Chapter 16

THE GENERAL CONIC

370. Ix the present chapter we shall consider proper-
ties of conic sections which are given by the general equation
of the second degree, viz

ax® + 2hay + byt + 2924+ 2fy +e=0......... (1).

For brevity, the left-hand side of this equation is often
called & (2, ¥), so that the general equation to a conic is

¢ {m: ﬂ} =0.

Similarly, ¢ («, y') denotes the value of the left-hand
side of (1) when &’ and 7' are substituted for = and .

The equation (1) is often also written in the form S=0.

371. On dividing by ¢, the equation (1) contains five
. a kb j
independent constants —, -, -, ?, and =,
et wt el ¢ ¢
To determine these five constants, we shall therefore
require five conditions. Conversely, if five independent
conditions be given, the constants can be determined,
Only one conie, or, at any rate, only a finite number of
conics, can be drawn to satisty five independent conditions,

372. To find the equation to the tangent at any poiné
(2, o) of the conic section
¢ (2, ¥) = aa® + 2hay + by + 292 + 2y +¢=0...(1).
Let (x", 4") be any other point on the conic.
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The equation to the straight line joining this point to
(@, y) is

it~V 9
is e e (0 — 28 csvnnmininnnss (2).
Since both (', ») and (2", &) lie on (1), we have
ax® + 2ha'y’ + by + 2gx’ + 2fy’ +e=0...... (3),

L

and  ax'?+ 2ha"y" + by + 292" + 2y " +¢=0...... (1).
Hence, by subtraction, we have

@ (wr‘_: n mug) o 2% (m:yr__‘muyu) i b (yr-_, - y”g}
+29 (& — ) + 2 (Y —y") =0 e (5).

But
[

2(oly — aly) = (@ + ) () ~ ")+ (& =) (o + o)
so that (5) can be written in the form
(2 —a") o (0 +2") + 2 (9 +y") + 29]
+( -y [h (@ +2) + b (f +y") + I] =0,
i y' =y a(d +a")y+ Ly + ")+ 2
e o —a T k(a0 + )+ 2
The equation to any secant is therefore
a(x +2")+ oy +y")+29 ,
" ?'a_(m’ +a’" )+ b(y + y”)_ﬁt-"lj'{'m =& ) e AR)-
To obtain the equation to the tangent at (x, ¥'), we put
o’ =a' and %’ =y in this equation, and it becomes

Y-y =

ax’ +hy' +¢ ;
MT f. I{ﬂf.! — i ):,
8.6, (o' +hy' +g)x+ (b’ + by + 1)y
= a4+ 2oy’ + byt + g2’ + Sy
= — ga' — fy' — ¢, by equation (3).
The required equation is therefore
axx'+h (xy'+x'y) +byy’ + 8 (x+ %) + £ (y +¥)

y-y=-

Cor. 1. The equation (7) may be written down, from
the general equation of the second degree, by substituting
ax’ for o, yy' for % my' + 'y for 2zy, x+a for 2x, and
y+y for 2y (CE Art, 152.)
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Cor. 2. If the conic pass through the origin we have
¢=0, and then the tangent at the origin (where &' =0 and
y =0)is gx + fiy =0,

t.e. the equation to the tangent at the origin is obtained by

equating to zero the terms of the lowest degree in the
equation to the conic.

378. The equation of the previous article may also be obtained
as follows; If (¢, y') and (", y"') be two points on the conie section,
the equation to the line joining them is

afw=a) (w—a") +h[(x—2) (y—y") +{e—a") [y -y )1+ 0y -y )y -y")
=ar?+ 2hay +by* +2p2 + 2y oL (1),
For the terms of the second degree on the two sides of (1) cancel,

and the equation reduces to one of the first degree, thus representing
a straight line.

Also, since (2, ') lies on the curve, the equation is gatistied by
putting 2=z and y=y’.

Hence (x', y') is a point lying on (1).
So (", y") lies on (1).
It therefore is the straight line joining them,
Putting 2" =2’ and y" =y’ we have, as the equation to the tangent
at (', "),
ale—aP+2h(z-aY (y-9y)+0 (y-y'F
=ar®+ 2hay + by* - 2ga + 2y + ¢,
e, Qa4 20 (x'y +xy’)+ Dhyy' + 2gx + 2y ¢
=ax?+ 2ha'y' + by
= — 2ga’ - 2fy’ - e, since (2, y') lies on the conie,
Hence the equation (7) of the last article,

874. o find the condition that any straight line

lztmy4n=0 .. (1),
may touch the conie

ax? +2hay +by? ¥ 292 +2fy +¢=0 (2).

Substituting for y in (2) from (1), we have for the equation giving
the absciss® of the points of intersection of (1) and (2),

2% (am? = 2him +-b1%) = 2 (hanae — bln — gm® + flm)
+bn? - 2fmn 4 enF=0............ (3).
If (1) be a tangent, the values of & given by (3) must be equal,
The condition for this is, (Art. 1,)
(Tt — Dl — goe® 4 fln)* = (am® — 20l -+ BI%) (bn® = L -+~ eme®).
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On simplifying, we have, after division by m®,
B (be—f2) +m® (ca— g%) +a2 (ab = 1%) +2mn (gh — af )+ 2ul (hf - by)
+2Im (fy - ch)=0.
Ex. Find the equations to the tangents to the conic
w? Ay + 3y - S — 6y +3=0 ... (1),
which are parallel to the straight line x4 4y =0,
The equation to any such tangent is

a4y te=0......cocoirirririiriinn (2),
where ¢ is to be determined.

This straight line meets (1) in points given by
3a® — 2 (5 + 28) 4 Bc* 4 24¢ + 48 =0.
The roots of this equation are equal, i.c. the line (2) iz a tangent,

if {2(5c+28)}*=4.3. (8¢ +24c +48), i.e. if e= -5 or -8,

The required tangents are therefore

t+4y—-5=0, and w44y -8=0.

375. Asin Arts 214 and 274 it may be proved that

the polar of (2, ') with respect to ¢ (x, y) =0 is
(o + hy' + gy @+ (ha' + by’ + )y +ga' +fy +e=0.

The form of the equation to a polar is therefore the

same as that of a tangent.

Just as in Art. 217 it may now be shewn that, if the
polar of £ passes through 7', the polar of 1" passes through

£

The chord of the comic which is bisected at (2, '),
being parallel to the polar of (', ¢') [Arts. 221 and 280],
has as equation

(ao’ + hy' + g) (. — ') + (b’ + by’ + )y — y') = 0.

376. 1o find the equation to the diameter bisecting all
chords parallel to the straight line y=ma. (See fig. Avt. 279.)

Any such chordis y=max+K ..................... (1)

This meets the conic section

ax’ + 2hxy + by* + 2gx + 2fy +¢ =0
in points whose abscisse are given by
aaf + 2ha (mae + K) +0 (mx+ K + 2gx + 2f (ma+ K)+ e=0,
we. by @ (a+ 2l + bni®) + 2w (AK + bmK + g + fin)
+ 0K+ 2fK + ¢ =0,
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If @, and =, be the roots of this equation, we therefore
have
b+ bm) K+ g + fm
a+ 2hm+bm®
Let (X, ¥) be the middle point of the required chord,
so that

ml-i-ﬂ:_g:-ﬂ(

B +dy  (htbm)K+g+ fin (2.
2 @+ 2hm + bm® T
Also, since (X, 1) lies on (1) we have
T = A I i wcmmmmmasinon (3).

If between (2) and (3) we eliminate A we have a
relation between & and Y.

This relation is

— (& + 2hm + bm*) X = (b + bm) (¥ — mX ) + g + fm,
i 6. X(o+hm)+ ¥ (h+bm)+g+ fm=0.

The locus of the required middle point is therefore the
straight line whose equation is

2 (e + hm) +y (b + bm) + g + fm =0,

If this be parallel to the straight line y=m'z, we
have

K=

. a + hin
m = -*'?;Tg;?i ..................... (‘1‘),

i.6. a+h(m+m)+bmm' =0 ............... (5).

This is therefore the condition that the two straight
lines y =wmx and y=m'x may be parallel to conjugate
diameters of the conic given by the general equation.

877. To find the condition that the pair of straight lines, whose

equation is
A2+ 2Hzy + By?=0
may be parallel to conjugate diameters of the general conie
az®+2haxy + by + 2gx + 2y +e=0 o (2).

Let the equations of the straight lines represented by (1) be y =mx

and y=m'z, so that (1) is equivalent to
B (y —mz) (y —m'z)=0,

and hence g = - 2

: A
B and mm =5"
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By the condition of the last article it therefore follows that the
lines (1) ave parallel to conjugate diameters if

ca-l—?a.(—f%r) + E:%.—_-ﬂ,
i.e if Ab = 2Hh+ Ba=0,
878. To prove that two concentric conic sections always have a

pair, and only one pair, of common conjugate diamelers and to find
their equation.

Let the two concentrie conie gections be

22 Ry +by=1 ....coiivaiinrrininnnns (L)

and POl 7L TR U TS O |} i
The straight lines

Ax?+ 2Hay +By*=0 ..oooiirveecenieeennnnn (),

are conjugate diameters of both (1) and (2) if
Ab - 2Hh+ Ba=0,

and AY - 2HN 4 Ba' =0.
Solving these two equations we have
4 _ -iH B
ha' = W'a— ab’ —a'b” bR ~Uh’
Substituting these values in (3), we see that the straight lines
a? (ha' = W'a)—zy (ab’—a'b)+y® (bR =0 R)=0......... (4)

are always conjugate diameters of both (1) and (2).

Hence there is always a pair of conjugate diameters, real, coinci-
dent, or imaginary, which are common fo any two concentric conic
sections,

1, How many other conditions can a conie secfion satisfy when
we are given (1) its centre, (2) its focus, (3) its eccentricity, (4) its
axes, (5) a tangent, (6) a tangent and its point of contact, (7) the
position of one of its asymptotes?

9. Find the condition that the straight line Iz +my=1 may
touch the parabola (ax —by)®— 2 (a®+0°) (ax + by) 4+ (a*+b%*=0, and
ghew that if this gtraight line meet the axes in P and @, then PQ
will, when it is a tangent, subtend a right angle at the point (a, b).

3. Two parabolas have a common focus; prove that the perpen-
dieular from it upon the common fangent passes through the
intersection of the directrices.
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: 2
4. Shew that the conie {% + %?- cos a+§-§=sin'3 a is inscribed in

the rectangle, the equations to whose sides are a2=a® and y?=%% and
that the quadrilateral formed by joining the points of contact is of

constant perimeter 4 ,.f a®+ b, whatever be the value of a.

5. A variable tangent to a conie meets two fixed tangents in two
points, P and €; prove that the locus of the middle point of P is a
conic which becomes a straight line when the given conic is a parabola,

6. Prove that the chord of contact of tangents, drawn from an
external point to the conie aw®+2hay +by?=1, subtends a right angle
at the centre if the point lie on the conie

a® (a®+ %) + 2h (a+b) 2y + 92 (BB + bY) =a 4D,

7. Given the foens and directrix of a eonie, prove that the polar

of a given point with respect to it passes through another fixed point.

