Exercise 14.8

Answer 1E.

We need to find the extreme values of °f subject 15 a constraint gix, ¥) =8, or we
need the extreme values of °f when the point (x, ) 1s restricted to e on the lewel
curve g(x. »)=8

The figure shows the curve together with several level curves of . To
mazximize fix, ¥) subjectto g(x, ») = 8, we find the largest value of ¢ such that the
level curve fix, ¥) =c intersects g(x, ) = 8. This happens when these curves just
touch each other, that i1s when they have a common tangent ine. Therefore from
the figure we find that the maximum value of =59

Similarly to mimmize f{x, ) subject to g(x, ¥) = 8, we find the smallest value of ¢
such that the level curve f{x, ) = c intersects g(x, ), which happens when these
curves just touch each other that 1s they have a common tangent. From the figure
we find the minimum value of =[30|

Answer 2E.

Method of Lagrange Multipliers:

Let f(x,y,z)be the function subject to constraint g(x, y,z)=k .Assume that the exireme
values exist and Vg =+ (on the surface g(.n rrﬂ:-:] =k .Find all values of x, y,z and Asuch
that Vf(x,y,z)=AVg(x,y,z)and g(x,y,z)=k Now evaluate f at allthe points that

come from above step. The largest of these values is maximum value of £ and the smallest is
the minimum value of f.



Use maple to draw the graph of x* 4 y* =] and curves x* 4 y = ¢for different values of c.

3_

(a)
From the graph, observe that when ¢ =1 and -1, the curves x* + y = cjust touch the circle.

When c = 1, it is the largest value of c such that the level curve x* + y = cintersects x* + y* =1

- This gives the maximum value of function f { X, _p) =x + y
And when ¢ = -1, it gives the minimum value of the function f(x, _}r) =X +y

(B)

The objective is to find maximum and minimum values of f by Lagrange multiplier method.
Given f(x,y)=x'+y

And the constraint is; g(x,y):x* +y* =1

From Lagrange's method of multiplier find x, y and  such that V£ (x, y)=4Vg(x,y)

And g(x,y)=k

Now. f, =2g,. f,=4g,
And g(x,y)=k

So, 2x=42x. 1=42y

And x* 4+ y* =1



From first equation 4 =]0r x=(
And then %Dr}!:il

Therefore;

Evaluate f on these points;

f(0.1)=1
7(0.-1)=-1

Therefore maximum value of f is at [i

And minimum value of £ is-1at (0,-1).



Answer 3E.

We wish to minimize and mazimize

Fxy)=x+y*
subject to the consiraint
glx.y)=ow=1

Use Lagrange multipliers as follows. Calculate Vf = AVg. Along with the constraint
equation g(x, y) =1, this will provide a system of three equations in three variables.
The solution (x,)7) to these equations that gives the largest value of f will be giving the

maximum value of £, the solution that gives the smallest value of f will be giving the
minimum value of /.

Find the equations resulting from Vf = A¥gz . When taking partial denivatives, hold one
variable constant and differentiate with respect to the other, as follows:

Je =g,

21_— Ao )

£ o ﬂ.g’

2y=Ax

Solve the system of equations formed by the equations in (1), 2x= Ay and 2y = Ax, and
the constraint equation xy=1. First use the first equation 1n (1) to get an ezpression
for 4:

a==
¥y

Plug this into the second equation in (1):
2y =Ax

=2y = [E]x
¥
= 2_}?1 =2x"

:}yi .

Now solve the constraint equation xy =1 for y and substiute 1t 1n to (2):

1
P
X

2
(l) _
x

=1
=741



Back-substituting into y = l gives the points (1.1) and (-1.-1) as the (x,_}r) solutions to
x

the system.
We plug the points (1,1) and (-1,-1) into the function f, the largest result should be the
maximum value of f and the smallest result the minimum value.

FLD=174+1°
=2
FEL-D =0 +(-1°
=2

Since fhas the same value at both, 1t must have either a mazimal value or a minimal
value at both points. We check to see which it 1s by plugging 1n another arbitrary (x,))
value that satisfies the constraint equation x=1 and seeing whether the function value 1s

greater or less than 2. Choose [2, %) :

egee)

=4+l
4
17
4
which 15 greater than 2. So 2 must be the minimal value for £

[The function £ has a minimum equal to 2 at (1,1) and (-1,-1), and has no mazimum|

Answer 4E.

We have f[x,_}r) =3x+yand 22+ y* = 10 . Let g(x,y) = xz+y2— 10.

Find Vf and Vg .



Let Vf = AVz.

3 = 2ix (1)
1= 24y —(2)
£+y =10 (3

B 1
Now, from (1), we x = — and from (2), we =9 5
(1), we get i (2), we get y o5

Replace x with % and y with ;—Ain 4 y* = 10 and solve for 2.

O 1
YRy i
422 =1
.:F:l
4
jl:il
2

Then, we get (3, 1) and (3, —1).
The mazimum value of fis f(3,1)= 10 and the minimum wvalue of 7 1s

j(—3,—1) =-10.
Answer 5E.

Given f(x,y) =_}r2— x
Let f and g have continuous first partial denivatives such that fhas an exiremum at a point
(X0, 30, Zo) on the smooth constraint curve g (x,_}r,z) =3

If"i"g(x,_}r,z)i 0, then there iz areal number 4 such that
V7 (%, Yo. 20) = AVE(%. 7. 2p)-

Let g(x,_}r) = %x’+y2— 1.
We know that gradient of fis givenby Vf = ( S _;;)_

Find Vf (x, _}r) and Vg (x, _}r).
Vi = (—21, 2_);)

x
Vg ={—. 2
e =(%.2)

Then, Vf = AVg or {2z, 2y) = .:1(%, 2y>.



On equating the like terms, we get —2x = x_: or x(.ii.+4) =0 and 2y = 2y4d or
2y(1- 1) = 0.From x{A+4) = 0, wecansay x=0 or 1 =4.

Replace x with 0 1n %xﬂ+_}r2= 1 and solve for y.

{021
y2

y

I
EH

Now, we also have 2_}?(1—3.) = 0. This means that y=0or 4 = 1.
On substituting 0 for y in %x:+_}r2= 1,weget x = 12
Thus, f has possible exireme values at (0, 1), (0, -1), (2, 0), and (2, 0).

Now, we also have 2_}?(1—.1) = 0. This means that y=0o0or 2 = 1.
On substituting 0 for y in %xz+_}r2= l,weget x = +2.
Thus, f has possible extreme values at (0, 1), (0, -1), (2, 0), and (—2, 0).

Answer 6E.

Given f(x,¥)=€%.X +¥ =16=g(x,y)

Using Lagrange’s multipliers, we solve the equations
Vf =AVg. g(x.¥)=16 which can be written as
fo=2g.: f,=2g,: g(x.y)=16

=e%¥-y=A(3x") and €% - x=A(3)")and X’ +)° =16

(1) 2 (3)
O _, ey 32 5
(2) TEx 34y’ =y =¥
From (3):

=X +X =16= 2x’ =16=>x =8=>x=2
If x=2 then y=2=>(2,2)
f(2,2)=€" It has no minimum value

The maximum value is &*_



Answer 7E.
Given f(x,y.2)=2x+4+2y+z, x +_:r,r2 +2°=9
Let f and g have continucus first parhial denivatives such that fhas an extremum at a point
(xn,yn,zn) on the smooth constraint curve g(x,_}r,z) =k.

If‘l?g(x,y,z)qt 0, then there 15 areal number A such that
?f(xn,yu, Zu) = Avg(ﬁ:.]’n:zu)-

Let g(x,y,z) = xj+y2+zj— 9.

We know that the gradient of f is givenby Vf = ( F % j;)_
Find Vf(x, ¥, z) and "Fg(x, ¥, z).

Vf={221

Vz = {21, 2y, 22)

Then, Vf = AVg or {2, 2,1) = A{2x, 2y, 2z}.

. ) 1 1 1
On equating the like terms, we get x = —, y = —, and z = —.
% 5 A x A 24
Substitute the known values in x* 4+ y*+ z° = 9 and solve for 2.
1 + 1 . 1 9
A2 2 4
2 1
—+—=29
2 a4z
o = 2
4
ji:il
2

Cn replacing % for 4 and —% for 4 inthe equahions for x, ¥, and z we get (2,2,1) and
(—2,—2,—1)_

Thus, f has possible extreme values at (2, 2,1) and (—2,—2,—1)_



Find 7(2,2,1) and £({-2,-2,-1).
Fl22,1) =22 +2(2)+1
=3

Fl-2-2.-1) = 2(-2)+ 2(-2) -1
= —9
Thus, we note that the mazimum wvalue of 15 _f(2,2,1) =9 and the minimum walue 1s
f(-2-2-1)=-9
Answer 8E.
Use Lagrange multipliers to find the maximum and minimum values of the function

f(x,y,z)=x"+) +2*. subject to the constraint g(x,y,z)=x+y+z-12
The method of Lagrange multipliers:
To find the extreme values of f{_r. y}subjecl to the constraint g{ i y}: k
Then, solve the following equations for x, y, 4
Vf = AVg.and g{x,y)z;;
MNow,
f{xiy,z]z_rz +_}'2 +z°
Vf=(2x,2y,2z)
And,
g{x,y.z}z.t +y+z-12
Vg=(L11)
Therefore,
Vf=4iVg
(2x, 2y, 2x)=4{1, 1, 1)

= -
Il ]
SR Y

L&
Il



Substitute the known values in x + y + z = 12 and solve for 4.

—+—+—==12
2 2 2

3a_
2
i=8

12

Then, xX=y=zI= 4

Then the value of £ at the point (4,4,4)is,
4+ 4" +4° =48
Take the arbitrary points (-12,0,24),(0,0,12)on the plane g(x,y,z)=x+y+z-12
Al these points the values of fare,
(—12)" +0% +(24)" =144 +576
=720
0°+0° +(12)" =144
These values exceeds the value of f at the point [4,4,4)

Thus, it is clear that any point satisfies g{x, y,z}:x + y+z—12will gives greater value for f.
when compared with the value of f at the point (4,4,4}
So the minimum value of £ at the point (4,4,4)is

And, there is no maximum for f.

