Co-domain ={2, 3, 6,11, 13}
Range ={2, 6, 3, 11}

Real-valued Function: A function having either R (real numbers) or one of its subsets as
its range is called a real-valued function. Further, if its domain is also either R or a subset
of R, it is called a real function.

Types of functions:

Identity function: The function f: R = R defined by y = f(x) = x , for each x € R, is called the
identity function.

Here, R is the domain and range of f.



Constant function: The function f: R —» R defined by y = f(x) = x, for each x € R, where cis a
constant, is a constant function.

Here, the domain of fis R and its range is {c}.

Polynomial function: A function f: R = R is said to be a polynomial function if for each x €
R, y=fx)=a’+aix+_+anx"awherenisa nﬁ}(ﬂ)?-jnegative integer and ao,ai, ..., an ER.

X
Rational function: The functions of the type £(x) , where f(x) and g(x) are polynomial
functions of x defined in a domain, where g(x) # 0, are called rational functions.
Modulus function: The function f: R — R* defined by f{x) = |x| , for each x € R, is called the
modulus function.

In other words,
Signum function: The function f: R — R defined by

Lifxr>0
Flx)={ 0ifxr=0
—1Lifxr<0

is called the signum function. Its domain is R and its range is the set {-1, 0, 1}.

Greatest Integer function: The function f: R = R defined by f{x) = [x], x € R, assuming the
value of the greatest integer less than or equal to x, is called the greatest integer function.

Example: [-2.7] = -3, [2.7] = 2, [2] = 2

Linear function: The function f defined by f{(x) = mx + c, for x € R, where m and c are
constants, is called the linear function. Here, R is the domain and range of f.

Addition and Subtraction of functions: For functions f: X - R and g: X — R, we define

Addition of Functions

(f+9): X—->Rby (f+9g) () =flx) +g(x), x€X
Subtraction of Functions

(f-9):X—>Rby (f-g) () =fx) - g(x), x€X

Example: Let f{x) = 2x - 3 and g(x) = x2 + 3x +2 be two real functions, then
F+9) () =/ +9(x)

=(2x-3)+ (x2+3x+2)

=x2+5x-1

F-9) =/ -9()

=(2x-3) - (x2+3x+2)



=-x2-x-5
Multiplication of real functions: For functions f: X - R and g: X = R, we define
Multiplication of two real functions

(fg): X > Rby (fg)(x) = f(x). g(x) x€X

Multiplication of a function by a scalar
(af): X — Rby (af) (x) = af (x) x € Xand a is a real number

Example: Let f{x) = 2x - 3 and g(x) = x2 + 3x +2 be two real functions, then
(fg) (x) = flx) x g(x)

=(2x-3) x(x2+3x+2)

=2x3 +3x2-5x-6

(2f)(x) = 2./(x)

=2x(2x-3)

=4x-6

Addition and Subtraction of functions: For functions f: X - R and g: X — R, we define

Addition of Functions

(f+9): X—->Rby (f+9g) () =flx) +g(x), x€X
Subtraction of Functions

(f-9):X—>Rby (f-g) () =fx) - g(x), x€X

Example: Let f{x) = 2x - 3 and g(x) = x2 + 3x +2 be two real functions, then
(F+9) () =/1x) +9(x)

=(2x-3)+ (x2+3x+2)

=x2+5x-1

f-9)=1x) -g(x)

=(2x-3)-(x*+3x+2)

=-x2-x-5