8. Prove that the loens of the centres of conies which touch the
axes at distances a and b from the origin is the straight line ay=bez.

9. Prove that the locus of the poles of tangenis to the conic
ax?+2hay + by?=1 with respect to the conie @/z®+2h'zy+b'y*=1 is
the conie

a(b'o+b'y)—2h(a’z+ hy) (Mo +0y) + b (o' + W'y)2=ab - W7
10, Find the equations fo the straight lines which are conjugate
to the coordinate axes with respect to the conic da*+2Haxy + By*=1.

Find the condition that they may coincide, and interpret the
result.

11. Find the equation to the common conjugate diameters of the
conics (1) &%+ 4ay+6y2=1 and 22+ bxy +9y*=1,
and (2) 22%—b5ay +3y*=1 and 2224 3zy -9y *=1.

12. Prove that the points of intersection of the conies

ax®+ 2hay + by*=1 and a'z®+2h'zy + My =1
are at the ends of eonjugate diameters of the first conie, if
ab’ +a'b - 2hi =2 (ab - 1?).
13. Prove that the equation to the equi-conjugate diameters of

W s a_q o Q%+ 2hay +by* _ 2 (a®+y¥)
the conie ax?® 4 2hay + by*=1 is —r—18 e

1 (1)3; (2 3; (345 (9 2; (5) 4 (8) 35 (7) 3
10. Axz+Hy=0 and Hz+By=0; H?*=4D, so that the conic is a
pair of parallel straight lines,

11. iﬂi:ﬂ?-t'ﬂy]:ﬁ; (2z — 3y)2=0.
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SOLUTIONS/HINTS

L (1) The equation of ax i
s 2 1y conic, wh .
origin, is aa® + ey + by = 1, Y , Whose centre is the

Therefore three other conditi 1
e 4 1tions are required to deter-

(2) The equation of an : = a

W e Y conic, one of whose foei is

the origin, is @+ =e? (2 cos a Ly Rina—p) oci is
Therefore thr T 4

o ree other conditions are required to deter-

3) Th ion ¢ i
. &)? 5 € equation of any conic, one of whose foeci is
g (. —h)* + (y - k) = & ( cos @+ ¥ sin a — p)?.
Four other conditions are required to determine 4. 4 a, p
Bl | .

(4) The equation of any conic h
axes of coordinates is aax®+ sz: 1 whose axes are the

Therefore two other condition .
mine &, b. 8 are required to deter-

(5) By Art. 374, a conic can be determined to touch
five given linesy therefore four other conditions are required.

(6) A tangent and its point of contact are equivalent
to two consecutive points of the curve; therefore three
other conditions are required.

(7) By Art. 326 (1), if A=+ By + (' =0 is given, three
other conditions are required to determine 4, + B,y + C,=0
and A%

Aliter. To give the position of one asymptote is the
same as to give {wo points on the curve at infinity. Hence
three other conditions are necessary, since a conic can be
drawn through any five points.

2. The lines joining the origin to the common points
of the parabola and the line are
(ax—by)* — 2 (a® + &°) (ax + by) (lx + my)
+(a®+ ) (le +my)* = 0. [Art. 122.]
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If lz + my =1 is a tangent, these must be coincident ;
S {a—1(a® + B {6 —m(a® + b))
=[{a—1 (a® + b*)} {b—m (a* + &%)} — 2ab ]
S fa— (@ + 8%} {b —m (¢ + 1*)} = ab.
. Im(a®+ %) = am + lb.
This is the same as the condition that P@Q will subtend
a right angle at (a, 0), viz.

a_—

3. Taking the common focus for origin, let
a? + y* = (zcos a + y 8in a — p,)},
a®+9* = (xcos B + ysin B = p,)?,
be the equations of the parabolas,
lz + my + 1 =0 is a common tangent if
(i + m®) p, + 2msin a + 2l cos a =0, ... (i)
(B +m®) py + 2msin B+ 2l cos =0, ... (ii) [Art. 374.]

Multiply (ii) by p,, (i) by p., and subtract. Therefore
Pa(msina+lcosa)— p, (msin B+ lecos B)=0. ... (iii)

The equation of the line through the origin, perpen-
dicular to lz+my +1=0,

is

~| 8
S|w

Hence from (iii) it is

P2 (zcosa+y sin a—p,) — p, (% cos B +ysinf —p,)=0
which is the equation of a line going through the inter-
section of the directrices.

4. The four lines =+ a, y =+ b each cut the curve in
coincident points, whose coordinates are '
(@, —bcosa), (—acosa, b), (—a, beosa), (acosa, —b).



600 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

The perimeter
=2{a*(1 + cosa)® + &2 (1 + cos a2}
+2{a* (1 - cos @) + 5% (1 — cosa)’}} = 4a? + B2,
5. Taking the general equation of Art. 372, if =0,
y=0 are tangents, we have g*=ac, f?=bc, and the con-
dition of Art. 374 becomes, if n =1,
(ab—A?) + 2m (gh — af ) + 2L (hf — bg) + 2im (fy — ch) =0 ;
but if (z, ) be the coordinates of the middle point of P,
2= l ’ 2m = l.
@ y
Hence the equation of the required locus is the conic
(ab ~#) zy + (gh—af ) @+ (hf — bg) y + § (fy —ck) =0,
which becomes a straight line if ab - A2=0.

6. The lines joining the origin to the common points of
ax®+ 2hay + by* =1 and @ (a2’ +hy') +y (ha' + by') =1
are  ax’+ 2hxy + by’ = {@ (ax’ + hy') + y (ha' + by'))*
[Art. 122.]
They are at right angles if
a+ b=z (a®+1°) + 2k (a + b) 2y’ + y* (A% + B?).
Suppressing the accents, we have the required locus,

7. Take the focus for origin and let z=a be the
equation of the corresponding directrix. Then the equation
of the conic will be 2? + y*=¢* (xz — @)%

The polar of the point (2, ¥') is

wx' +yy — e jax’ —a(x+ o) +a’}=0, [Art 375]
which passes through the intersection of the lines
xx' +yy =0, and 22’ —a(x+ ) +a®=0.
8. The equation of the conic i
b°x® + 2N°zy + a*y® - 2%ax - 2a°by + a*b* = (.

For when =0, we have (x~a)*=0, and when =0,

we have (y — 6)*=0.
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The centre is given by
bz + Ny =bla, Nz +a'y=a'h [Art. 352.]
Eliminating A, 5% — a%* = ab (bx — ay).

Therefore ay = ba, since g - % =1 is clearly not part of

the locus, or rather it is the locus for the particular case
when A?=ab, i.e. when the conic is two coincident straight

lines coinciding with f—; g,

b
9. The polar of (¢, /) with regard to the second
coniec, viz. a(a'e + Wy')+y (Ka' +by)=1,

will touch the first conic if
a (W' + 0y — 2k (K2’ +0'y) (a'd +Wy)+ b (a'a + ky'y
=ab-F. [Art. 374.]
Suppressing the accents, we have the required equation
of the locus.
10. (1) Let y—ma=C be conjugate to y =0. Then
since y* — may = 0, are conjugate diameters of
Ada*+ 2wy + By =1, .. A+mH=0. [Art. 377.]
Therefore Zy + Az =0 is conjugate to y = 0,
Similarly Hz + By =0 is conjugate to x=0.
(2) If they coincide, %: %], or %= AB, so that the
conic becomes a pair of parallel straight lines.

11. By Equation (4) of Art. 378, the required equations

are

(1) «(2+3y)=0 and (2) (22 —3y)2=0.

12. The lines joining the origin to the common points
of the conics are clearly

(2—a’)o? + 2(h—R) a2y +(b—b)y*=0.
These are conjugate diameters of the first conic if
ab—b) -2k (h—Pk')+ (a— a) b=0,
t.e. if ab’ +a'b—2hk =2 (ab — #*). [Art. 377.]



602 COORDINATE GEOMETRY by S. L. LONEY (Kindle Edition)

13. The straight lines joining the intersections of the
given conic with the circle #* + 5 =1* are clearly

r*(aa® + 2hacy + by®) = 2 + o2,
ne. @ (ar® — 1) + 2hr*xy + (b2 — 1) = 0. [Art. 122.]
These are conjugate diameters of the given conic if
a(br*=1)—2kr*. h + b (ar* - 1) = 0,
o ? a+b
z.e. if P m .
Therefore the equation to the join ing lines is
ax® + 2hay + by 2 (a® + o)
 ab—k? T a+bd °
These lines, since they are conjugate diameters and also
are of equal length 7, are the equi-conjugates.

379. Two conics, in general, intersect in four points,
real or vmaginary.
For the general equation to two conics can be written
in the form
aa? + 2 (hy + g) + by* + 2fy +¢ =0,
and aw?+ 22 (Wy+g)+ by + 2f 'y + ¢ =0,
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Eliminating @ from these equations, we find that the
result is an equation of the fourth degree in y, giving
therefore four values, real or imaginary, for y. Also, by
eliminating #® from these two equations, we see that there
is only one value of a for each value of . There are there-
fore only four points of intersection.

380. ZFHguation to any conic passing throwgl the inter-
section of two given conics.

Let 8= aa®+ 2hay + by + 292 + 2fy +¢=0...... (1),
and S’ =da®+ 2wy + by + 29'e + 2f 'y + ¢ = 0...(2)
be the equations to the two given conies.

Then T A8 = Oesnuainrani (3)
is the equation to any conie passing through the inter-
sections of (1) and (2).

For, since S and S’ are both of the second degree in

and 9, the equation (3) is of the second degree, and hence
represents a conic section,

Also, since (3) is satisfied when both S and §" are zero,
it is satisfied by the points (real or imaginary) which are
common to (1) and (2).

Hence (3) is a conic which passes through the intersec-
tions of (1) and (2).

381. 7o find the equations to the straight lines passing
through the intersections of two conies given by the general
EqUAtions.

As in the last article, the equation
(@—Aa')a? + 2 (h— AN ) ey + (b— M) a* + 2 (9 — ANy ) @
+2(f—-AMNy+(c=A)=0...... (1),

represents some conic through the intersections of the given
conics.

Now, by Art. 116, (1) represents straight lines if
(a=Aa') (b= NB) (¢ = \e) + 2 (f = M) (g = Ag) (h—NE)
— (@ —Aa") (f = AP — (b =A) (g — Ag')* — (c = A} (b — AA')?
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Now (2) is a cubic equation. The three values of A
found from it will, when substituted successively in (1),
give the three pairs of straight lines which can be drawn
through the (real or imaginary) intersections of the two
conics.

Also, since a cubic equation always has one real root,
one value of X\ is real, and it could be shown that there can
always be drawn one pair of real straight lines through the
intersections of two conies.

382. All conics which pass through the intersections of
fwo rectangular hyperbolas are themselves rectungular hyper-
bolas.

In this case, if §=0 and §"=0 be the two rectangular
hyperbolas, we have

a+b=0, and &'+ =0. (Art. 358.)

Hence, in the conic §—AS8"=0, the sum of the co-
efficients of »* and ¢*

=(a—Aa') + (b= Ab) = (& + b) — A (¢ +b) =0,
Hence, the conic §— A8’ =0, t.e. any conic through the

intersections of the two rectangular hyperbolas, is itself a
rectangular hyperbola.