Answer 9E.

f(xy.2z)=0z
glx.y.z)= x +2_jy,rJ +32°=6

By Lagrange’s method of multipliers we find all x, y, z and A such that
?f(x,y,z)= R?g(x,_}r,z)
And g[x,y,z) =6

LE. FfH=A4g
S=1g,
Si=4g,

g(x.y.z)=6



LE. yz=A2x e (1)

L @
= A6z  ——— (3
24224322 =6 (4)

From equation (1) nz=24x

From (2) oz =41y*

From (3) oz =64z

ie. 21x'=41y" =617
ie. x=2"=37 (2= 0)

(Because if 4 = 0 then x = y = z = Owhich 15 not possible because of (4))

Using this in equation (4) we find

2

x:iﬁ,y:il,z:iJ:

3

Then the possible extreme points of “f” are

;ﬁlg][—\ﬁlf) [\F 1(] [fl f]
) B (2B} (A
Then ev;lujlji tji} thes};ﬂmts

E: —J_LJ_:=

fv"_L

ffE’]' J_:=

| o

STARNTREA



7 :—JLT,—LE: =%
s :—J’:‘,L—E =%
7 :&,—1,—‘]; -=
7 :—JE,—I,—EJ -=

Hence the mazimum value of °f 1s

And mimmum wvalue of °f" 15

il b |Gl

Answer 10E.
Consider the function f(x,y,z)=x"y"z"and the consiraint x* + y* + z* =1.

The objective is to find maximum and minimum values of the function using Lagrange
multipliers method.

Rewrite the consiraint as,
glxyz)=x"+y"+2
=1

The function can be written as,
f{.‘r,_}?*z) :Izyzzz

Take the partial derivative with respectto* x".
1. {x,y,z}z 2y’

Take the partial derivative with respectto® y'.
f_r{_t,_]:,z)= 211322

Take the partial derivative with respect to *

fo(x.y,z)=2x"y’z

1]



The constraint can be written as,
g[.r.y,z) =x+y' +z2' =1
Take the partial derivative with respect o ° x .

g, {:r, » z} =2x
Take the parl_ial derivative with respect to "y

g,(%0:2)=2y
Take the partial derivative with respecito” z".

E. {x,_}-,z}= 2z

From Lagrange multipliers method,

folg (1
L=1g,  — (2)
fi=ig.  .3)

C+y'+2=1 .. (4)

Substitute the partial derivatives in the above method, then the equations becomes,

2972 =22x ... (5)
2 vzt = A2y ceeeee( 6)
2x'y'z=A2z .. (7)

Multiply equation (5) by x, equation (6) by y and equation (7) by z,
2x*y*z? = 12x°
2x*y’zt = A2y°
2%y’ 2 = 42722
Left hand sides of all three equations are equal.
2Ax* =24y =247
The left hand side of all three equations are equal ie. either j =Qor x* = y* =2*.



If A =( then the equations becomes,

20y 2 = A2x°
Xy =0
x=0,0or y=0,0rz=0

If x* = y* = z* then the equation (4) becomes,

X+y +z =1

rext+x' =1

y ]

Ix =1
el
3

1 1
=% |= Si =z=% |-
x "3 [ ince, y 1’3)
Therefore, the possible points are [i E,i, Ei@ ]and (0,0,0)ie. total 9 points.

The possible points can be written as.
R e | a9 o

Qi) ittt ) et )

And (0,0,0).

The value of the function at iJz,i liiJE Is.
3 N3 N3
| 1 1 3 3. 3
T % |- % |- |=xyv=z
Al




The value of the function at ({],_ﬂ,{]] is,
7(0,0,0)=x"y*2"
=(0)’ (0) (o)’

Hence, the maximum value is |—|and the minimum value is El

Answer 11E.
Consider the function f(x,y,z)=x"+y" +z" with constraint g(x, y,z)=x"+y*+z*' =1
Find the maximum and minimum values of f(x, y,z) subject to the constraint g(x, y,z)=k.
Find all values of x,y,z, and 4:
Vf{x,y,z) = l‘?g[.t,_}r,z]

g(.r, ) A z] =k
Use the method of Lagrange’s multipliers, this gives the equations:

fi=2g,

fr=4g,

f.=2g.

g(x.y.z)=k

Therefore, the equations are as follows:
2x=A(4x")

2y=4(4y")

2z=2(42")

Hrytezt =1

By simplifying,

x=2ix (1)
y=24y’ - (2)
z=242" - (3)

Heytei=1.4)



If x=0.then yandz=0 (1=0).
_ N 1
Then (2) and (3) yield =2’ =—
¥ 24
1 1

Use this in equation (4), 0+ —+—=1
427 4z

2=l
2
A= I {takei::—ﬂ}
2
Then,

yl‘:zz

3

.y
V2

Sowe have ¥=z=%

(2):

Similarly, if y:ﬂ then yandzz20-

Then, X=z=%——70F
(z}xl

Andifz=0,then xand y 0.

Then by the symmeiry of the equations (1), (2). and (3), Y=¥F= 1[2}&:




Ifx, y,andz=0.then j 2.

Then by the equations (1), (2). and (3)is X’ = y* =z =—.
Use this in (4). we have

x* +y* +z' =1

1+|+1_
42 4i* 4z

w : I

o 1
Then by the equation ¥ = y* =z =— . wehave X’ =y' =2" =
21 B

Also, ] #( because if J =(). then by the equations (1), (2). and (3}, x=y=z=0.
But this is not possible because of the 4th equation x* 4 y* +z* =1.

Also, if y=0an y=0then z=+1

Similarly, fxan z =0 . then y==%1.

Andifyand z=0. then x=+1



Use the above information, the possible exireme points of f are as follows:

(L l | 1,
ey "(:}”]' [itzf3 ’”’i{zr“]' [im’ﬁ' " ’"]

ri '1,,1 : x 'l,.
LB () (3)"

]. (0,0,£1)(0,1,0). (£1,0,0)

Evaluate f(x,y,z)=x"+)" +z at these poinis,
‘
[ﬂ,i Iv,i IL,]. + lL,,t},i Ib,],[i IL,,i Iy,ﬂ]wehaue
@ @*)L @ @* @ @™
1 1 i 1 1
07— |=f|— 0
[ {2},'-4 (2}4) [ {2}}4 {2}«":]

1 1
= flt—-.% .0
[(z}-* (2)" ]

IERNER
24) (@

1
—_—
2

—

—

& &

) 1 1 1
The point | o - - r
[(3}“ @) (3"

I I ][, 2+ I 2+ Nl
f[it:n"i’its}”*"itsr‘*}‘[ﬂa)f‘*] [itz}”] [iisﬁ]

], the value of f(x,y,z)=x"+y" +z'is as follows:

1 1 1
=ﬁ+ﬁ+ﬁ
=3

And finally the points (0,0,+1),(0,+1,0),(+1,0,0). the value of f(x,y,z)=x"+y" +z are
as follows:



£(0.,0.£1)= £(0,£1,0)
= £(%1,0,0)
=(1)" +(0) +(0)’
=1

Of all the functional values JE .jiJ . the maximum value is /3. and the minimum value is 1.

Therefore, the maximum value of ris Ji and the minimum value f is El ;

Answer 12E.

Fflxy.2)= x +_}r‘ +z'
gl(x.y.z)= x +_].r: +z° =1

By Lagrange’ s method of multipliers, we find all z, y, z and A such that
Vi(x.y.z)=AVg(x.y.2)
And g(x,y,z) =i

Le. f. =1z

ie. 42 = A2x

e Bl fr 0 e (1

Now 2 #0because if A =0, x=y=2z =0, which 15 not possible because of (1)
If==0, y z #0then

A=2y* =22

_ , A
LE. =z =—
y 2



0+—+—=1
2 2
1LE. A=1
Then =..'a'2=l
2
And y—z—+l;
]
Stmilarly f y=0, x,z#0
1
Then x=z=%*+—
J2
Ifz=0,x,y=0
1
Then x=y=+—
N

Alsoiff z=y=0andz#0thenz =41

Ify=z=0and x#0thenx=41
Ifz=z=0and y# 0then y==1

Alsoif x, y,z# Othen
A
R=yi=z'=2  (Fom(D.@.0)
Using this in {4)
A A A
—+—+—=1
2 2 2
) 2
Le =—
3
) 1
LE x=y=z=%t—
3

Then all the possible extreme points of “f are

o) hreg)

1

N

(0,0,41), (0,+1,0), (¥1,0,0) ,[J_r

1

G-

|+

I+

1

_,.;.]

2
1

B

7



Evaluating “f” on these points
ford b g o
F(0,0,£1)= £(0,£1,0) = 7 (1,0,0) =1

b
[+L L1 1)1

BB 3

Hence the mazimum walue of “f 1z

And the minimum walue isE

Answer 13E.

Consider the functions

f{_r,,_}',,z,r) =x+y+z+t

g(x,y,z,t)= X+y e +r =1
By Lagrange’s method of multipliers we find all x, y, z, f and ? such that
‘Ef[x,_]-',z*r] = lﬁg(x,_}-',zﬁfj
and g(x,y,z.1)=k

le. f,=4g,

=23y | wessa {]}

1, =4g,

1=24y - (2}

f.=4g.



Now (1). (2). (3). (4) ahes
| 1 1 1

S—, p=—, =—, [ =—

T SRRy M YR Y|
(As (x,y,z). because of (1). (2). (3). (4))
Using this in (5)
1 1 1 1
T T T
44 447 41 4a

e, A'=1 = A=+l

rl‘_"_]‘_‘)
2727272)



Evaluating “ on these exireme points

1111
et St 22
sz 22 2)

(-1 111 1 =111 11 -11 111-1
et S el el o St et el o o e St Tl e T Tt Ty =1
Fara) 6333 e a3
(-1 -1 11 -11-11 -1 11 -1
— e & g a | e e =“
ka 222] f[zzzz] f{? 2 2 2]
1 -1 =11 1 -11 -1 11 -1 -1
e e el o i sy o | T ot et S T =0
sz 2 2 2] f(? 22 2] f(? 2 2 2]

2
. o -1 -1 -1 -1
And the minimum value of “Fis f ?,?,?,? =

Answer 14E.

By Lagrange’s method of multipliers we find all x,,x,,....... , X, and A such that

Vi (w5 g)=AVe(5, 5 x)
And  g(x. %)=k

ie. f.=72g,
I, =g,

fr =g,
=4 £ T S— K )=k



ie. 1=2ax (1)

1=21x, (2)
1=2A4x, (n)
bl S +x =1 (1)
NMowAd#0and x,x,,....... x, #0
1
Then we have x, = SO —§ S
1= % = & - >3
Using this in equation (n+ 1)
1 " 1 1 _1
axr ax az
et
4
e a=+¥
2
1
Then x=x,=_..._ =x =t —
7

Then all the possible extreme points are
1 1

[+T S ‘I)

On evaluating “f” on these extreme values we find the maximum walue of “f" 15

T3
&

And the mimmum value of “f” 15

(SR
&

Answer 15E.

f(x,_}r,z)z x+2y
g(x,y,z) =x+y+z=1
}I(I,J?,Z)Zyi-l-zj =1



By Lagrange’ s method of multipliers we find all z, ¥, z A and |1 such that
Vf(x.y.2)= AVg(x.y.2) +4Vh(x.7.2)

g(x,_}r,z) =ik
k(x,_}r,z) =

1e 1=Ji.+,u(ﬂ) ————— (1)
2=A+u2y ——— @
O=A+py2z - (3)
x+y+z=1 )
F4zi=d )

Equation (1) gives 4 =1
Then from (2}; 1= 2y

From (3): —1=24=
1 -1

Le = .
g 21 24

Using this in equation (3)
LE. ==

Then y=iJ§, z=:|:JL_‘
Using these values in equation (4);
When y=+2,z=—+2, x=1

When yz—ﬁ,zz\-‘ri, x=1

Therefore the possible extreme points of “f are
(1v2.-42), (1-+2.42)
Ewvaluating “f” on these points

712 -2)=1+242
f(1—~2A2)=1-22

Hence maxzimum value of “f” is f(LJ'E,—J'E ) =h+2.2

And minimum valus of “f” is f(l,-JE,JE): 1- 22



Answer 16E.

f(x,y,z)z 3x—y-3=z
g(x,_}r,z) =x+y—z=0
k(x,y,z) = +2z° =1

By Lagrange’s method of multipliers we find all z, v, z. A and |1 such that
V1 (x.7.2)= AVg(x.y.2) +4Vh(x.7.2)

g(x,_}r,z) =
k(x,y,z) =

Le. 3=A42xu (1)
-1=4 {2)
—3=—A+udz (3
x+y—z=0 )]
2422 =1 ')

From equation (2) A =—1

Then from equations (1) and (3)
2ux=4
4z =—4

LE. :J|:=E dz=_—1{;{:ﬁﬂ}
i

M

Using these values in equation (3)

i+i—]
©o
Le @ =6
ie. p=1.f6
Then ;lr=ii a?:=:Fl
6 V6
Using these values in equation (4)
y=z—x
3 -1 2
Ji':——; Whﬂﬂ. F=—, £ =—/—
6 NN
3 1 -2
And y=—, when Z=—,Xx=—F
J6 v e



Then possible extreme points of “f” are
(2 -3 —1) (—2 3 1)
Jo™J6 "6 \J6 e J6

Ewaluating “f” on these extreme points

2 -3 -1} 6 3 3
(FZF+7%
12

G
=26

And minimum valus of “F is |-2+/6

Answer 17E.

Flry.z)=yz+xy
g(x,_}r,z) =xy=1
.3:[:Jr,_jy,r,z.')=_;r,r2+.E:2 =1

By Lagrange’ s method of multipliers we find all x, y, z, A and L such that
Vi (xy.z)= AVg(x,y.2)+4Vh(x,.2)
g (x, y,z) =k
k (x, _}*,z) =i

ie.  y=Ay (1)
z4x=Ax+2uy (2)
y=p2z (3)
=1 4)

Y +z8 =1 (3)




Now x, y# 0 (because of (3))

Then from equation (1), A=1
Then from equation (2), z4+x=x+24y
Le. z=24y
z
ST EE— ©
¥
From equation (3) ¥= 24z
z 1
— = m
y 2u
1
From (6) and (7) 2pH=—0
24
i 1
LE. =—
4
1
= =t
# 2
Then z==%y
Then from equation (3); » 4y =1
e, 2y=1
! 1
LE. y=t—
2
Le tz=y=1 L
- B 2
Also from equation (4) X= 1 =+.2
¥

Tl s el satreas pobits i
T s
4@%%]4[&%%]:

3

Hence the mazimum value of °f 1s 5

[T I N QAP

And the mimimum value of " 15 %



Answer 18E.

Recall the method of Lagrange multipliers,
To find the maximum or minimum of a function subject to the constraints g(x, j A z] =k.
b(xiy,z} =c Vg0 Vhz0
(a) find all the values of x. ¥ z. 4 and g such that
Vf(x.y.z)=AVg(x.y.2)+ uVh(x, y.z)
and g(x,p.z) =k, h(x,y.z)=¢

(b) Evaluate the value of f at these points. The largest of these values is maximum and the
smallest of these values is minimum.

Consider the function
f{_x,y, z] = _r“'+y1+ 2. (1)

And the constraints are
g{_r, ¥ z] =x=y=-1......(a)
b{xh}n z} = yz-zz-l S ()

The vecior equation Vf (x,y,z)=AVg(x,y,z)+ pVh(x,y,z) in terms of its components is
f are

f.=Ag. +uh f =Ag +ph [ =g, +uh g{x.y,z}:l,
ﬁ(:r,y,z]zl
Differentiate (1) with respect to x partially.

2x=4+0

2x=4 - (2)
Differentiate (1) with respect to y partially.

2y=2(-1)+p(2y)

2y==A4+2uy ... (3)
Differentiate (1) with respect to z partially.

Zz=ﬂ+p(-22)

2z=—"2uz . (4)



Solve all these equations for x,y,z. A and u
Since from (a)
x—y=lI
x=y+l

%:y+l From (2) 2.r=i=>.t=%

A
Y73

Plug in y=%—l in equation (3)
2y=—A+2uy
A i
A1 |==2+2u] £
(z ] ‘"(2 )
A-2=—A+pui-2
24-2=pd =2

24i=pi
u=2

Therefore |u=2

To obtain the z value plug in =2 in equation (4)
Then
2z=-2uz
2z==-2 (E}z
z==4z



To obtain the y value, plug in in equation (b)
Then
y-z=1
vy -0=1
y =1
y==I

Therefore the y values are

Next, Substitute y =+1in equation (a)

Then
x=y=I x-y=1
x-1=1 i x—(-1)=1
x=1+1 r+l=1
x=2 x=0

Therefore the corresponding x values are

if y=1thenx=2,
if y=—1thenx=0

Finally to solve for 4. use x values in equation 2y=4

Then
2x=4 2x=4
2(2}=& And 2(ﬂ)=l
A=4 A=0

Therefore the solutions are (x,y,z)=|(2,1,0) and {ﬂ,—l,ﬂ}l




Now find the maximum and minimum values of f at these two points.

_)‘;21,1_,1 =X 4y 4z
=2+ +0°
=4+1+0

And
Jom =X +y' +2°
=0 +(-1)" +0°
=0+1+0
Therefore

The function f has maximum at the point (2,1,0)and the maximum value is _

The function f has minimum at the point ({]I,_-],ll]} and the minimum value is m

Answer 19E.

Given f(x,_}r) =x +_jy,r2 +4I—4_]?,I: +_:r,if2 =9
Finding the partial derivatives f, and f, we get.

fo= %I:x:+y:+4x—4_}r)
= 2x+4

f_.,: %(xﬂ+f+4x—4y)

=2y—4

Equate f to0and f, to Oto find the critical points.

2x+4 =10
x=-2
2y -4 =10
y=2

Thus, the critical point 15 obtained as (—2, 2) .



Let f and g have continuous first parhial denvatives such that fhas an extremum at a point
(Iu,_}ru,zﬂ) on the smooth constraint curve g(x,y,z) =k

If?g(x,y,z)# 0, then there 15 a real number A such that
Vf(}g,,_}ru,zn) = ﬂvg("i::}’n: zu)-

Let g(x,y) = xj+_}r2= 9.

Find Vg(x, ).
(2
= {2x, 2y)

Then, Vf = AVg or {2x +4, 2y — 4} = A{2x, 2y).

On equating the like terms, we get 2x +4 = 24x or x = %and
2y —4 =248y or y = 2
1-2

Replace x with % and y with % in x¥*4+y* =9 and solve for 2.

=)

4 ” = _
(-4 (-2
8 =9(1-4)
2 8
1-2) = =
(-2 =
ﬂ.zliﬂ
3
On substituting 1+¥ for 4 and 1- Ef for 4 in the equahions for x and y, we get

3333



Now, find f[—E,E),f[%,—%] and j(—%%}
F(-22) = (20 + 2+ 4(-2) - 4(2)

(33 H
)

Ll

Thus, we note that the mazimum value of £is j[ = ] = 9+ 12+/2 and the

7R

mimmum value 15 fi—2, 2) =—8.
Answer 20E.

Now _J}"(Jr,_:r,r)zlﬂr2 +3_}r2—4x—5
Then f,=4x-4
Sy =6y

‘We find critical points by setting f, =0, £, =0
LE 4(x—l)=ﬂ
And 6y=0

LE. x=1

And y=0
The critical points 1s [L I'J)

Now we use Lagrange’s method of multipliers to find extreme walues of “f"
subject to the constraint x* +y* =16
We solve the equations

Vf(xy)=AVg(xy)
And g (x,y) =16

ie  Ax—4=A2% )



If y =0, then from equation {(3) x=14
If y# 0, then from equation (2) 4 =3
Using this in equation (1) we get x=- 2
Andthen from (3) y=+2.3

Then all the extreme points of “I” are

(4.0). (-4.,0), (-2.23). (-2-25)

‘We comparing the value of “f" at the critical point with the extreme values on the

boundary
£(L0)=-7
_f(4, ﬂ) =11
f(—dl, ﬂ) =43

f(-2248)=47
f(-2-248)=47

Therefore the mazimum walue of “f 13 @
And the minimum value is [-7]

Answer 21E.

j[:{,_}r) =g v

First we find the critical point
Se=—y"

fy=—w®

‘We find the critical point by setting f, =0, £, =0
LE ye 7=0

And x 7 =0

Sincee™® =0, then the critical point 15 {0, 0)

Now we use Lagrange’s method of multipliers to find the extreme values of “f
subject to the constraint x* +4y* =1
We solve the equations

Vf(xy)=1Vg(x.y)
g(xy)=1



LE o LR ), J—— (1)

2+t =1 —— 3
Then 4 #0because if A =0, x=0, y=0which is not possible because of

equation (3)

Now from equation (1) —xye T =A2x
And from equation (2) —xye T = A%

ie. A2x* = A8y°
Since A # 0then z° = 4y?