Cor. If two rectangular hyperbolas interseet in four points
A, B, ¢, and D, the two straight lines 4D and B(, which are a conic
through the intersection of the two hyperbolasg, must be a rectangular
hyperbola. Hence 4D and BC must be at right angles, Similarly,
BD and CA, and €D and AB, must be at right angles. Hence D is
the orthocentre of the triangle ABC,

Therefore, if two rectangular hyperbolas intersect in four points,
each point is the orthocentre of the triangle formed by the other
three,

383. IfL=0,M=0,N=0,and E=0 be the equations
to the four sides of a quadiilateral taken in order, the
equation to any conic passing through its angular points is

L=, MB - civvsiviviaii (1).

For L=0 passes through one pair of its angular points
and V=0 passes through the other pair. Hence LN =0 is
the equation to a conic (viz. a pair of straight lines) passing
through the four angular points.
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Similarly MR =0 is the equation to another conic
passing through the four points.

Hence LN = \. MR is the equation to any conic through
the four points.

Geometrical meaning. Since L is proportional to the perpen-
dicular from any point (z, y) upon the straight line L=0, the
relation (1) states that the product of the perpendiculars from any
point of the eurve upon the straight lines L =0 and N=0 is propor-
tional to the produect of the perpendiculars from the same point upon
M=0 and R=0.

Hence If a conie circumseribe a quadrilateral, the ratio of the
product of the perpendiculars from any point P of the conic upon two
opposite sides of the quadrilateral to the product of the perpendiculars
from P upon the other two sides is the same jor all positions of P.

384. Fguations to the conic sections passing through
the intersections of a conic and two
given straight lines.

Let S=0 be the equation to the
given conic.

TLet =0 and v=0 be the equa-
tions to the two given straight lines
where

w = ax + by + ¢,
and =a'z+by+c.
Let the straight line 2 =0 meet the conic §=0 in the
points 2 and £, and let v = 0 meet it in the points ¢ and 7.
The equation to any conic which passes through the
points P, ¢, 2, and 7" will be of the form
Poi=g W R —— (1).

For (1) is satisfied by the coordinates of any point
which lies both on §=0 and on » =0 ; for its coordinates
on being substituted in (1) make both its members zero.

But the points P and R are the only points which lie
both on §=0 and on u=0.

The equation (1) therefore denotes a conic passing
through P and R.

Similarly it goes through the intersections of §=0 and
v =0, i.e. through the points ¢ and 7.
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Thus (1) represents some conic going through the four
points P, @, R, and T

Also (1) represents any conic going through these four
points, For the quantity A may be so chosen that it shall
go through any fifth point, or to make it satisfy any fifth
condition ; also five conditions completely determine a conic
section.

Ex. Find the equation to the conic which pusses through the point
(1, 1) and also through the intersections of the conie

224+ 2my + 5y — To —~ By +6=0
with the straight lines 2z -y —-5=0 and 3z+y-11=0. Find also
the parabolas passing through the same points.

The equation to the required conic must by the last article be of
the form

a2y +5y% - To — By + 6=\ (22 -y - 5) (Ba+y - 11) ... (1).
This passes through the point (1, 1) if
14+245-7-846=A(2-1-5)(8+1-11), i.e. if A= -y,
The required equation then becomes
28 (2 + 2ey +5y% — To — 8y +6) + (2w -y - 5) (Bz+y - 11) =0,
i.e. 34262 4 552y + 139y? - 233z — 218y + 223 =0,
The equation to the required parabola will also be of the form (1),
1.2,
21— 6X) + 2y (24N +¥2(5+N) — (7 - 8TA) —y (8 + 6)\) +6 — 550 =0.
This is a parabola (Art. 357) if (24+M)%=4(1-6)) (5+A),
i.e, if A=1[-12+4,/10].
Substituting these values in (1), we have the required equations,

385. Particular cases of the equation
S =\uv.

I. Let =0 and »=0 intersect on the curve, ¢.¢. in
the figure of Art. 384 let the
points P and ¢ coincide.

The conic S = Auw then goes
through two coincident points
at P and therefore touches the
original conic at P as in the
figure.

II. Let =0 and v=0
coincide, so that v=q.
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Tn this case the point 7" also moves up to coincidence
with £ and the second conic
touches the original conic at both
the points P and £,

The equation to the second
conic now becomes 8= \ul

When a conic touches a second
conic at each of two points, the
two coniecs are said to have double
contact with one another.

The two conics § = Aw® and S =0 therefore have double
contact with one another, the straight line =0 passing
through the two points of contact.

-
-
-

As a particular case we see that if w=0, v=0, and
w=0 be the equations to three straight lines then the
equation ww =Au® represents a conic touching the conic
vw =0 where # =0 meets it, ¢.e. it 18 a conic to which
v=0 and w=0 are tangents and % =0 is the chord of
contact.

TII. Let w=0 be a tangent to the original conic.

In this case the two points P
and £ coincide, and the conie
S = Auw touches §=0 where u=0
touches it, and »=0 is the equa-
tion to the straight line joining
the other points of intersection of
the two conics,

If, in addition, » =0 goes
through the point of contact of » = 0, we have the equation
to a conic which goes through three coincident points at £,
the point of contact of %=0; also the straight line

joining P to the other point of intersection of the two
conics is v =0.

IV, PFinally, let v=0 and ©#=0 coincide and be
tangents at P. The equation S =Au" now represents a

conic section passing through four coincident points at the
point where = 0 touches §'=0.
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386. Line at infinity. We have shewn, in Art.
60, that the straight line, whose equation is

O0.x+0.y+C=0,

is altogether at an infinite distance. This straight line is
called The Line at Infinity. Tts equation may for brevity
be written in the form '=0.

‘We can shew that parallel lines meet on the line at
infinity.

For the equations to any two parallel straight lines
are

Ae+By+ 0 =0.cccviviiiviinnn (1),
and A4 B+ 0" =0 coviaaiii (2).
Now (2) may be written in the form
1
Am+By+0+6 O—{G.m+(}.y+(}}:0,

¢

and hence, by Art, 97, we see that it passes through the
intersection of (1) and the straight line

0.2+0.y+C=0.
Hence (1), (2), and the line at infinity meet in a point.

387. (eometrical meaning of the equation

where A is a constant, and w=0 18 the equation of « straight
line.

The equation (1) can be written in the form
S=Ax(0.2+0.y+1),

and hence, by Art. 384, represents a conic passing through
the intersection of the conic S'=0 with the straight lines

wu=0and 0.2+0.y+1=0.

Hence (1) passes through the intersection of §=0 with
the line at infinity,

Sinece 5 =0 and S = Az have the same intersections with
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the line at infinity, it follows that these two conics have
their asymptotes in the same direction.

Particular Case. Let
S=at+ 9y — a’
so that . = 0 represents a circle,

Any other cirele is

a2t + oyt — 2gx — 2fy + ¢=0,
.. Byt —at=2gx+ Lfy—a’—o,
so that its equation is of the form & = Aw.

Tt therefore follows that any two circles must be looked
upon as intersecting the line at infinity in the same two

(imaginary) points. These imaginary points are called the
Circular Points at Infinity.

388. Geomelrical meaning of the equation S = A, where
A 18 a constant,

This equation can be written in the form
S=r0.2+0.y+1),

and therefore, by Art. 385, has double confact with §=0
where the straight line 0,2+ 0.7+ 1 =0 meets it, ¢.e. the
tangents to the two conies at the points where they meet
the line at infinity are the same.

The conics S=0 and S = A therefore have the same
(real or imaginary) asymptotes,

Particular Case. ILet §=0 denote a circle. Then
S =\ (being an equation which differs from §=0 only in
its constant term) represents a concentric circle,

Two concentric eircles must therefore be looked upon as

touching one another at the imaginary points where they
meet the Line at Infinity.

Two concentrie circles thus have double contact at the
Circular Points at Infinity.
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1. What is the geometrical meaning of the equations S=\. T,
and 8=+ ku, where S=0 is the equation of a conie, T=0 is the
equation of a tangent to it, and u=0 is the equation of any straight
line?

2. If the major axes of two conics be parallel, prove that the
four points in which they meet are concyclic.

3. Prove that in general two parabolas can be drawn fo pass
through the intersections of the conics

ax?+ 2hay -+ by® + 292 + 2fy +c=0
and a'e? +2h ey + V'R + 29w+ 2y 2" =0,
and that their axes are at right angles if h (o' - V') =h' (a - b).

4, Through the extremities of two focal chords of an ellipse a
conie is deseribed ; if this conic pass through the centre of the ellipse,
prove that it will cut the major axis in another fixed point.

5, Through the extremities of a normal chord of an ellipse a
eircle is drawn such that ite other common chord passes through the
eentre of the ellipge, Prove that the loens of the intersection of
these common chords is an ellipse gimilar to the given ellipse. If the
eceentricity of the given ellipse be /2 (\/2—-1), prove that the two
ellipses are equal.

6. If two rectangular hyperbolas intersect in four points 4, B, €,
and D, prove that the circles described on 4B and CD as diameters
cut one another orthogonally.

7. A eircle is drawn through the centre of the rectangular
hyperbola 2y =¢* to touch the curve and meet it again in two points;
prove that the locus of the feet of the perpendicular let fall from the
centre upon the common chord is the hyperbola 4zy=¢2

8. If a cirele touch an ellipse and pass through ite centre, prove
that the rectangle contained by the perpendiculars from the centre of
the ellipse upon the common tangent and the common chord is
congtant for all points of contact.

9, From a point T whose coordinates are (2, ¥') a pair of
tangents T'P and I'Q are drawn to the parabola y*=4ax ; prove that
the line joining the other pair of points in which the cireumeirele of
the triangle TPQ meets the parabola is the polar of the point
(2a — ', y'), and hence that, if the cirele touch the parabola, the line
P() touches an equal parabola.
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10. Prove that the equation to the ecirele, having donble contact

2 0
with the ellipse _:1:__3 - Y 1 at the ends of a latus rectum, is

af bt
224y - 2aed w=a? (1 - - ¢).

11. Two circles have double contact with a conie, their chords of
contact being parallel. Prove that the radical axis of the two circles
is midway between the two chords of contact.

12, If a cirele and an ellipse have double eontaet with one another,
prove that the length of the tangent drawn from any point of the
ellipsa to the cirele varies as the distance of that point from the
chord of contact.

13. Two conies, 4 and B, have double contact with a third mmir.‘:
¢. Prove that two of the common chords of 4 and B, and their
chords of contact with ¢, meet in a point.

14, Prove that the general equation o the ellipse, having double
contact with the cirele #®+y?=a* and touching the axis of x af the
origin, is c2? - (a® + ¢%) y* — 2a’cy =0.

15. A rectangular hyperbola has double contact with a fixed
central conie. If the chord of contact always passes through a fized
point, prove that the locus of the cenire of the hyperbola is a circle
passing through the centre of the fixed conie.

16. A rectangular hyperbola has double contact with a parabola;
prove that the centre of the hyperbola and the pole of the chord of
contact are equidistant from the directrix of the parabola.