Using this in equation (3); 4y* +4y* =1

8" =1

1
L
¥ b

LE.
1

Then zz=4+——
g2

Then all the extreme points are

We compare the value of “f" at the critical point with that obtained at the extreme
points

F(0,0)=1
ER T

Hence mazimum value of 7 15 EH and the minimum walue 15 E_H




Answer 24E.
d)

Consider the function

f {.1'. _1') =x + _1':‘ +3xy

Subject to constraint

g(x.y)=(x=3)" +(y-3) =9

First load the package with(plots);

= with( plots);

Enter the function £ in maple as follows.
f(x, y):=x"3+y"3+3"x"y;

Maple input and output:

* fley) = 4 _1.:‘ + 3-x-y

=[xy -y + .1:\ + 3xy

To plot £, use the following command.
plot3d(f(x, y).x=-1..1,y=1_.1, style = patchcontour, color = purple, axes = boxed);
The maple output is

= plot3d( fx.y), x=-1_1, y=-1 _1, stvle = patchcontour, color= purple, axes = boxed);

flx,yv=x3+y3+3xy




g
-
Il
-
|
(¥}
—
[}

4
-

|

= y)=[x=3)+[yr—3)"—9

= plot3d(g(x, ). x=-1_1, y=-1 . 1. stvle = paichcontour. color= purple, axes = boxed);

3 =

gix.y)=(x-3] +{y-3] -9

/




Enter the following maple command to get the graph of both 7 and g on the same window.
plot3d([f(x.y).g(x.y)].x=-10_.10,y=-10_.10, axes=normal);
Maple input and output:

> plo3d(] fix, ¥). glx ¥) ], x==10 10, y=-10 _10, aves = normal);

To find the maximum and minimum values of the funciion f subject to the constraint g . use
contours.

To display the contours, use the following command.
display(implicitplot{g(x y)=9,x=-10..10,y=-10_.10);contourplot(f{(> y),x=-10_.10,y=-10_10, contours
Maple input and output

» display{implicitplot(g{x, y) =9, x=-10.10, y =-10 ..10), comtourplotf(x, ¥), x =-10 .10, y =
=10 .10, contours = 40) );

\%[:% N\
“ 3
I 2
HHH BT

5- ) 2 3 6

ES]
=

J)

e ———



From the contour piot it is clear that, the function has a minimum value at nearly {0.8'?,{!.8?}
and maximum value at {5.12,5.12} .

Find the value of f at these points.

£(0.87,0.87)=(0.87)" +(0.87) +3(0.87)(0.87) Use f(x,y)=x"+y"+3xy
=3.587706 Use maple

£(5.12,5.12) =(5.12)" +(5.12)’ +3(5.12)(5.12) Use f(x,y)=x"+y" +3xp

=347.078656 Use maple
Therefore, the function has maximum value of f is [347]and the minimum value of f is

3.58| -

(b)
Recall the method of Lagrange multipliers, to find the maximum and minimum values of
¥ {x, _p,z)sub}E[:I to the constraint g{x, _}r,z} = k (assuming that these extreme values exist

and Vg # 0on the surface g(x,y,z)=k).

1. Find all values of x,y,zand jsuchthat Vf(x,y,z)=AVg(x,y,z)and g(x,y,z)=k.
2. Evaluate f at all the points (x, y,z) that result from step (1).The largest of these values is
the maximum value of £, the smallest is the minimum value of f

Use this to find the criiical poinis and maximum and minimum values of f at these poinis.
Consider the function

fxy)=x+y +3xy

Subject to constraint

g(xy)=(x=3) +(y-3)"-9-



Using Lagrange multipliers,
fi=4g, (1)
fi=4g, (@
(x=3)" +(»-3)"-9=0 - (3
Use CAS to solve the problem.
First load the package with(VectorCalculus);
Enter the function f in maple as follows.
fi(x, y)=x"3+y*3+3"x"y;
Maple input and output:
> flxy) =2+ + 35y
f=(x.y)=x +3° +3xy
Enter the function gas follows.
g(x, y)y=(x-3)"2+(y-3)"2.
The maple output is
> glxy) = (x =37 + (y = 3)-9;

g=lxy)=x-3P+(»-37-9

Find Vf and Vg using maple.
Enter the command to find gradient of  as

df:=Del(f(x.y).[x.¥]):
Maple output and input

> df = Del(f(x,y), [x,¥]):
dr=(32 +3y)e + (357 +3x)e

Enter the command to find gradient of f as
dg-=Del(g(x.y).[x.¥]):



Maple output and input:

> dg = Del(g(x,y). [x.y])k

dg =(2x—6)e_+ (2y — 6)2

Uses solve command to solve the Lagrange equations.

Maple input-
solve({df]1]=lambda*dg[1].dfl2}-lambda“dg[2].g(x.y)=9}.{x.y.lambda}):
Sols:=map(alivalues,[%]).

,. solve((dr{1] = lambda-dg[1}.df 2] ~ lamba-dg[2].g(x. ) =9).
{I:-.Pi [ﬂ]‘l‘lhh}} -

> sols = map(allvalues, [%5]):

sofs =

[e=3- 3VZy=3-Jvaa=2 - 2 yal =3+ JVTp=3+ 3T+ V7

Evaluate rthese values.

Maple input

1(3-+(3/2)sqri(2). 3-(3/2)™sqri(2)).
Maple output:

> f(3-(3/2) *sqnt(2),3-(3/2) *sqn(2));
z[s—%ﬁ]lﬂ(;—-%ﬁ]z
3.6732

Maple input:

[(3+(3/2)"sqri(2), 3+3/2)"sqri(2));
Maple output

> (3 + (3/2)*sqrt(2).3 + (3/2) *sqrt(2)):
3 4 3 o
2[3+Eﬁ] ”(“’E‘E]
a1 5 digits
34732
Therefore, the maximum value of f(x, y) is [347.32] and the minimum values of f(x, y)is
3.67|-

Hence, the results in part (b) is approximately same as the result in part (a).



Answer 25E.

P=h* =
g(L.E)=ml+nK=p

We use Lagrange’ s method of multipliers to find all [, X and A such that

VP=AVz
g(LK)=p

ie. bal'EY=Am ——— (1
pl-a) K =M1 ————— (2)
mltnk=p ———— (3

When A # 0 from equation (1) da I= K= = Aml,

Fromequation (2)  3{1-&)I"K'™ = K

Onadding  EK " [ba+b-ba]= A(ml+aK)
B K™ = A(mL+nK)

Using equation (3); bI°K™=1p

l-a) K™
Fromequation(2), A= ( &)
K.l
b(l-@)I* K™
Then & gi==2(29) z
s
1_
™ K:ﬂ
K.
Then L-2°7K
b
_p-ptap
m
- &P
i
IFA=0take =0

Then from equation (3) K = £
a

Take X=0then L=

m



Fpd b

-«
Then all the exireme points m{ﬂp ( )pJ

(23) ()

Ewaluating P on there extreme points

AT (2] ()
(o7)-#( )

Therefore ma=zimum walue of P 15 achiewved when
1—
1= g p 292

1 -
Hence prove

Answer 26E.

C(L, k)= mL+nk
g(LE)=pF™=0

By Lagrange’s method we find L, k and A such that
VC(L,k)=AVg(L.k)

g(Lk)=0
e m=AablTE™ e (1)
n=Ap(l-a) k™ ——— )
Yl — 3)
From equation (1); mL=Aablle™  ——— @
And from equation (2); nk= Ab{1-&) k™ ————— (5)

Equation (4) and (3) gives
ey
L=

Using this value of L 1n equation (3)

[mn cr)]- -

i e g % _%

el 5

Y




Then L=—22 [”’(l_“)_“_(ﬁ]ﬁ

m(l—cr)_ na | b
2a-1 1
m(l—r,r) = {O\=
_[T '[E
Also from equation (1) and (2)
m_ n
a l-a
LE. m(l—&)znﬂ:
- 0V~
This gives th:[?}

Now the nature of the problem dictates that there must be an absolute minimum

cost at the extreme points of C(L, m), so it must occurat L.=k= [%)H

1
"Q =
Hence when |[L=|X
\ B

1
And |k= (Q)“

The cost function will be minimum_ And the minimum cost will be
1

C(LE),, =(m+n) [%]E

Answer 27E.

Let A(x,y)zx_]r
g(x.y)=2x+2y=p

Using Lagrange’s method we find x, y and A such that
VA (x, _}r) = AVg (x, _}r)

g(zy)=p

Le. y=24 e (1)
=24 -—— {2)
2x+2y=p -———— (3

From equation (1) and (2) x =
Using this in (3); x=y

TEI



Then (%%]15 the only ezireme point of A(x, »)

Now the physical nature of the problem says that there must be an absolute
maximum area Which has to occur at the extreme point of A(x, ) so 1t must occur
atx =y=pfd

And hence the rectangle with given perimeter will have mazimum areaif it1s a
square.

Answer 28E.

Assume x, ¥, zare the lengths of the sides of a iriangle.

The perimeter of the triangle is calculated as follows:

2s=x+y+z

xX+y+z

3:;-
2

Use herons formula, the area of the iriangle with the side’s lengths x, y, and zis defined as
follows:

A= Js[s—x}[s—y}{s—z}-
To maximize the area, the function may be taken as follows:
rf {x. ¥, z} =A®
=s(s—x)(s—y)(s-2)

This is subject to constraint the perimeter of rectangle is g(x,y)=x+y+z=P.

Recall that, the method of Lagrange multipliers, to find the maximum and minimum values of
S, y,_z}subjeﬂ to the constraint g (x, y,z)=k (assuming that these exireme values exist

and Vg = 0on the surface g(x,y,z)=k):.

Find all values of x,y,zand jsuchihat Vf(x,y,z)=AVg(x,y,z)and g(x,y,z)=k.
Evaluate f at all the points {x, y,z} that result from step (1).The largest of these values is the
maximum value of f the smallest is the minimum value of f.

Subject to the constiraint,

g{x,y}=1+y+z
=P



Use Lagrange multiplier, the two functions can be written as follows:
fi=Ag, (1)

f,=4g, .. (2)

f=ig . 3)

x+y+z=P ... (4)

Differentiate the function with respect to x,

3
f(xy)= = [s(s=x)(s-)(s=2)]
=—s(s—y)(s-2)
Differentiate the function with respectto y,
c
1, (xy) =5 [s(s=x)(s=r)(s=2)]
=—s(s—x)(s—z)
Differentiate the function with respectto =z,
¢
f(oy)==[s(s=x)(s-y)(s-2)]
=—s(s—x)(s-»)
Differentiate the function with respect to x,
& (v3) == (x+y+3-P)
=]
Differentiate the function with respect to y,
c
g (xy)=—(x+y+z—-P
(v3)= 5 )
=1
Differentiate the function with respect to =z,
£.(55)= 2(xeyei-P)
=1



Use Lagrange multipliers method,
L=1g,

-s(s—y)(s—-z)=4 ... (9)
From the equation (2), to get

1, =1g,

-s(s-x)(s—z)=4 .. (6)
From the equation (3), to get
f.=4g,

-s(s—x)(s-y)=4 ... (7)

Divide equation (5) by (6), to get

So the three sides are equalie. x=y=z.