1. A conie touching S=0 where T'=0 touches it and having its
agymptotes parallel to those of S=0.
A conie sueh that the two parallel straight lines w=0 and
1+ k=0 pass through its intersections with §=0.

!. The conic (1) passes through the intersections of

6:’:0 and ‘Z’: 0, and these intersections are coincident
since 77=0 is a tangent. Hence it touches S=0 at the
point where 77=0 touches it; and since the terms of the

second degree are the same, the two conics have parallel
asymptotes.
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:l‘he conic (2) passes through the intersection of the
conic =0 with the parallel straight lines % =0 and

w+k=0.
AT g @—c) (y—dy_
(?34'5;2—1, and pe -+ 132 ——-1,
be the equations of the two conics.
Any conic through their intersections is
x—¢)? (y-d) a
( g ) +‘yﬂ2—-)-—1+l E‘é-’-%—:— ):0
Since there is no term in zy, this conic will be a circle
if the coefficients of 2* and #* are equal, that is if
ol TR S ¢
R
and this gives a real value for A, so that a circle can be
drawn through their intersections.
3. The conic S—AS' =0 of Art. 380 is a parabola if
(a— Aa’) (b —Ab') = (h — MY,
that is, if A*(a'd’' - 4'%)+ A (2RA' —ab’ — &'b) + ab— A*=0.
Since this is a quadratic, there will be two values of A
that will make the above conic a parabola.

[If two parabolas have their axes at right angles, their
equations can clearly be expressed in the form

=Ax+By+(C and y*=A'z+ By + (',
so that their four points of intersection lie on the circle
BP+yt=(4+A)x+(B+B)y+(C+C"}.]
The conic S — AS’'=0 must therefore, for some value of A,
be a circle. The conditions for this are
a—Ad =b-Ab, and - AR =0,
On eliminating A, we have & (a’'—b')=A'(a—b).

4. Let y=m,(z—ae) and y=m,(x—ae)
be the equations of any two focal chords of the ellipse
m2
CF + %/—: =1,

2. Let
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Any conic going through the intersections of these
chords and the ellipse is

{y—m (- fw)}{y—ma(w-vw)}"‘(«Ii +"Z—:- 1)=O.
1f it passes through (0, 0), then mym.a®*+ A\ = 0.

Putting y =0, the points in which the curve cuts the
major axis are given by

aimioraip-5 (§-1)0
.. by (z—ae)*+é*(#®—a’)=0, i.e. by 2*—2aex+e2*=0.
9
Therefore the other fixed point is (%, O) ;

5. Let y=max be the other common chord.
A conic through their intersections is

2
(ax sec ¢ — by coseccﬁ—a.“-&-b?)(y—mw)—A(-§§+:-Z;—l)=0,

which will be a circle if mb cosec ¢ + @ sec ¢ =0.
Hence we have to eliminate ¢ between
ax sin ¢ — by cos ¢ = (a® — b%) sin ¢ cos ¢,
and oﬂz_sinqb: - 1——
@ by iy
5 Aata® 1 by (- 2abay) = (a* — b%) (— axby).

2 __ pa\2
which is the equation of a similar ellipse. The ellipses are
.o (@® =B
equal if o a?,
i.e. if =4 (1—¢), ie if =2(v/2-1).

8. By Art. 382, Cor., D is the orthocentre of the
triangle ABC. Let 4D, BD, CD meet the opposite sides,
to which they are perpendicular, in X, ¥, Z. Then the
two circles spoken of go through X and Y. The angle the
tangent to the first at ¥ makes with Y4 = the alternate
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angle ABY, and the angle the tangent to the second at ¥
makes with Y B = the alternate angle Y DC.

Hence the angle between the two tangents at ¥
=, ABY +90° — L YDC = a right angle. Hence, etc.

7. Let wcosa+ysina—p=0 be the equation of the
common chord; and (<, y’) the point where the circle
touches the hyperbola, so that the tangent to the latter at
itis = +2 -2

TR Gl

The conic

\(s.,.i. - 2) (zcosa +ysina—p) +A(xy—c®) =0

will pass through the centre if 2p — A¢® =0, and is a circle if

cosa sina 2p cosa sina a/cosasina
+ —— + % =0, and =—= :
Y z o ¥ ¢

e
Substituting for «/, ¥ and putting = pcosa, y=psina
we obtain 4ay =¢* as the required locus.

8. Let wcosa+ysina=p be the equation of the
common chord.

The conic

(gcos¢+gsin¢—l> (zcosa + ysina—p)

x?
+p(G+i-1)=0
passes through the centre and is a circle if
Cos a cos ¢ ™ _sinasing p

a @~ &. T
Hod OOSa;in¢+sina;08¢=o,
whence eliminating o, a*sin® ¢ + 5 cost ¢ = 2 (2~ 0",
pab a%h?

The required rectangle = Jai o ¢»+7b’56$’ i
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9. Let cxz+dy=1 be the equation of the other common
chord,

The conic
vy = 2a(z +2)} {ex + dy — 1} — A (*— dax) =0
Passes through (', y/) if X=e¢#’ +dy — 1, and is a circle if

¢y —2ad =0,
and —2ac=dy —A=dy —(cx' +dy' — 1) =1 —c.
WAL o
. c—m;:'2a and d—m—x—,‘:‘2—a—).

The equation of the common chord becomes

x+ %:m’—?a, we. yy + 2a(x+ 2a—a’) =0,

which is the polar of (2a —2’, — ).

If the circle touch the parabola, this common chord
must, touch the parabola and hence its pole must lie on the
curve; .". y'*=4a(2a-2).

Substitute for #" in the equation of P@ and it becomes
2a a
=—(x+ 2a) — —,
y=y &2 gy
which shows that it always touches the parabola
y'=—4a (x + 2a).
10. The conic 2, +¥,—1-A (z—acf=0

is a circle if 7\=£—,—;2.
Substitute for A, and it becomes
b’ + a®y* — a*b* = — a’e® (2 — 2acx + a’e®),
2.€. 2+ y* — 2ae'r=a® (1 —&* — &),

11. ILet zcosa+ysina—p=0 be one of the chords of
contact. The equation to the circle is
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x’ X
Sl

Since this is a circle, the coefficient of xy is zero.

—1+A(xcosa+ysina—p)=

. Acosasina=0.

Therefore a = 0 or %, showing that the chord of contact

must be either parallel to the major or the minor axis.
Taking the ﬁrst case, the circle is

yz -1+A(x—c)=
(where « = ¢ is the common chord) and —1-3 + )\=l . Hence
a b
the circle is

@y — +5 4 @=0;

at-0 P

bS

a* - b — b2
d a?

so the other is a* +y*— 22 &¥=0,

By subtraction, the equatlon to the radical axis is

c+¢
2

12. Asin the last example, the circle
xﬁ
P y’ -1 +(b2 a) :zz:—c)2
has double contact with the elhpse = :Z: 1, and the
square of the tangent from (@ cos ¢, b sin ¢) to the circle is
1 1
(p —c';,) (a cos —c),
which ¢ (@ cos ¢ — c)%
13. Let aa®+by®=1 be the equation of ¢, and let

PE+qy+7=0, p+qy +7,=0
be the equations of the chords of contact.

=
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The equations of 4 and B are
ax® + by* = 1 + \* (pye + gy + 1) =0,
and ax® + by* — 1 + A (paz + quy +73)° = 0.
By subtraction, two of the common chords are
M (P2 +qy + )= (s + Yy +1).
14. Assuming that the chord of contact is parallel to
the axis of , let its equation be y =e.
The required equation of the conic is
c+y—a®+A(y—c)*=0.
Since it touches the axis of 2 at the origin, .". Ac?=a".
Hence the equation becomes
¢ (2 +y* — a®) + a* (y* — 2¢y + ¢*) =0,
i.6. i + 7 (a® + %) — 2a’cy =0.
156. Let aa®+by*—1=0 be the equation of the fixed

central conic.
The conic aa®+by*—1+A(pz+qy—1)*=0, is a rect-
angular hyperbola if

GEDEXMPHEPY20. 00 ccranrmnnnons (1)
The centre is given by
) —ax=Ap(pr+qy—1), ceereerrnnnnnn. (ii)
and —by=M(pz+qy—1).cccc.......... (iii)
If (A, k) be the fixed point, ph +gk=1. ............ (iv)

From (ii) and (iii)
-Apx+qy—-1)= a;_x = é—;’ = axh + byk, from (iv).
Substitute for » and ¢ in (i) and (ii) ;
.. (axh + byk)* (a + b) + A (a®® + %) =0,

and (acch + byk)® + X (aa® + by? — axh — byk) = 0.

Eliminating A,

5 (a+b) {aw (2 — k) + by (y — k)} = a®c* + Uy,

which is a circle passing through (0, 0).
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16. The conic (lz + my—1)*+ A(y* — 4ax) =0 is a
rectangular hyperbola if * + m*+ A=0.

Substituting for A, the equation becomes
Ba? + 2may — Py® + 22 {2a (I + m®) — I} — 2my + 1 = 0.
The centre is given by
%2 + lmy + 2a (P +m?)—1=0, and lmzx—Py—m=0.

fo 8= N 2a

: 7 §
If (2, 4/') be the pole of the chord, then

4 =_ll' [Art. 218.]

Therefore the sum of the abscissae of the centre and
pole = — 2a = twice the abscissa of the foot of the directrix.
Hence they are equidistant from the directrix.

389. 7o find the equation of the pair of tangents that
can be drawn from any point (', y') to the general conic

¢ (z, y) = ax® + Shay + by® + 292+ 2fy + ¢ =0,
Let 7' be the given point (2, '), and let 2 and £ be the

points where the tangents from
T touch the conic. ’

The equation to PZX is there-
fore =),

where u= (ax’ + hy' +g)
+ (ha’ + by + )y + g2’ + Sy + e
The equation to any conic
which touches S=0 at both of

the points P and R is
S=Au?, (Art. 385),
d.e. ax® + 2hay + by + 2gx + Ay + ¢
=N[(ax' + by + g) e + (ha! + by’ + )y + g2’ + fy + e

Now the pair of straight lines 7P and 7'R is a conie
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section which touches the given conic at £ and A and
which also goes through the point 7.

Also we can only draw one conic to go through five
points, viz. 7, two points at £, and two points at £,

1f then we find A so that (1) goes through the point 7
it must represent the two tangents 7P and T'R.

The equation (1) is satisfied by &' and ' if
ax® + 2ha'y' + by* + 292’ + 2fy + ¢
= A[ax® + 2ha’y’ + by + 290’ + 2/ + €]},
.
YR
The required equation (1) then becomes
¢ (o, ') [an® + 2hacy + by® + 292 + 2fy + c]
= [(ax' + by +g) e+ (ha' + by + 1)y + gz’ + fy + ¢l
i.6. @D (x,¥)xo(x',y)=1?

where % =0 is the equation to the chord of contact.