Thus, the triangle with the maximum area with perimeter pis an equilateral triangle.

Answer 29E.
Let the distance between the point (2, 1, -1) and any point (%, ¥, z) in the point 1s
d = J(x=2) +(y-1 +(z+1’

Let  flzy.2)=(z-2) +(y-1) +(x+1)’  (ie &
And the given constraint 1s
glx.y.z)=x+y—z=1

By Lagrange’s method of multipliers we find all =, ¥, z and A such that
Vf[x,y,z) =AVg [x,_}r,z)
And g(x,y,z) =1



LE. jl,:j-g:,_f;:-ﬂg’-.f':j‘g:
And  g(x.y.2)=1

LE 2(1— 2)=ﬂ. ————— (1)
2(-N)=2 ———o @
2(z+1)=—.ﬂ ————— (3)
x+y—z=1 - (4)

Ix=0,

From equation (1) A=—4

Then from equation (2) and (3)
y=-1,z=1

But x=0, y=-1, z=1 does not satisfy equation (4)

Nowif y=0,

From equation (2) A =-2

Then using this value of A in equation (1) and (3)
x=1,z=0

Also z=1, y=0, z=0 lies on equahion {4)

Ifz=0
From equation (3) 4 =-2

Then using this value of 4 1n equation (1) and (2)
x=1, y=0,2z=0

Also from (1), x= §+2

From (2) y=§+l
From (3) z= ;—1

Using these values in equation (3); A=-2
Thenz=1,y=0,z=0
MNow 1n each case we find the only extreme point of “f" 15 (1, 0, 0)



Answer 30E.
Let (x, y, z)be the point on the plane x - y+z =4 which is closest o the point (1,2,3)-

Then the distance between these two points is:
d=\(x-1) +(y-2) +(z-3)

Square both sides:

d* = f[.l’,_}',}.')

={I-I}: +[y-2}3 +|[z-3}3
And the QWEH consiraint is:

g{x.y.z] =x-y+z_
=4
Use Lagrange’s method of multipliers to find the values of x, y & z for which the distance
function is minimum.

Now, by Lagrange’s method of multipliers:
?f(:gy,z) = i‘?’g(r,y,z)
By the above equation:
fo=4g,. [,=4g,. f.=2g,
Here f.. f,. f.. g,. g,and g_ are partial derivatives.
And

g{:r,y,z} =4.



So the equations of Lagrange’s multipliers give:
f.=2g,
2(x-1)= (1)
2(x-1)=4
A

x=—+I
2

Consider another equation:
/,=2g,
2(y-2)=2(-1)
2(y-2)=-4
A
=——+2
¥y 3 +

Also,
J.=Ag.
2(z-3)=4(1)
2(z-3)=4

z=£+3
2

From the above equations:

I=£+l- y=—£+l- and z=i+3-
2 2 2



Substitute these values in the equation, x-y+z=4:

x=-y+z=4
i+l—(—£+2)+i+3‘=4
2 2 2
i+]+£—2+i+3=4
2 2 2

E.»I=2
2

Therefore the value of 1 =§

Then the values of x, y & zare:

S S |
373 3
Hence the exireme point of the function fis only one, that is:

[Eiﬂ]
3373

Now the physical nature of the problem says that there must be an absolute minimum value of
f which makes the two points closest and which has to occur at the extreme point. So it must

occur at (E,i,u)
333

X

That is fhas minimum value at (

wiltn
W &
w|=
T

The distance is:

d=J(x=1) +(y-2) +(z-3)

{0
%Jg

And this is the minimum distance.

Hence the required point is;

(E iﬂ]
3373




Answer 31E.

Let(x,_}r,z)be the point on the cone z? = x* + y* which is closest to the
point (4, 2, U)
Then the distance between these two points 1s:

d = (x4 +(r—2) +(z -0

Let f(],_]?,z)=(1—4)2+(_]?—2)2+22 (i.t:.dz)
And the given constraint 15
2 2 .2
g(x,y,z)zz -x -y =0

By Lagrange s method of multipliers we find all x, 3, z and A such that
Vf(xy.z)= AV (x.y.2)

And g (x, _}r,z) =0

ie.  f,=Ag.f,=1g,. =g

And g (x, _].r,z) =0

LE. 2 (x— 4) =-2x4  ——— (1)
2(_}*— 2)=—2_}rﬂ —————— (2)
2z2=2z24  @——- (3
A-g-y= @
From equation (3)
We have 1=1
Then from (1)
2(x—4)=—21
LE. 4x—8=0=2x=2
And from (2)
2(y-2)=-22=>y=1
Then from (4)
Z-2-1=0
ie. z'-5=0
Or z=h5

‘We find that there are two extreme poimnt of °f

(2.1.£+5)

Now the physical nature of the problem says that there must be an absolute
minimum value of “f” which makes the two points closest and which has to occur

at the extreme point. So i must occur at (E,I,iﬁ)



That is /" has minimum value at(z,l,iﬁ)

This is 10

That 15 the distance & = f(x,_}r,z) will be mimimum at(Z,Li\E)andthe
distance 4 =~f10

Hence the required points are (2,1,1\!5)

Answer 32E.
Consider the following surface:

V' =9+xz

The distance from a point (x, y,z) to the point (0,0,0) is given as follows:
d=(x—0) +(y—0) +(z—0)

Square both sides, and solve as follows:

d*=(x-0) +(y-0) +(z-0)
=x'+y'+2°
The constraint is that the point {r,, y,z}lies on the sphere, that is given as follows:
g(x,y.z)= y -xz=9
According to the method of Lagrange multipliers, solve Vf =AVg ., g =9 as follows:
2x=-z4 ------ (1)



The simplest way to solve these equations is to solve for x,y,z in terms of 4 from (1) (2) and
{3), and then substitute these values into (4).

From (1) obtain the following:
2x==zA
_zA
2
From (2) obtain the following:
2y=24y

=

l=A0r y=0
If 1=Abut y=0
From (1) obtain the following:

2x=-z4
2x = —z(l]
x=—2

2

From (3) obtain the following:

2z= —[I)x

2z=—x



From (4) obtain the following:
¥y —xz=9
¥ -(0)(0)=9

y'=19
_=2

xX=
Z

Therefore, the values of A =1, x, y and z corresponding to the points (x,y,z)is (0,-3,0)
and (0,3,0).

Answer 33E.
Let x,y,z be any three positive numbers.

Sum of the three positive numbers is 100.
Thatis, x+y+z=100.
Product of the three numbers x,y,z is f=xgz.

Consider the function f(x, y, z) = xz. ... (1)

To find the maximum and minimum values of the function f (x,y,z) subject to the constraint

g(x, y, z) = x + y + z =100 use the Lagrange multipliers.
Differentiate (1) with respect to x. get f, (x, y, z) = »z.
Differentiate (1) with respect to y. get f, (x, y, z) = xz.
Differentiate (1) with respect to z. get £, (x, y, z) = xy.
Differentiate g(x, y, z) with respectto x. get g (x, y, z) = 1.
Differentiate g(x, y, z) with respectto y. get g (x, y, z) =1.

Differentiate g(x, y, z) with respect o z. get g_(x, y, z) =1.



Solve the equations Vf = AVgand g(x, y, z) = x + y + z =100 which can be written as

f.=2g,

y=4(1) - (2)
xz=xd

f,=2g,

ez=A(1) - (3)
xz=A4y

f.=Ag.

xy=A(l) - (4)
nz=Az

x+y+z=100 ... (9)

From equations (2),(3).(4) notice that x4 = yd =zA.
That implies x=y==z.
Now substitute y=x,z=x in the constraint x + y + z =100 and solve for x.

x+y+z=100
x+x+x=100
3x =100
100
X=—o
3
Since x=y=z, _y,r:E and 2=E_
3 3
Therefore, the extreme value is (x, y,z) :[]ﬂﬂ+ lm, Im] ;
3 3 3
Find the function value at the point []m, lﬂﬂilﬂ{}]:
3 3 3
flxy.z)=n0=z
f[mn 100 lﬂﬂ) _[mu](mn](mu)
37373 3 3 3
_ 1000000
27
Hence, the required three positive numbers whose sum is 100 and whose product is a
maximum are [x, y,.-:} :‘(IT,IT, Ilf?l:ﬂ] and the maximum product is I—UUZU_EUH I




Answer 34E.

Use Lagrange multipliers to give an alternative solution to find three positive numbers whose
sum is 12 and the sum of whose squares is as small as possible.

Let the three positive numbers be x, y and z. Then

f(xyz)=x+y"+2"
Subject to the constraint
g(.r,y.,z] =x+y+z=12
Use the method of Lagrange multipliers, find the values of x, y,z and 4 such that
Vf=4AVg
and
g(x.y.z)=12.
This gives the equations are,
f.=2g,
f, =48,

f.=2g,
x+y+z=12

Differentiate f partially with respect to x.

_g
f"ar

- g(r +y'+2)
=2x+0+0
=2
Differentiate f partially with respect to »-

P

6 ¥ ] ¥
=—|(x"+y +z
= )
=0+2y+0
=2_}.r
Differentiate f pariially with respect to z.

_d
L_E'z

' NP
=E(r +y° +z’]
—0+0+22

=2z



Differentiate g partially with respect to x.

& =E

¢
-ar(.t+y+z]

=1+0+0
=1

Differentiate g partially with respect to .

= g(x+y+ z)

=0+1+0
=1
Differentiate g partially with respect to =.

£:=E

c
=—(x+y+z
ralid el
=0+0+1

From the equation f = Ag_,to get
2x=A(1)
2x=A
A
Xx=—
2
From the equation f =Ag, 1o get
2y=A(1)
2y=4

F=E

From the equation f, =Ag_,to get
2z=A(1)
2z=A4

z=—=
2



Substitute the values of x,yandz in x+ y+z=12.

i+i+i=12
2 2 2
32 12
2
Eom it
3
=8
The value of x is,
A
Xx=—
2
_8
2
=4
The value of y is
A
¥=—
2
_8
2
=4
The value of z is
__*
T2
_8
2
=4

Therefore, the three positive numbers are |(4,4,4)

Answer 35E.

Let the coordinates of the vertex of the rectangle are (z, vy, z)
Ifthe circle 1s centered at the origin, then dimensions of the box are: Zx,2 y.2 2

Then the volume of the box 15 v = 8=

Take f(xy.z)=8nz
And the constraint g (x,y,z)= Ay =1



By Lagrange’ s method of multipliers we find all x, y, z and 4 such that
Vf(xy.z)=AVg(x.y.2)

And g(x, _}r,z) =7

ie. S, =Ag.f,=4g,. ;=g

And P+ +2=7

LE Bye=2xAi ——— (1)

From equation (1), (2) and (3)
Sxyz = 2x°A
Bxyz = 2y"1
8oz =222
ie x=y'=z" {A1x0}
{(Because if =0, x, ¥, z= Owhich 1s not possible because of (4))

Using these values in equation (4)

3xt =t
1E xizi
3
ie x=% (x>0}
Then _}rzé,z:%

) (r r r
Then the only extreme point of “F 1s (———)
3373
Now the physical nature of the problem says that there must be an absolute
mazimum value of “f which has to occur at the extreme point. So # must occurs

" ( r r r J
AN N ]
So the volume of the box 15 mazimum 'liilfhf:j:l.'u::_}r:..'z=L

¢ ' 83‘3 ﬁ
Andthe volume is. 8 k (:_,5) (%) -5

A RSR




Answer 36E.

Consider that the volume of a box = 1000 cm’
And the surface area of the box is minimum.
Use Lagrange multipliers to find the dimensions.
Let the dimensions of the box be x, ¥,z
Then
Volume of the box =}
=z
=1000 cm’
It is known that. the surface area of the box is =2(xy+ )z +zx)
Recall the method of Lagrange multipliers,
To find the maximum or minimum of a function subject to the constraint g{x,_ _}r,z] =k.Vg=0
{a) find all the values of x, y zand 4 such that
Vf(x.y.z)=4Vg(x.y.2)
and g(x,y.z)=k

(b) Evaluate the value of f at these points. The largest of these values is maximum and the
smallest of these values is minimum.

Need to minimize the surface area. So,
f(x,y,z)=2(x}r+_}m+zr) e (1)
And the surface area is restricted to a volume.

Constraint,

g{I,_}’,E)ZIJE



The vector equation Vf(x,y,z)=AVg(x,y,z) in terms of its components is

f are

f,=2g, f,=4g, f.=ig. g(xy.z)=1
Differentiate (1) with respect to x partially.
2y+z)=A)z ... ()

Differentiate (1) with respect to y partially.
2(x+z)=Axz .. (3)

Differentiate (1) with respect to y partially.
2x+y)=Axy . (4)

And from the equation g(x,y,z)=1000

oz =1000 . (3)

The values obtained by solving these equations give maximum or minimum values of the given
function.

Multiplying equation (2) by x and (3) by y and (4) by z gives
2x(y+z)=Anz

2y(.t+z)=/hy:

Zz(x+y]=11yz
From this three equations,

Xyt+axz=)yx+yz=zx+zy As allare equalto Axy=z
Equate either of the two equations and solve for x.y, and z.
Firsttake xy+xz=)x+yz_Thisimplies z=0orx=y
Next, take yx+ yz=2zx+zy_ Thisimplies x=0orz=y
Finally Take xy+xz =zx+zy_ Thisimples y=0orx==z

Therefore, either x=y=z of x=y=z=0



But here x = y =z =0is not applicable as xz =1000
Use this in (3)
x =1000
x=+1000
=10
Therefore, x=y=z=10
Then the only exireme point of *7 is (]t},]t},]ﬂ}

The physical nature of the problem says that there must be an absolute minimum which must
occur at the extreme point.

The function f has the minimum value at []I},]ﬂi]ﬂ}.

Minimum surface area of the box = 2(Iﬂﬂ+ 100+ Iﬂl}}

=600 cm®.

That is the surface area of the box is minimum when [x=y=z=10 cm

Therefore, the dimensions of the box are |10 cm,10 cm, and 10 cm|

Answer 37E.

Let the dimensions of the box are; x,y,z
Then the volume of the box 1s; v=xz

The wertex (x,_}r,z) lies 1n the plane x+2y+3z =6

Take f(z.y.2)=n%
And the const‘a.intg(x,y,z) =x+2y+3z=6

By Lagrange’s method of multipliers we find all =, y, z and A such that
Vf(xr.2)=AVg(x.7.2)

And g (x, y,z) =6

ie.  fr=Ag. f,=1g,. ;=g

And g [x, _}r,z) =6

1E yZ=A4-———-1(1)
xz=24 (2}
w=31 —0

x+2y+3z=6 —



From equation (1), (2) and (3)
nz=Ax=24y=34=z
LE x=2y=3z {A+0}
(Because if =0, x, y,z= Owhich is not possible because of (4))
X __x

LE. =—
772 %73
Using these values in equation (4)
x[1+lx2+1x3)=6
2 £
LE. 3x=6

LE. =2

Then y=1, zzg

Then the only extreme point of “f” 15 [2,1,%]

The physical nature of the problem says that there must be an absolute mazimum
value of “f” which has to occur at the extreme point. So the mazimum value of

2

“foccuratx=2,y=1andz=—

That 15 the volume of the box 15 mazimum whenx=2, y=1 andz=%
s 2

And the volume 1s v= (2)(1) [E)

4

3

Answer 38E.

Let the dimensions of the box are ; x, .z
Then the volume of the box 1s; v=n=

The surface area of the box 15 2(1y+_}iz+zx) =64 cm®

Take f(x.y.2)=mz
And the constraint; g(x,y,z)zE(zy+yz+zx)=64
Or g(x,y,z)zzy+_}iz+zx=32



By Lagrange’ s method of multipliers we find all x, ¥, z and A such that
Ef(x,y,z) = lﬁg (x,_}r,z)

And g(x,y.z)=32

ie.  f,=4g.. f,=Ag,. ;=12

And g (x, _}r,z) =32

LE ¥z = (_}r+z).il (1)
xz = (x+z)l e (2]
=(x+y)A -—— ()
y+yz+zx=32 e (4)

From equation (1), (2) and (3)
Jgiz'zx(_}r+z)ﬂ=y(x+z)ﬂ=z(x+y)ﬂ

LE yt+xz=yxt+yz=zx+2zy {ﬂiﬂ}

(Because 1f 4 =0, then x, ¥,z = Owhich 15 not possible because of (4))

LE. X=y==z

Using this in equation (4)
37 =32
LE. = E
3

2
LE xsz: (x>=>0)
3
2
i L =y= :4 SR
Le x=y=2z J;

Then the only extreme point of “f 15
A
3 ¥3 3

Now the physical nature of the problem says that there must be an absolute
mazimum which must occur at the extreme point.

That 15 °f" 15 maximum at 4Jg,4J§,4J§
3 ¥3 Y3

That 15 the volume of the box 15 mazimum when its dimensions are

’2
—r . | :4 I
x=y==z 3




Answer 39E.

Let the dimensions of the boxare; x, ¥,z
Then the wolume of the boxz 1s; v=xz

And the sum of its edges 1s; 4(x+y+z) =c

Take f(x.y.z)=nz
c

And the constraint g(x,y.z)=x+y+z= 2

By Lagrange’ s method of multipliers we find all , y, z and A such that
Vf(xy.2)=AVg(x.y.2)

And  g(xy2)=7

ie. g, ,=Ag,. f,=1g,.8 =g

And  g(ryz)=

LE. wx=A4 {1}
. J—— )
p=i &)
X+yF+r=— e )

From equation (1), (2) and (3)
oz=xA=yAd==z4
Le. x=y=z { A# U}
(Because if 4 =0then x, y,z= 0, which 15 not possible because of (4))
Using this 1n equation (4)
3x=Z
4
c
12
Then y==z

1e =

&

12
Then the only eztreme point 1s iii
1271212

[



Now the physical nature of the problem says that there must be an absolute
maximum value of “f” which has to occur at the extreme point
Thus at (iii] “f” has maximum value
12 12 12
That 1s at this point the volume of the box 15 mazimum
Hence the required dimensions of the box are

c
X=y=zZ=—ocm

12

Answer 40E.

Let the dimensions of the base of the aquarium are =, y and let its height be z
Ifthe cost of making base 1s five times as that of the walls then the total cost of
making aquarium 1s

c=0xy+2x=z+2)y=
And the volume of aquarium 1s; Zz=v {given)

Take f(x,y,z)=5@+212+2_}iz'
And the constraint g (x, y,z) =DE=V

By Lagrange’s method of multipliers we find all =, y, z and A such that
Ef(x,y,z) = lﬁg (x,_}r,z)

And g(x,_}r,z)zv

re.  f,=3g,. f,=14g,. =1z

And g(x,_}r,z)zv

LE Sy+2z = Ay ————- {1)
Sx+2z=Axz —————- (2)
2x+2y= Azy ————- (3
e — @

From equations (1), (2) and {3)
Avnz=5x4+2xz=z=5xp+2zy=2x=+2)=

Le. Xx=y=—z



Using these values in equation (4)

A fo
25
i1E fzﬁ
4
_ [zﬁv]}f
1E. zZ=| —
4

1e z—E(Ev]%
' 2k 5
A
Then x=_}r=[§v)

4
Then the only eztreme point of “f 1s; [[E) (ﬁ)g E[E)% ]
5 5 2415

MNow the physical nature of the problem says that there must be an absolute
mimmum value of “f” which has to occur at the extreme point. Then “f” will have

w4 (V5 52w\
minmimum value or the cost will be mimmmum at|| —| | —| .—| —

5 5 2% 5
Hence the dimensions of the aquarum are

(&) (3 )

Answer 41E.

Let the dimensions of the rectangular box are z, v, z Then the length of the
diagonal 1s

L=1’x:+y:+zi
Or P=x*+y4+2°
The volume of the box 15; V==

Take f(x.7.2)=mz
And the constant g(x,y,z) =x +_:r,if2 +z° =1L

By Lagrange’ s method of multipliers we find all =z, y, z and A such that
Ef(x,y,z) = .H.Eg (x.y.2)

And g(x,y,z) i

ie.  fr=Ag.f,=1g,. fi=1g

And g(x, y,z) =7



LE. yz=A2x - (1)

z=A2y (2
y=A2z  -——— 3
CLHy+rf=F G

From equation (1), (2) and (3)
pz=24x"=24y" = 24"
ie. x©=y'=2 [A=0}
(Because 1if 4 =0, x, ¥, z= 0Owhich is not possible because of (4))

Using this in equation (4)
=1

LE. f:LT;
LE ;u::i3 > 0)

L
Then _}rzzzﬁ

oy L L L

Then the only extreme point is; (E E E}

Now the physical nature of the problem says that there must be an absolute
maximum of “f" which has to occur at the extreme point

Therefore “f" will be mazimum ai{iii)
BB
Thatistht:volum&ﬂfthebﬂxwi]lbﬂmazimumwhenxz_}rzz=%

B

And the mazimum volume 1s; | —

343




Answer 42E.