.6 if

390. Director circle of a comie given by the general
equation of the second degiee.

The equation to the two tangents from (z, y') to the
conic are, by the last article,

2" [ag (&', ) — (a2’ + hy' + g)']
+ 2oy [hp (2, ') — (02’ + by’ + g) (R’ + by' + f)]
+ 92 [b (, ') — (ha' + by" + )] + other terms =0...(1).
If («, ¥') be a point on the director cirele of the conie,
the two tangents from it to the conic are at right angles.

Now (1) represents two straight lines at right angles if
the sum of the coefficients of #® and #° in it be zero,

ve if (a+ b)) (2, y") — (ax’ + by + g)°* — (ha’ + by’ + f)* =0,
Hence the locus of the point (&, %) is
(@ + &) (a2’ + 2hay + by + 290 + 2/ + ¢)
— (ax + hy + g)*— (hx + by + ) =0,
i.e. the circle whose equation is
(2* + %) (ab - %) + 2w (bg — fh) + 2y (af — gh)
+e(a+b)y—g* =7 =0
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Cor. If the given conic be a parabola, then ab =747

and the locus becomes a straight line, viz. the directrix of
the parabola. (Art. 211.)

391. The equation to the director circle may also be obtained in
another manner. For it is a circle, whose eentre is at the centre of
the conie, and the sguare of whose radius is equal to the sum of the
squares of the semi-axes of the conie.

. o (Wf-bg  gh-af
The eentre iz, Art. 352, the point (aﬁ 587 ab_hil"

Also, if the equation to the conie be reduced to the form
azx?+ 2hay + by 4+ ¢’ =0,
and if « and 8 be its semi-axes, we have, (Art. 364,)

1 1 a+b d 1 ab-1%
at g M amT e
et —{a+4b)e
q L o il
g0 that, by division, a®+- 3= pr v It

The equation to the required eirele is therefore

(*’ﬂ“h‘f_ E?‘Er)ng (yiﬁ_—ﬂ’)ﬂ: (a+b)e

ab — h2 ab — 2 “ab— ¥
__(a+D) (abe+2fgh —af? —bg* —ch?) ¥R
= oL (Art. 852).

392. The equation to the (tmaginary) tangents drawn
Srom the focus of @ conic to touch the conic satisfies the
analytical condition for being a circle.

Take the focus of the conie as origin, and let the axis of
@ be perpendicular to its directrix, so that the equation to
the latter may be written in the form z + 4= 0.

The equation to the conie, e being its eccentricity, is
therefore w4+ 9% = e (x + k),
i.e. @ (1 —e*) + 9 — 2e°hw — %% = (.

The equation to the pair of tangents drawn from the
origin is therefore, by Art. 389,

o (1 — %) + 7 — 2e%ke — %] [— ] = [— ko — &7,
i.e. @' (1 —&*) + y*— 2e’ha — P = — & [+ k",
%, €. T X SRR (1)

Here the coefficients of «* and y* are equal and the
coeflicient of wy is zero.
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However the axes and origin of coordinates be changed,
it follows, on making the substitutions of Art. 129, that in
(1) the coefficients of «* and 3 will still be equal and the
coeflicient of ay zero.

Hence, whatever be the conic and however its equation
may be written, the equation to the tangents from the focus
always satisfies the analytical conditions for being a circle.

893. 1o jfind the foci of the conic given by the general
equation of the second degree
aw® + 2hay + by* + 2gxe + 2fy + ¢ =0,
Let (2, 4') be a focus. By the last article the equation

to the pair of tangents drawn from‘it satisfies the conditions
for being a circle.

The equation to the pair of tangents is
¢ (', o) [ax® + 2hay + by® + 29 + 2fy + c]
=[m (ax' + 0y + g) +y (ha' + by’ + 1) + (9 + Sy +¢)]%

In this equation the coefficients of #* and ¢® must be
equal and the coefficient of ay must be zero.

We therefore have
ah (&, o) — (aat + T + g = b (&, o) — (id + by +.1 Yy
and hep (' ') = (o’ + by + g) (R’ + by’ +1),
i.e,
(e’ + 2y +g)" — (b’ +by' + /) (a2’ + 2y +g) (ha' + by' + 1)
a—b B h
= o’y W} o (4).

These equations, on being solved, give the foci.

Cor. Since the directrices are the polars of the foci,
we easily obtain their equations,

894, The equations (4) of the previous article give, in general,
four values for =’ and four corresponding values for y’. Two of thesa
would be found to be real and two imaginary.

In the case of the ellipse the two imaginary foei lie on the minor
axis. That these imaginary foei exist follows from Art, 247, by
writing the standard equation in the form

DR, . - B i g
R R e PRy =
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This shews that the imaginary point {0, \/1%—a?} is a focus, the
3
imaginary line y — J%=ﬂ i# a directrix, and that the correspond-
-G
IJE PR aﬂ
—»
Similarly for the hyperbola, except that, in this case, the eccen-
tricity is real.

In the ease of the parabola, two of the foei are at infinity and are
imaginary, whilst a third is at infinity and is real.

ing eccentricity is the imaginary quantity

895. Ex. 1. [Find the focus of the parabola
1627 — 24zy + 9y® - 80z — 140y 4- 100=0.
The focus is given by the equations

7
_ (162" =12y’ — 40) ( — 122" 9y" - 70)
a - 12
=162 24z'y’ + 9y ~ 80z' — 140y’ +100............ (1).

The firet pair of equation (1) give
12 (162 — 12y’ — 40)2 4+ 7 (162’ — 12y’ — 40) ( — 122’ + 9y’ — 70)
=12 (-122"49y" - 702=0,
ie. {4 (162" — 12y —40) -3 (- 122"+ 9y' - T0)}
% {8 (162’ — 12y’ — 40) + 4 (- 122+ 9y" - 70)} =0,

i.e. (1002’ — 75y 4 50) x (- 400} =0,
42’42
go that ¥ = slaeny
‘We then have 162" —12y" - 40 = — 48,
and —- 122"+ 9y’ — T0= - 64.
The second pair of equation (1) then gives
48 » 64

ro =4 (162 ~ 12y’ ~ 40) +y/ (— 12/ + 9y’ ~ 70) - 402 ~ 70y’ +100
= — 482" — 64y’ — 402" — 70y’ +100
= — 88 — 134y’ + 100,

ie. —956= _ss:n'-ﬁ.af""—;—ﬂ*mﬂnu,

so that 2'=1, and then y'=2.
The focus is therefore the point (1, 2).
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In the case of a parabola, we may also find the equation to the
directrixz, by Art, 390, and then find the coordinates of the focus,
which is the pole of the directrix.

Bx. 2. Find the foci of the conic
5522 - 30zy + 89y* — 402 — 24y — 464 =0.
The foei are given by the equation
(552" — 15y — 20)° — (— 152" + 39y’ - 12)2
16

_ (352’ — 13y’ - 20) (- 152’ + B0y’ ~ 12)
-15
=552/2 — 30a'y’ + 30y — 402" — 24y’ — 464 ...........(1).
The firgt pair of equations (1) gives
15 (552" — 15y’ — 20)* 16 (552" — 156y’ — 20) ( - 152" + 89y’ ~ 12)
- 15 ( - 152" + 89y’ ~ 12)2=0,

i.e. {5 (56’ — 15y’ — 20) — 8 (— 152" + 89y’ — 12)}
18 (550" — 15y’ — 20)+5 ( — 152 + 89y’ - 12)} =0,
i.e. (5" =By’ —1) (Ba' + 5y’ - 4)=0.
b’ ~1
.
or g,u"=~3m*_‘.,._"t (3).

Substituting this first value of y in the second pair of equation (1),
we obtain

95 (22’ — 1]2=?ﬂ:'£*_“_3.§{?@_' 18856
giving /=2 or —1. Hence from (2) y'=3 or - 2.

On substituting the second value of 3’ in the same pair of equation
(1), we finally have
222~ 22" 4-13=0,

the roots of which are imaginary.

We should thus obtain two imaginary foeil which would be found
to lie on the minor axis of the conic section. The real foci are
therefore the points (2, 3) and (-1, - 2).

396. Equation to the axes of the general
conic.
By Art. 393, the equation
(az + by +9)* — (b + by + /) _ (ax + hy +g) (ha: + by +f )
a—>b B A

represents some conic passing through the focl
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But, since it could be solved as a quadratic equation to

. ax+hy+g . . ;
give W_—-b;—:r}, it represents two straight lines.

The equation (1) therefore represents the axes of the
general conie.

397. To find the length of the straight lines drawn
through a given point in @ given dirvection to meet a given
conic.

Let the equation to the conic be
¢ (2, y) = aa® + 2hay + by + 292 + 2fy +e=0...(1).
Let P be any point (2, ¢'), and through it let there be
drawn a straight line at an angle ¢

with the axis of x to meet the
curve in ¢ and €.

The coordinates of any point
on this line distant + from P
are

o' +rcosf and ¥ +7sin 6.
(Art. 86.)
If this point be on (1), we O X
have
a (2 + 1 cos 6)* + 2h (o + 7 cos 6) (3 +rsin @) + b (y + ¢ sin 6)°
+2¢ (@ + 7 ecos O)+ 2f (' +rsin ) + ¢ = 0,

T €.

7* [ cos® @ + 2h cos 0 sin @ + b sin® 0]

+ 20 [ (e’ + hy' + g) cos O + (h’ + by +f) sin 0] + § (, ) =0
..... errenes(2).

For any given value of @ this is a quadratic equation in
r, and therefore for any straight line drawn at an inclina-
tion @ it gives the values of /’¢) and P¢)'.

Tf the two values of » given by equation (2) be of
opposite sign, the points ¢ and @' lie on opposite sides
of P.

If P be on the curve, then ¢ («/, ¥') is zero and one value
of 7 obtained from (2) is zero,



CHAPTER 16: THE GENERAL CONIC 625

398. [f two chords PQQ" and PRR' be drawn in given
directions through any point P to meet the curve in @, ¢ and
R, R respectively, the ratio of the vectangle PQ.PQ" to the
rectangle PR . PR' is the same for all points, and is therefore
equal to the ratio of the squares of the diameters of the conic
which are drawn in the given directions,

The values of P@Q and P@’ are given by the equation of
the last article, and therefore

P@Q. PQ' = product of the roots
¢ (m'! y:} {1).

T @cos?0+ 2hcos fsin O+ b sinf
So, if PRE' be drawn at an angle 6 to the axis, we have
i &, 9

Ltk T acos ¥ + f:.‘&qc?ui o' :{131 ¢ + bsin* ¢ ks
On dividing (1) by (2), we have

PQ.PQ  acos*§ + 2k cos 6 sin 6 + b sin®

PR.PR ™~ acos’@+2hcos@sinf+bsin®6
The right-hand member of this equation does not contain

a’ or 9/, t.e. it does not depend on the position of P but only
on the directions # and &',
PQ.PY
The quantity 55— 18 therefore the same for all

positions of P.

In the particular case when P is at the centre of the
]

conic this ratio becomes T where C is the centre and C'@Q"

and OR" are parallel to the two given directions.