Let the length, wadth, and height of the rectangular box [ w, and & . respectively and the

volume V. Then the volume of the box 1s given by the formula F =lwh.
Let us find the extreme values for the volume of a rectangular box_

Since this box must satisfy two constraints. The first constramnt 1s that the total surface
area must be 1500 cm®. The surface consists of six sides. The top and bottom each have
surface area [w. The front and back each have surface area hw . The left and nght sides
each have surface area [hi. Let the surface area be 4. Then the formula for the surface
area 1s .A=2lw+2wh+2lh and the constraint can be wnitten in the form A4=1500._

The second constraint 1s that the total edge length of the box must be 200 cm. For each
dimension there are four parallel legs each with the length of the box in that dimension
Depict the edge length with the vaniable E. The formula for E 1s E=4+4w+4h and
the constraint can be written as E=200_

To solve this problem using Lagrange multipliers all of the first partials of
f.A, and E are needed.

Now differentiating ¥_A4 and E partially on both sides with respect to [ w, and k| we

Constrained optimization problems can be solved using Lagrange multipliers. The
Lagrange multiplier system of equations for the case where there are two constraints can
be written as:

?f:l?gﬁu}:
g=k
h=c



In this case V plays the role of £ A plays the role of g, and E plays the role of &. Set up
the Lagrange system by substituting the formulas and values for the vanous parts into the
Lagrange system of equations.

Since ¥, = A4 + i, V, = /A, + iE,, and V, = A4y + jiE,

Substituting the values, we get

wh=A(2w+2h)+4u

lh=A(A+2R)+4p 2)
hw=A(2w+21)+4u ee(®
1500=2hw+2wh+2h o)
200=4 +4w+4h .

Subtract equation (2) from equation (1) and solve.

wh—lh=2Aw—2Al
h(w—f]zli,{w—i'}
h=24

Note that the division in the last step above assumes W—/ 1s not zero. This assumption
has not been venfied and thus w—[=0 1s a possible solution Thus there are two
possibilities: A=24 or w=[.

Subtract equation (3) from equation (1). The anthmetic and logic is the same as for the
case of eguation (1) minus equation (2). The result s [=h or w=24_ Smmilarly
equation (2) minus equation (3) yields h=w or [ =24

Consider first the case w=I[ . Substitute into equation (5) and solve.

200=41+4l+4h
50=21+h
h=50-21
Substitute w=[ and h=50—2] into equation (4). Divide by 2, expand. and collect
everything on the left hand side.

1500 =21 +21(50—21)+2I(50-21)
750 =1* + 501 —21* + 501 —21*
37 —100{ +750=0



On comparing the equation 3I° —100] + 750 =0with & +bx+c=0_ we get
a=3b=-100, and c =750

Now using quadradic formula_

j_ —bEVE —dac

2a
Substituting the values a=3 b=—100, and ¢ =7501n the quadratic formula, we
obtan

_ —(-100)/(-100)" ~4(3)(750)
- 2(3)
_ 100++/10000—9000
6
_100++1000
6
_100£10V10

6
505410
3
Substitute [ into the formulas for w and for & to get

(505,10 50+5,/10 Sﬂ_z[ﬁuiﬁﬁ]]

L 3 3 3

(50+5/10 50+5410 Sﬂilﬂv"l_ﬂJ
3 * 3 ° 3

(1w.)=

s



Substitute these values into equations (4) and (3) to venfy that both roots of the quadratic
are valid. They are.

Solve the other two cases either by repeating work similar to that for the case w=I[ or
note that these two cases are the same except that the vanables are swapped.
Either method yields the remaiming four cnitical points:

(505,10 50710410 505410 )
3 7 3 7 3

and

(L,w,h)=
\

(5010410 50+510 50+5410

I wh)=
(Lw.R) 3 3 3

\

Substitute these values mto the formula for the volume

F[50+5J1_n 50+510 50—1ﬂJ1_nJ_5n+5J1_n 50+5v10 50-10V10

3 3 3 3 3 3
_ 87500—2500~/10
- 27
—2947 9373
~ 2947.94 e’

And
| 50-5V10 50-5/10 50+10v10 | 50510 50-5110 50+10+10

37 3 73 3 3 3
_25001/10 +87500
- 27
—3533 5442
~3533.54 cm’

Therefore. the maximum and mimimum volume are

¥ =|353354 and 2947 94 e’ |
Answer 43E.

The given paraboloid is z = x* 4+ y°
And the given plane 1s x4+ y+2z=2

The curve of their intersection 1s obtained by substituting for z from first equation
in the second
x+y+2(2+y7)=2

ie 2242y 4x+y=2



Now we find the mazimum and minimum of the function f (x,y,z) =z—x —yj,

subject to constraints
g(x,y,z)=x+y+23=2
k(x,y,z) =2x +2_j]s2 +xt+y=2

By Lagrange’s method of multipliers we find all x, y, z, A and f# such that
Vi (xy.2)= AVg(x.3.2)+4Vh(x,7.2)

g(x.yz)=2
k(x,y,z)z 2

1e. —2x=A+{4x+0)pt -———- (1)
2y=A+{dp+Ypu ———- (2)
1=22  —— (3
x+y+2z=2 = - 4
2 +2y° +x+y=2 -———- (3)

From equation {3) A =%
From equation (1) and (2) x=y

Using this 1n equation ()
4x* +2x=2

ie. 2 +x-1=0

LE. (21—1)(1+1)=U

LE. x=
LE y=

Using these values in equation (4) we find z = %,2
Then the extreme points of “f” are

(l l l) (_1,_1, 2)

222



Now distance of these points from onigin 1s

CROROk

And -1 +(-1*+(2) =6

Therefore the point (%ll) 15 the nearest to origin and the point (—],—1, 2) 1

22

the farthest from origin
Answer 44E.
Consider the plane
4x-3y+8z=5
And the cone
22 =y 4 }_:
The plane intersects the cone in an ellipse.
Find the equation of this ellipse by finding the intersection of cone and plane.

] >

2 2, 2
Z=x+y
.

[%(5—4.r+3y}]' =x’+y* Use z =%{5 —4x+3y)obtained from plane

L3 5—4x+3y) =x*+y°
64

(5-4x+3y)" =64x" +64)°




=)

Sketch the plane and the cone on the same coordinate axis to find the ellipse.




(b)
Consider the function,
1
f(x.y)= E{S—#.r +3y)
Subject to constraint,
g(x.¥)=(5-4x+3y) —64x* =64)" =0

Now, use the Lagrange multipliers to find the highest and lowest point on the ellipse.
Recall the method of Lagrange multipliers,

To find the maximum or minimum of a function subject to the constraints g(x, »z)=k,
Vg=0

(a) find all the values of x, y and 4 such that
?f{:,y‘z) =AVg [1,_}'._2) andg{:r,y,z) =k

(b) Evaluate the value of r at these points. The largest of these values is maximum and the
smallest of these values is minimum.

The partial derivative of f with respect to x is,

éfl
f. :E(E(S-4x+3y})

The partial derivative of f with respect to y is,

a1
1, _E[E(j_dr+ 3y)]
3

8



The partial derivative of g with respect to x is,

e, =§{{ﬁ—4.t+3y}] —64x° —64}*3)

=2(5-4x+3y)-(—4)-128x
=—40+32x-24y-128x
=-96x-24y-40

The partial derivative of g with respectto y is,

g = %[{5—4x+3y)1 —64x° -643:3)

=2(5-4x+3y)-(3)-128y
=30-24x+18y—128y
=-24x-110y+30

Using Lagrange’s multipliers, solve the equations Vf'(x,y)=AVg(x,y)and g(x,y)=0. This

gives the equations
fi=4g.f =2g,, ad g(xy)=0
Substitution yields the equations,
f. =28,
—%= A(-96x-24y-40)

A=— R
2(-96x—-24y—40)

(1)

=j,g

00| o

= 2(-24x-110y+30)

3
A=
8(30-24x-110y)

()

And

g(x,y)=0

(5-4x+3y) —64x" —64y° =0 .- (3)



Eliminate the variable 4 from equations (1) and (2) and then getting equation in x and y .

| 3
T2(40-96x-24y) 8(30—24x-110y)
8(30-24x—110y) = —6(—40-96x—24y)
240192~ 880y = 240+ 576x + 144y
768x+1024y =0

768x =—1024y

- 1024

' 768 °
32x32

- y
Bx8x12

Aﬂxdxﬂxd
Sxﬂxdxjy

__4x4

4::3'F

—




Substitute y value in equation (3) to obtain the values of x and y.

(5-4x+3y) —64x" —64)" =0

2 2
[5—4.”3(—11)] —64x° —64[—3;:) =0
4 4

2 2
(5-4::—3::) _64x —64x 25 0
2 16

{20—161’—9.1’} -64,1:3(1+%]=U

16
(20-25x)" —64x25x* =0
(20-25x)" =64x25x
(20-25x)" =1600x"
(20-25x)° =(40x)’
20-25x=40x or 20-25x =—40x

20=065x or 20=-15x
20 4

X=— orx=——
65 3
4

X=— orx=——
13

To find the y values, substitute the x values in y = —%x.

_}::—Exi Subsliute_r=%

4 13

y=_§x[_i] Substiute.r=—%

Therefore, the function f has a possible extreme values at the points {]4

13



Evaluate r at these two points:

For the point [% -iJ

13
AR i
1(65-16-9
=§( 13 ]
-]
_3
13

For the point [—%,]]_

0] vt o

Aot
Aot
i

3
3

From the above two values, the maximum value of the function occurs at (-%,1] and

minimum value of f occurs at (i,-i) _
13 13

Therefore, the highest point on the ellipse is (—%]%) and lowest point on the ellipse is

[i & i]
137 13713)]




Answer 45E.

Assume that f and g have continuous first partial derivatives and that 7 has an extremum at
point P(Im YosZ, ) ON the smooth constraint curve g(x, J;‘;,) =c, If Vg(x,y, z] 0 and then

there exist a real number jsuch that ‘Ff{xu,yu,zn} = i?g{xn,yu,z,).