Cor. If @ and @' coincide, and also B and ', the two
lines PQQ" and PER' become the tangents from £, and the
above relation then gives

pg_ce* . PQ_0U
PR ORR T PR OORT
Hence, If two tangents be drawn from a point to a conic,

their lengths are to one amother in the ratio of the parallel
semi-diameters of the conie.
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399. If PQQ and PQQ, be two chords drawn in
parallel directions from two points P and P, to meet a conic
in Q and @, and @, and @, respectively, then the ratio of
the rectangles PQ . PQ and P, . P\Q, is independent of the
direction of the chords.

For, if P and P, be respectively the points (x', ') and
(=", "), and 6 be the angle that each chord makes with
the axis, we have, as in the last article,

PQ : PQ' - ¢ (m’! yr}

acos? 0 + 24 cos @ sin 6 + b sin* @’

, ¢ (2", ")

and P1(31*P1Q1 _ﬂleﬂgzg+2f¢,gggﬂ§ﬂﬁ'-l—bﬂ]'.nzg’
PQ.PQ _ ¢ (2 y)

P@,. Q" (", ")

400. If a circle and a conic section cut one another in four points,
the straight line joining one pair of points of intersection and the
straight line joining the other pair are equally inclined to the axis of
the conic.

For (Fig. Art. 397) let the cirele and conic infersect in the four
points Q, @' and R, R’ and let QQ' and RR’ meet in P.

PQ.PQ Qogm
Then PR.PR ~ OR™
But, since @, ¢, R, and R’ are four points on a circle, we have
PQ.PQ'=PR.PR'. [Eue IIL 36, Cor.]
. CQ"=CR".
Also in any conie equal radii from the centre are egnally inclined
to the axis of the eonie.

Hence €@} and CR"”, and therefore PQ¢' and PRR’, are equally
inclined to the axis of the conie.

g0 that

(Art. 398).

401. 7o shew thet any chord of a conic vs cut har-
monically by the curve, any point on
the chord, and the polar of this point v
with respect to the condc.

Take the point as origin, and let .
the equation to the conic be A B
ax? + 2hay + by* + 2gx + 2fy +¢=0 i< P

sl By oG X
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or, in polar coordinates,
2 ( c08?@ + 2/ cos@sin 6 + b sin® 0) + 2r (geos 0 + f'sinb)+¢=0,
% €.

¢.—~+2.=.(gcos @+ fsinf)

+acos’ 0+ 2hcosfsinf + bsin*f =0,

Henee, if the chord OPF be drawn at an angle 6 to 0X,
we have

=]

?12

{—)Ifi+ {%, =gum of the roots of this equation in %_
s
¢
Let £ be a point on this chord such that
2 1 1
0R~ 0P " 0P
Then, if Of =p, we have
2 zgcosﬂ+f=iinﬁ
P ¢ ’

so that the locus of & is
g.pcosO+f.psinf+e=0,
or, in Cartesian coordinates,

P A HOS Uerpvesvsimns arwiitiasns (2).

But (2) is the polar of the origin with respect to the
conic (1), so that the locus of R is the polar of 0.

The straight line PP’ is therefore cut harmonically by O
and the point in which it cuts the polar of 0.

Bx. Through any point 0 is drawn a straight line to cut a conic
in P and P' and on it is taken a point R such that OR is (1) the
arithmetic mean, and (2) the geometric mean, between OP and OF'.
Find in each case the locus of R.

Using the same notation as in the last article, we have

f+feind
OP40OP' = -2 — Sl it
%) @ cos® §4-2h cos # gin 6+ bein* ¢
and OP. 0P = e

@ cos® 0 3-2h cos O gin 6 + b rin? @ "
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(1) If R be the point (p, 0) we have
cor @+ feind
p=4(0P+OP)=-~ a cog? E-EQHEDE Hisi.u #+bsin?g’
T.ta apcos® § 4+ 2lp cos @ sin 8 + bp sin® @ + ¢ cos @ + f sin #=0,
i.e., in Cartesian coordinates,
ax®+ hay + by* -+ gx +fy=0.

The locus is therefore a conic passing through O and the inter-

section of the coniec and the polar of O, i.e. through the points T

and. 1", and having its asympfotes parallel to those of the given
conie.

(2) If R be the point (p, §), we have in this case

¢
0P P = : ——_—
P a cos® 6+ 25 cos @ sin @ +b sin? 6’
i.e. ap® eos® 4 2hp® cos @ sin § + bp® sin® # =c,
1.2 ax? 4 2hay + by?=ec.

The locus is therefore a conie, having its centre at O and passing
through T' and 1", and having its asymptotes parallel to those of the
given conic.

402. To find the locus of the middle points of parallel ehords of a
conic. [Cf. Art. 376.]

The lengths of the segments of the chord drawn through the point
(', ') at an angle ¢ to the axis of x is given by equation (2) of Art.
307.

If («', ') be the middle point of the chord the roots of this
equation are equal in magnitude but opposite in sign, go that their
algebraic sum is zero.

The coefficient of v in this equation is therefore zero, so that
(az’+ hy' + g) cos 8+ (ha' + by’ +f) sin 8 =0.

The locus of the middle point of chords inelined at an angle 6 to
the axis of & is therefore the straight line

(ax+ hy + g) + (he + by + f) tan 8 =0,
Hence the locus of the middle points of chords parallel to the line
gy =maz i3
(ax +hy +¢)+ (he + by +f) m=0,
i.e. x (a+ hm) + (h+bm) y+g+fm=0,
This is parallel to the line y=m'x if

o a-+hm
T h+bm’
w.e. if @+ h(m+ ') +bmm'=0.

This is therefore the condition that y=ma and y=m'xz ghould be
parallel to conjugate diameters.
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4083, Equation to the pair of tangents drawn from a given point
(z/, ¥) to @ given conie. [Cf. Art. 889,]

If a straight line be drawn through (z’, y'), the point P, to meet
the conie in Q and ', the lengths of PQ and PQ’ are given by the
equation

72 (@ cos?f +2h cos O sin 0+ b sin® @)
+2r[(az’'+ hy" + g) cos 0 + (ha' +by" +f) sin 8]+ ¢ (=, ) =0.

The roots of this equation are equal, i.c. the corresponding lines
touch the conie, if

(@ cos® @+ 2h cos @ gin @+ b gin® 6) x ¢ (27, ')
=[(az’+ hy' -+ g) cos 8 -+ (ha' + by +f) sin 1%,
i if (a+2htan @ +Dbtan®d) x ¢ (2, ¥')
=[(aa’ +ky' +g) + (' + by’ + f) tan 0% ...(1).

The roots of this equation give the corresponding directions of the
tangents through P.

Also the equation to the line through P inelined at an angle @ to
the axis of x is

y-y°
V¥ otanf.coneceennecmnseen (@)

If we substitute for tan @ in (1) from (2) we shall get the equation
to the pair of tangents from P.
On substitution we have
{a(e—aP+20 (-2} (y -y )+ y -v) o (2 ¥)
=[(az'+hy" +g) (z—2") + (ha’ + Dy’ +F) (y - ') 1A
This equation reduces to the form of Art, 389.

1. Two tangents are drawn to an ellipge from a point P; if the
points in which these tangents meet the axes of the ellipse be
coneyclie, prove that the locus of P is a rectangular hyperbola.

2. A pair of tangents to the conie Ada®+ By*=1 intercept a
constant distance 2k on the axis of x; prove that the locus of their
point of intersection is the curve

By? (Az% 4+ By* - 1) =4k (By*- 1)
3. Pairs of tangents are drawn to the conie ax®+ Sy®=1 80 as to
be always parallel to conjugate diameters of the conie
az®+ hoy +by*=1;
ghew that the locus of their point of intersection ig the conie

a b
2 s Top D
ax® 4 2hey 4 = }-ﬁ_
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4, Prove that the director cireles of all conies which touch two
given straight lines at given points have a common radical axis,

5. A parabola eircumscribes a right-angled triangle. . Taking its
gides as the axes of coordinates, prove thaf the locus of the foot of the
perpendicnlar from the right angle upon the directrix is the curve
whosge equation is

Dy (22 +y*) (hy + k) 4+ Pyt + Pt =0,
and that the axis is one of the family of straight lines
i
L4m? '
where m ig an arbitrary parameter and 2k and 2k are the sides of the
triangle.
Find the foei of the curves
6. 300z2+ 320xy + 1444® - 12202 — 768y + 199=0.
7. 162 —24ay +9y®+ 28x - 14y + 21 =0,
8, 1445 - 1200y + 252+ 672 — 42y +18=0,
9, a%-6xy+y®— 10z — 10y - 19=0 and also its directricos,
10. Prove that the foei of the conie
az® + 2hay + by =1
are given by the equations
wt -yt  xy 1
AU h o ai-pr
11. Prove that the locus of the foei of all conies which fouch the
four lines x= #a and y= =1 is the hyperbola a? — y*=a - b=
1%, Given the centre of a conic and two tangents; prove that the
locus of the foei is a hyperbola.

[Take the two tangents as axes, their inclination being e; let
(zy, ¥,) and (xg, y¥,) be the foei, and (k, k) the given centre. Then
&, +a,=2h and y, +y,=2k; also, by Art. 270 (8), we have

Y1l 8in? 0 = 2,2, 802 w = (gemi-minor axis)?,
From these equations, eliminating z, and y,, we have
xy? - y,* =20z, - 2ky, .]
13. A given ellipse, of semi-axes a and b, slides between two
perpendicular lines; prove that the locus of its focus is the curve
(a2 4+ 12) (a%y® -+ b4) = daPa?y?,
14, Conies are drawn touching both the axes, supposed oblique, at

the same given distance a from the origin, FProve that the foci lie
either on the straight line =y, or on the circle

a?+y%+2zy cosw=a(z+y).

15. Find the locus of the foei of conies which have a common point
and a common director cirele.
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16. Find the locus of the foeus of a reetangular hyperbola a
diameter of which is given in magnitude and position.

17. Through a fixed point O chords POP’ and QOQ’ are drawn at
right angles to one another to meet a given conie in P, F/, ¢, and @'.
1 1
18. A point is taken on the major axis of an ellipse whose abseissa
is ae< /2 - ¢2; prove that the sum of the squares of the reciprocals
of the segments of any chord throngh it is constant.

19, Through a fixed point O is drawn a line OPP’ to meet a conie
in P and P’; prove that the locus of a point @ on OPP', such that
1 1

1
0G:~ o2 o™
30, Prove Carnot’'s theorem, viz.: If a conie section eut the side

BC of a triangle ABC in the points 4' and 4", and, similarly, the
side €4 in B’ and B”, and AB in (" and ", then

Bd'.BA".CR . CB" ,AC'. AC"=C4"'.C4A" .AB' .AB" ,BCG', B(C”,
[Use Art. 398.]

21. Obtain the equations giving the foei of the general eonic by
making use of the fact that, if § be a focus and PSP’ any chord of

is constant,

is another eonic whose centre is O.

the conie passing through it, then g—} - ‘:':'i_}‘ is the same for all direc-
i i
tions of the chord.

99. Obtain the equations for the foci also from the fact that the
product of the perpendiculars drawn from them upon any tangent is
the same for all tangents.

-89 66
_ & ), i el
{ B? ‘:} S-I ( ETE b l'ﬁ'.:]
0, (-4, -4) and (-1, -1); x+y+7=0 and 2+y+3=0
15. If P be the given point, €' the centre of the given director cirele,

and PCP' a diameter, the foeus S is such that PS.FP'S is
constant.

16. If PP’ be the given diameter and S a foeus then PS.FP'S is
conatant.

SOLUTIONS/HINTS

1. Let ¢ (2, y) =ar® +by*~1=0 be the equation of
the ellipse. Let 4,, 4,; B,, B, be the points in which
the tangents from («/, 4') cut the axes. The points in
which y=0 cuts ¢ (x, y) x ¢ (¢, ') = u* are given by

(-1, 5) and (4, - 3). 7.
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a’c’(b1j2_1)+2wx_1_¢(m,, y')=0.
. 04,.04,=- 12, ¥)

a(l-by™)"
Similarly  08,.08,= 7+ #® L.

Also 04,.04,=0B,.0B,, since 4,, B,, A, B, are
concyclic,

Hence the required locus is ab (2* — %) + @ — b = 0.

2. As in the last example the intercepts on the axis
of 2 are given by

Aa* (By*—1) + 242z~ 1~ ¢ («/, /) =0;
s oges B m) A9+ {1+ ¢ (2, y)} By -1
4 A (By'?—1) E
Therefore the required locus is
By (42® + By* — 1) = AR* (By* - 1 )2
3. The terms of the second degree in
$ (2, 9) x ¢ (&, ¥') = s
are  ax®(By'* — 1) — 2aBa'y'wy + By (ax’® — 1)+ ...=0,

If the tangents are parallel to conjugate diameters of
the second conic we have, by Art. 377,

ba (By'* — 1) + 2hafa'y’ + af (az'® — 1)=0.
Therefore the required locus is

am’+2hay+by’;5+§.

4. The equation of all conics which touch the axes at
the points where aa + by =1 cuts them is, by Art. 385 IT,

(@ + by — 1)* — 2Aay = 0.
- The director circle of the conic given by the general
equation of the second degree, when the axes are oblique, is

(2 + o) (ab — 1*) + 22 (bg — fh) + 2y(af—g/o)+ c(a+b)—g*—f*
+ 2 cos w[(ab—2*) zy + (af - gh) = + (by —fh) y + gf — eh] = 0.
[Arts. 390 and 93.]
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Hence, for the above equation, it is
(@ + 9*) (2ab — \) — 20 — 2ay
+ 2 cos w {ay (2ab — \) —ax — by + 1} =0,

ne (2% + 3 + 2wy cos w) (2ab—\)

=2(b+acosow)z+ 2y (a+b cos w) — 2 cos w,
which, for all values of A, represents a system of circles
having a common radical axis, viz.

2(b+acosw)+y (a+bcosw) —cosw=0,

5. Let (a, b) be the focus and xcosa+ysina—p the
directrix. Then the equation of the parabola is

(®-a)’+ (y—b)* = (xcosa + ¥ sin a - p)~
Since it passes through (0, 0), (24, 0), (0, 2%),
@+ =p? (2h —a)? + b= (2h cosa — p)?,

and (25— b)* + a® = (2k cos a — p)’,

whence hsina+pcosa=da, .....cocseuunn... (i)

and Beos” ¥ PRNBED, o ovoennrersdutnnes (ii)
Square and add ;

S W*sinfa+ K costa + 2p (hsin®a cos a + & cos® asin a) = 0.
But (p cosa, psina) is the point whose locus is required.
Hence the required equation is ¥
iyt + Bt + 2wy (o + y°) (hy + k) = 0.
The equation of the axis is cos a (y — &) =sina (2 — a),
since it goes through the focus (a, ) and is perpendicular
to the directrix,

" asina— bcosa
2.6. y=xtana— — o
a

hsin®a—kcosta
cos a

=z tan aq —

(from equations (i) and (ii)),

h tan®a — k&
.= 1 +tan*a °
6. The equations for the foci are
(3002 + 160y — 610)* — (160x + 144y — 384)* (X)(Y)
Do 156 ~ 160
= 3002° + 320xy + 144y* — 12202 — 768y + 199
=2X +y¥ — 6102 — 384y + 199.
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The first: pair give
40X2-39XY —40Y*=0, i.e. (8BX +5Y)(bX -8Y)=0.
. 8X +5Y =0, whence 8z +5y=1T7. ......(1i)
The second pair give, on reduction,
iy B Byt A0 B 3?/:?“.

Substitute in (i); .. %*—2y—15=0.
S.oy=bor-3, and z=—1or 4.
The foci are therefore (— 1, 5), (4, —3).

7. The equation for the focus is
(16x—12y + 14)* = (- 122+ 9y + 7)* (X)(Y)
7 T o122
=162 - 242y + 99* + 28z + 14y + 21.
The first pair gives 1272 — 7X¥ - 12X2= 0,
ie. (4Y +3X)(3Y—4X)=0; ie. TO(BY-4X)=0.
Hence Sy~ =T ssiimsses (i)
o 16— 12y + 14 =42, and — 122+ 9y + 7 =58,
Substitute in the second pair ;
. 42.56
©T25.12

=X +y¥ + l4x+ Ty + 21
=422+ 58y + 1o+ Ty + 21,
or 80z + 6by=—103. ........cceeueee. (ii)
From (i) and (ii), =z=-%, y=—1%.

8. The equations for the foci are
(144x — 60y + &7)* — (— 60z + 25y — 21)* (X)(Y)
119 - —60
= 1440 — 120y + 25y + 672 — 42y + 13.
The first pair give 60Y*—119XY —60X*=0,
ie. (12Y +5X)(5Y—-12X)=0, so that 5¥ —-12X =0.
‘Whence 12z —5y=—3, and X=—3, Y=-6.
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Substitute in the second pair ;
5.6 67
=a:X+yY+——a:—2ly+ 13

~2.60
=—Sa—6y+ % a2y +13.
" 124a— IOSJ— - 53.
Solving this with 12z — by = - 3, we obtain
& =— s 3/:12620"
9. The equations for the foci are

(#-3y-5)—(-3e+y—5° (X)(Y)

0
—a:X-t- yY — ba— by — 19.

From the first pair, either X =Y ....oooiiiiiiinnnee. (i)
or X ==Y, cccoaiirisersecorsrsens (ii)

If X=17Y, then z=y, and

X=Y=-2x-5.
Substitute in the second pair ;
B (44 10) - 102- 19

2 +bx+4=0; ;. x=—-4or—1, and y=—4 or-1.
The foci are therefore (=1, —1) and (— 4, —4).
(ii) would give imaginary values.

The equation of the directrices which are the polars of
the foci are

—32—-3y+5+5—-19=0, and 3x+3y+20+20-19=0,
or z+y+3=0, and z+y+T7=0.
10. The equations for the foci are
(a4 iy — (o + by _ (az + hy) (ho + by)
a—b il h

= ax® + 2hay + byt — 1,

which reduce to ,vz:lz o 1
W h
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11. The director-circle passes through the four points
(@, +8); therefore the centre is (0, 0).

Therefore if (z, y) be the coordinates of one focus,
(=, —y) are those of the other.

Hence (z—a) (—2 — @) = {semi-minor axis}®
~(y-8)(~y—b). [Arb. 270 (8)]
St —yi=a?— B2

13. Let (@, ), (i, ¥:) be the coordinates of the
foci. Then

(1 —&3)* + (9 — y2)* = (distance between the foci)?
=4a’e* =4 (a®* - b%). ............ (1)
Also oy =b*=g,y,.  [Art. 270 (B).] ...(ii)

Eliminating «, and %,, we have
2

b\ * b*\? .
(5=5) + (n-3) =4~
. 1 1
o (-’812+3/19)+b‘(w—15+?7?)=4a2.

Therefore the required locus is (2*+ %) (2% + b*) = 4a’z™".

14. Let «*+ 3+ 2\wy — 20z — 2ay + a*= 0 be any one
of the conics. The foci are given by
$(@ y)—(e+ Ay —a)'=¢(z, )~ (A +y—a)
A ) 5 g —
BB W) A0V dy W) ry=a) 1oy g8 und 1763
oS w

From the first pa.ir, z=ygy,orl +A=ﬁz_

z+y

From the first and third equations,
cosw {2ay — y* (1 + A)} =2y (A + 1) —az — ay + a*;
whence, on putting

2a
l+A= a 2 4 2 § =
SR +°+ 2wy cos = a(z+ y).
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15. Let P be the common point, ¢’ the centre of the

director circle whose radius is v/a® + j3?, where a, 8 are the
semi-axes of the conic. Then (' and this radius are given.
1£ S, H be the foci, then SP. H P = O D*= a*+ B*~ C P*=given.
Produce PC to P’ so that C/' = PC. Then clearly HP =8P,
so that SP. SP is given=a®+ 32— C P2

Let (a, 0) and (- a, 0) be the coordinates of 7 and 7,
C being the origin. If (z, ) be the coordinates of S, then

{(z+a)f + (@ —a) + '} = {*— o},
where 7 is the radius of the director circle.
16. As in the last example, SP.SP =SP.HP=CP,
in a rectangular hyperbola.
Hence the locus is {(x +a)® + 4°} {(x — a)® + ¥*} = a*.

17. See the example of Art. 401 ;
1 _ acos® 0 + 2k cos @ sin 6 + bsin®6
PO.OP c 4

and, on changing @ into 6 + g,

- 18 _asin20—2hcosﬁsin0+bcos’0_
QO.0Q ¢ 2
1 1 _a+b

" PO.OP T 00.00" ¢

18. Remove the origin to the given point, and change
to polars.
The equation then is
cos®’@ sin®0)  2r.ecosf 2(f-1)
7"{ a2 + 62 }+*G—F_2_;2'+—“2_82 =O.
g i, 4 __1___ccos0~/2—e’
ORTOP a(®-1) °’
1 (2—¢)(8°cos® + a®sin? 6)
OP.OFP ~ 20083 ( 1)

and
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1 1 cos?d(2-¢") (2-¢%) (b°cos®0+a’sin?d)
"077** P'r‘aﬂ(“e?' ;S a5 (1)
_ b%cos® 0 + a’sin* 6
Gttylruns-tty 2ty
( =€) _a'+ ¥
GRSV
19. Asin the exa.mple of Art. 401,
1 -2(gcost9+fsm6)
oP " OP' ¢
- 1 ___=acos"'0+2hcosésm 0 + bsin® 6
OP.0P ¢ i

w Ty % 1

DR OPY T OPY
_4(gcos0+fsinb)® 2 (acos®d+ 2k cos O sin O + b sin® 6)
- P 5 P )

which is of the form Ad«® + 2Hzxy + By*=C.

20. Let , 7y 7, be the semi-diameters which are
parallel to BC, CA4, AB. Then by Art. 398,

BA'. BA" 1
BO.BC" ™ 2’
The result follows by multiplication.