Consider the function f (x, y,z] = ye" " subject to the following constraints
g(_t, ,.'J:) =9y +4y2 +36z" =36 and ﬁ{x,y,z}: xy+yz=L
1

From the second constraint xy+yz =1, write yintermsof xand z as y= )
X+=

Substitute the value for y in f(x,y,z) and the consiraint g(x, y,z). To get

e _gty 1 2 _
o s glx,z)=9"+ +36z" =36
f{.r,-] pr—: a.[“j ( } {I+z]2

From the Lagrange multiplier equation, Vf (x,z)=A4Vg(x,z).

Compare the coordinates, to get f =Ag and f =A4g,

Thus f, =Ag, gives eh(x-l-z,__l}:,ills;r— s ]......(1}

:+z]' (14.;_-]3
ANd f, =Ag, gives EP_(IH,HL..I 72z-—3 . )
(I+ZJ- (x+z]

Divide equation (1) by equation (2), to get

x+z-1_ IS.‘J:III+2:)3 -8
x+z+1 ?Zz{x+z}3 -8

.- (3)



5 '4 3
Solve the equation (3) and the constraint equation g(x.z)=9x" + ), +36z" =36.
X+z

Use CAS (computer algebra system) to solve the system of equations.
There are four solutions:

x=0233729 ==-0.799567
x=—1.94138 =-=-0.181993
x=1.06774 =z=0.827063

x=1.36679 =z =-0.590441]

And the corresponding values of the function f(x,z)are:

£(0.233729.-0.799567) = —4.96664
£(~1.94138,-0.181993) = —0.0810740
£(1.06774,0.827063) = 0.671368

£(1.36679,-0.590441) = 9.11922

Hence, the maximum value of f is 911922 and minimum value f is —4 96664 -

Answer 46E.

f(:r, ¥, z) =x+y+z, g(x, v, :) =x —5-'2 —z=10, f;(x? ¥, :) - +z2=4

Vf=AVg+uVh= (1,1, 1)=i2x =2y —1)+pu(2 0,22), so1 =2k
By solving these 5 equations simultaneously for x, y, z, A, and p, we get 4 real-valued solutions:
x= —1.652878, y= —1.964194, - = —1.126052, A= 0.254557, u= —0.557
x= —1.502800, y = 0.968872, = = 1.319694, 1= —0.516064, p = 0.183352
x= —0992513, y= 1.649677, z= —1.736352, A= —0.303090, p= —0.200¢
x= 1.895178, v = 1.718347, == 0.638984, 2= —0.290977, u= 0.554805
Substituting these values into f gives
F(—1.652878, —1.964194, —1.126052) = —4.7431, f(—1.502800, 0.968872, 1.

S(—0.992513, 1.649677, —1.736352) = —1.0792, f(1.895178, 1.718347, 0.6389

Therefore, the maximum is approximately 4 2525, and the minimum is approximately -4.7431.



Answer 47E.

(a) Consider the function:
Where »x,,x,,...,x, are posilive numbers, and x, +x_+...+Xx, =c.where c is a constant.
Let the constraintis g(x,%,...x,)=x +x, +..+x, =¢
Take b{_rl,xz,...,_r_ } =X, X, {ie. 7}
By Lagrange’s method of muftipliers, we find all x,,x,,...,x,and j such that
Vh (_rl,_xz,...,x_ ) — .i?g[_r"xzw.,x_ ) And g{_rp.r:,m,_t. } =g
By applying the Lagrange’s method of multipliers, we get
Vh(x,.x,....x, )= AVg(x,.x,....x,)

é(.r,.r._....r_] = ié(:, +X, X+ X))
1 1

xxex, = (1)

XXX, =4
Multiply the equation, x,x,..x, = A with x, on both sides, we get
4 % W S S — {l}
And
Vh(x,,x,.....x, )= AVg(x,,x,,....X,)

a%{.r,x:...r_ )=4 &(i(.r, + Xy + X H ot X, )

N

XXX, =3(']'

XXX, = A

Multiply the equation. x.x,..x, =4 with x, on both sides, we get

b N JE - A — {2)



And s0 on,
?b{x,,_rz,...,x_} = R?g{.tl ,1._,,...,1.)

axi{:,x,...t‘} = &Ii{.r, +X, + X+t X, )

XX,..x, , = A(1)
XX, =4
Multiply the equation, x.x,..x_, =4 with x_ on both sides, we get
%X X =xAd ... (n-1)
If £ (jadd all the above equations, we get
n(x, x,..x, )= A(x, +x, + e +x,)-
We know that x, +x, +..+x,=¢ ... (m)
Using the above equation, we get

n(xx,..x, )= Ac

XXX, =—
I

From the equation (1), and the equation, x.x,...x, = E we get

n
g
n
c
.I|=;

c c
,=—.andsoon x =—.
n n n

Similarly, we can find the values, x, =<, x

Suppose. ¢=0

SR X X ,X, are positive numbers then the values, x, =x, =.......... =x =0,

So the extreme points of jare



And s0 on,
?b{x,,_rz,...,x_} = R?g{.tl ,1._,,...,1.)

axi{:,x,...t‘} = &Ii{.r, +X, + X+t X, )

XX,..x, , = A(1)
XX, =4
Multiply the equation, x.x,..x_, =4 with x_ on both sides, we get
%X X =xAd ... (n-1)
If £ (jadd all the above equations, we get
n(x, x,..x, )= A(x, +x, + e +x,)-
We know that x, +x, +..+x,=¢ ... (m)
Using the above equation, we get

n(xx,..x, )= Ac

XXX, =—
I

From the equation (1), and the equation, x.x,...x, = E we get

n
g
n
c
.I|=;

c c
,=—.andsoon x =—.
n n n

Similarly, we can find the values, x, =<, x

Suppose. ¢=0

SR X X ,X, are positive numbers then the values, x, =x, =.......... =x =0,

So the extreme points of jare



Then the maximum value of j is [E] .
n

Now if j§ is maximum then = f’ i5 also maximum, and then the maximum value of = f' is
oyt
o - i
[(n] ]
(b) From part (a), we find the maximum value of the funciion f {x,,:z,.,_,x_) = ;ﬂ,rlxr__hr_ is £
n

Where c¢=x,+x,+...+X,

That is for all x,,x,,....X,

c
xx,..x, <=
n

X, X, +. X,

Yxx,..x, <
27 "'n "
But if X=X ==X

(]

Then

{f.t,xz...xﬂ = {f.t,x]...:r,

= (X%, )E

(=)




Answer 48E.

Consider the following function:

f(-fn-r:-'"'-r.t Fl*.]":r'"'.}?n) . ZI.'J".'
Here, the function is subject to the following constraints:

Use the following Lagrange multipliers method, to find the maximum or minimum of a function
subject to the consiraints g(x,y)=k, Vg=0, h(x,y)=c,Vh=0:

(a) Find all the values of x, y zand 4 such that
Vf(x.y)=AVg(x,y)+ uVh(x,y)
and g(x,y)=k.h(x.y)=c

{b) Evaluate the value of r at these points. The largest of these values is the maximum, and the
smallest of these values is the minimum of a function.

Compare the given constraints with g(x, y)=k, and h(x, _}:) = ¢, to get the following:

g(xy)= Z'r-':

h(xy)=2 ¥

Then, the components of Vf,Vg and Vk are as follows:
VI = (%1 P25 Vs s X ers X, )

Vg =(2x,.2x,.....2x,.0.0.....0)
Vh=(0.0....,0.2y,,2,....2y,)



The Lagrange multiplier system of equations for the case where, there are two consiraints can
be wriiten as follows:

Vf = AVg + uVh
g=k
h=c
The vecior equation Vf(x, y,z)=AVg(x,y,z) in terms of its components is:
fo=ig +ph.f, =g, +ph, .f =ig. +uh.

Set up the Lagrange system by substituting the formulas, and values for the various parts into
the Lagrange system of equations.

Substitution yields the following equations:

y,=2Ax,1<isn ... (2)
x, =2uy l<i<n .. (3)
Yol o [€)
Yxi=l (9)

Substitute equation (2) y, = 2Ax, in equation (5) z y.! =1. to get the following:

> (2ax) =1
> 4i’x’ =1

427) x* =1

44 =1 Use (4)

A=

[y -

bd | =

o



Find y, when, g:%;

Substitute 2 =% in (2). to get the following:

¥, =2(%)xj,1£r'5n Plug in % for 4

L

Find y, when, ,1=_%;

Substitute 7 — - in (2). to get the following:
2

¥, =2[—%)x,.,lif5n Plug in _% for 4

=-x

[

Evaluate f(x,y)when. y, = x,as follows:

F (X Xyseeas X Wy Freens ¥, ) = DX,
=3 x? Use constraint ¥xk=]
=1
Evaluate f(x,y)when. y, =—x,as follows:
S (Koo ¥ i Yises3,) = T ()
__%",2 Use constraint Z x=1
1

Substitute equation (2) x, =2uxy, in equation (5) Z xi=1
> (2uy) =1
Z*imz ¥ =1
4y y} =1
47 =1 Use (5)

-

o7

L

Fud | =

F:



Find x, when, y:%:

Substiiiute 4= % in (2), to get the following:

X =2(%]_F,-.1£f£n Plug in % for u

=y.|‘

Find X, when, Ju=_%:

Substitute 4= _% in (2), to get the following:

I,-=2(—l]_p,..1£f£n Plug in - for u
2 2
==V,

Evaluate f(x,y)when, x, = y,as follows:

f{I|i-I25---i=r.1y|i_}rzi-'":_l'r.)=Z_Fj_}rj
=Yy Use consiraint Y yi=1
=1

Evaluate f(x,y)when. x,=-y,as follows:

S (5 X X Vs Paeee ¥ ) = 2 (=20,

=-Y'y?  Useconstraint Z yi=1
1

So, for all the values of 4, g, the function f {x, y} takes values -1, and 1.

Therefore, the maximum value of the function 7 subject to given constraints is m



(b)

Consider the following conditions:

Assume that Zaf =0 and Z‘!’;: 210.
J=1

J=i

a b

[} . ]

Here, the function attains the same maximum with *; =

L]
-
[E]

a; i

So, the summation Zx'. ¥:,1 i< n is less than or equal to 1 because, it can atfain a

maximum value 1.

This above analysis can be mathematically written as follows:
b

2. xy, <1
Substitutex, = 4 1,andy;= -

a b
—'.—'5 I : o 1 —}

1
LI
JZHI' Jij'
> ab < Jzaf Jbe
Therefore, Z"-'.b. < Jz:aj" JZB}’ i