. 21. Taking equation (2) of Art. 397, if S be (2, %),
then

{l_ _1_’_{1 11 ik L% 4
‘SP+SP'} B ’71—;1.} _{’_';+;;} o
=4[{(am’+hg/+g)cos€+(ha:’+by/+f)sin0}’
¢ (=, ¥)

_acos’0+2h<_:9§_0_si11_0_+bcos’0:|
¢ (<, ¥) ,
If this is invariable for all values of 6, equate the

o
values when 6=0, oL

ete.
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(ax+hy + g)* ol (hx + by +f) 3

e P, L
i az+ hy +g) + (he + by + f)) =
‘%[ ¢ (= y) ( +b+2k>]'

These equations are
X2 2 (X+Y)P a+b+2h

TN S 2
2_ Y3

The first pair gives S & =a-—b.

The first two added, and equated to twice the third, give
A2+ ¥ (X+Y)* XY

—-a—-b= -(@+b+2h). .. h=——,
# I i ?
2 .-
Hence the equations give = ? = XTGY= ¢.

These are the same as the equations of Art. 393.
22. The line zcosf+ysin§=p will touch the conic
given by the general equation if
Cp* —2p (G cos § + Fsin 6)
+ A cos®@ + 2H cos Bsin 6 + Bsin*@=0...(i)
where 4, B, C, etc. are the minors of a, b, ¢, ete. in

a h, g
h B S [Art. 37 4].
9 f; c

Hence the product of the perpendiculars from (z, )
upon the parallel tangents

wcos 0 +ysin@=p,, and 2cosf+ysind=p,
is (zcos 0 +ysin 6)°—(p, + p,) (@ cos 0 + ysin 6) + p,p.,
which
oc (2 cos 0 +ysin 0)' — 2 (& cos 6 + F'sin ) ( cos 6 + y sin 6)
+4 cos* 0 + Bsin®@ + 2H cos @sin 6, by (i).

Put 6 =0, g, %and equate ;
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SO~ 206G+ A=Cy'-2yF+ D
=3 [C(z+y)-2(w+y)(G+F)+ 4+ B +2H],

or C(@-y)—-26Gz+2Fy+4 — B=0,
and Caxy — Fx— Gy + H= 0.

The equations of Art. 393 reduce to these, on multi-
plying out and collecting the terms.
|

405. (eneral equation to conies passing through four
given poinis,

Let 4, B, ¢, and D be the four points, and let B4 and
CD meet in 0. Take 0AB
and ODC as the axes, and
let 04 =\ OB=N\, 0D =p,
and OC =p'.

Let any conic passing
through the four points be
aw’ + 20wy + by’

+2ga+2fy+c=0...(1).

If we put =0 in this
equation the roots of the
resulting equation must be A and X.
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Hence 29=—a (A+ M) and ¢=all,
A+ A

» [
2. €. “:E’ and 2g=—¢ SV

Similarly b= —, and 2= —c¢® "
P P

On substituting in (1) we have
p'a® + 2hay + ANy — pp’ (M + X o
— M\ (p+ )y + A pp’ =0...... (1),
h r ¥
where Tl 8 _.}EGE"*'_""‘ ]

This is the required equation, 4 being a constant as yet
undetermined and depending on which of the conics through
A, B, €, and D we are considering.

406. Aliter. We have proved in Art. 383 that the
equation LN = MR, k being any constant, represents any
conic cireumscribing the quadrilateral formed by the four
straight lines L =0, =0, N =0, and =0 taken in this
order,

‘With the notation of the previous article the equations
to the four lines 4B, BC, CD, and DA are
y=0,

+5—1=0, ==0,

=

and e T

~l =
Ei= OE |

The equation to any conie cireumscribing the quadri-
lateral ABCD is therefore

o — el E —_ J_' =L E —
kay = (; T 1) (? i 1) .......... (1),
..

p' oy (AN’ -+ N — BAN pp) + ANy
—pd A+ X) 2= A (p+ )y + A pp’ =0,

On putting Ap' + X' p — EAN pp' equal to another constant
2% we have the equation (1) of the previous article.
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407. Only one conic can be drawn through any five
points.

For the general equation to a conic through four points
is (1) of Art, 405.

If we wish it to pass through a fifth point, we substitute
the coordinates of this fifth point in this equation, and thus
obtain the corresponding value of 4. Except when three of

the five points lie on a straight line a value of 7 will always
be found, and only one,

Bx. Find the equation to the conie section which passes through
the five points 4, B, 0, D, and E, whose coordinates are (1, 2), (3, —4),
(-1, 3), (-2, —8), and (5, 6).

The equations to 4B, BC, CD, and D4 are easily found to be
Y+3x-5=0, 4y+Te—-5=0, 6z-y+9=0, and 5z-3y+1=0.

The equation to any conic through the four points 4, B, C, and D
is therefore

(y+38x—5) (6 -y +9) =\ (dy+Tz=5) (5 -8y +1)......(0).

If this conie pass through the point E, the equation (1) must be
satisfied by the values =5 and y=6.

We thus have A=31 and, on substitution in (1), the required
equation is

223x° — 38ay — 128y% - 171y 4 83y + 850 =0,
which represents a hyperbola,

408. 10 find the general equation to a conic section
which touches four given straight lines, i.e. which s inscribed
i a giwen quadrilateral,




CHAPTER 16: THE GENERAL CONIC 643

Let the four straight lines form the sides of the quadri-
lateral ABCD. Let BA and C'D meet in O, and take 048
and ODC as the axes of @ and w, and let the equations to
the other two sides £C and DA be

Lhe+my—1=0, and L +my—1=0.

Let the equation to the straight line joining the points
of contact of any conic touching the axes at P and ¢ be

ax + by—1=0,
By Art. 385, IT, the equation to the conic is then
FAxy = (a2 + by — 1) viiisnninann (1).

The condition that the straight line £C' should touch
this conic is, as in Art. 374, found to be

A=2(@—1)(B—1) o ivsiaiinennn{2)
Similarly, it will be touched by AD if
A=2(a—L)(b—my).ccccnveirinnnn, (3).

The required conie has therefore (1) as its equation, the
values of @ and b being given in terms of the quantity A by
means of (2) and (3).

Also A is any quantity we may choose. Hence we have
the system of conics touching the four given lines.

If we solve (2) and (3), we obtain

2 —(my+my)  2a-(h+l) N/l" .
My — My = El = I..J - {11 b Ig} {3?1-1 r-—'ng} g

409, The conic LM =R where L =0, M=0, and
R =0 are the equations of straight lines.

The equation LM =0 represents a conic, viz. two straight
lines.

Hence, by Art. 385, IT, the equation

represents a conic touching the straight lines £ =0, and
M =0, where R =0 meets them.
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Thus L =0 and M =0 are a pair of tangents and £ =0
the corresponding chord of contact,

Every point which satisfies the equations M= u*L and
R = plL clearly lies on (1).

Hence the point of intersection of the straight lines
M= p’L and R = plL lies on the conic (1) for all values of
p.  This point may be called the point ““ p.”

410. T find the equation to the straight line joining
two points “p” and “p'” and the equation fo the tangent of
the pownt * p.”

Consider the equation
ali +bM + B =0.0iiiiivinennn(1)

Since it is of the first degree and containg two constants
o and b, at our disposal, it can be made to represent any
straight line.

If it pass through the point ™ it must be satisfied by
the substitutions M = p*L and £ = pZ.

Hence o B = Oiccvvaincnssiaii (2).
Similarly, if it pass through the point “u'” we have
a+bp?+ ' =0........... — (3).
Solving (2) and (3), we have
-m—, =b= —;1,.
P ot

On substitution in (1), the equation to the joining line is
Lpp' + M — (p+ p') B =0,

By putting p'=p we have, as the equation to the
tangent at the point “pu,”

Lt + M —=2uR=0.
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1. Prove that the loous of the foot of the perpendicunlar let fall
from the origin upon tangents to the conie a.rﬁ-l—ﬂh:cg + by*‘—-ﬂ:n is the
curve (72~ ab) (22 +9%)2+ 2 (22 4+ y*) (be— hy) +y

9. In the conic ax®4-2hzy+ by =2y, prove that the rectangle
1

contained by the foeal distances of the origin is ——— e

3. Tangents are drawn to the conic ax®+ 2hry+by*=2z from
two points on the axis of z equidistant from the origin; prove that
their four points of intersection lie on the eonic by*+ hey==x.

If the tangents be drawn from two points on the axis of y equi-
distant from the origin, prove that the points of intersection are on g
straight line.

4, A system of conies iz drawn to pass through four fixed points;
prove that

(1) the polars of a given point all pass through a fixed point,
and (2) the locus of the pole of a given line is a conic section,

5. Find the equation to the conie passing through the origin and
the points (1, 1), (-1, 1), (2, 0), and (3, —2), Determine its species.

6. Prove that the locus of the centre of all conics circumseribing
the quadrilateral formed by the straight lines y=0, =0, z+y=1,
and y —x=2 is the conic 2x* - 2+ 4ay + 5y — 2=0.

7. Prove that the locus of the centres of all conies, which pass
through the centres of the inscribed and escribed circles of a triangle,
is the eircumscribing ecircle of the triangle.

8. Prove that the locus of the extremities of the principal axes of
all conics, which can be described through the four points (%, 0) and

{0, £b), is the curve
2

(5- %) @ry=a-pn

9, 4, B, ¢, and D are four fixed points and 45 and ¢D meet in
O; any straight line passing through O meets 4D and 2C in R and
R’ respeetively, and any conie passing through the four given points
in S and §'; prove that
i L 1_ e i + _1 .
OR " OR' ™ 0S8 " 08"
10, Prove that, in general, two parabolas ean be drawn through
four points, and that either two, or none, can be drawn,

[For a parabola we have h= = ,/\\p.]
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11, Prove that the locus of the centres of the conies eircumserib-
ing a quadrilateral ABCD (Fig. Art. 405) is a conie pasging through
the vertices 0, I, and M of the quadrilateral and through the middle
points of 4B, AC, AD, BC, BD, and CD.

Prove also that its asymptotes are parallel to the axes of the
parabolas through the four points.

[The required locus is obtained by eliminating i from the equa-
tions 2up'z-+2hy — pp’ (AN+N)=0, and 2ha 4+ 2X\'y - AN (w+ ') =0.]

12, By taking the case when A\'= —up' and when 4B and CD
are perpendicular (in which ease 4 BC is a triangle having D as its
orthocentre and 4L, BM, and CO are the perpendiculars on ifs
gides), prove that all conies passing through the vertices of a friangle
and its orthocentre are rectangular hyperbolas.

From Ex, 11 prove also that the locus of its centre is the nine
point cirele of the triangle.

13. Prove that the triangle OML (Fig. Avt. 405) is such that each
angular point is the pole of the opposite side with respect to any

conie passing through the angular points 4, B, €, and D of the
quadrilateral.

[Such a triangle is called a Self Conjugate Triangle.]

14, Prove that only one rectangular hyperbola can be drawn
through four given points. Prove also that the nine point eircles of
the four triangles that can be formed by four given points meet in a

point, viz., the centre of the rectangular hyperbola passing through
the four points.

15. By using the result of Art. 374, prove that in general, two
conics can be drawn through four points to touch a given straight
line.

A system of conics is inseribed in the same quadrilateral ; prove
that

16, the locus of the pole of a given straight line with respect to
this system is a straight line.

17. the locus of their centres is a straight line passing through the
middle points of the diagonals of the quadrilateral,

18. Prove that the triangle formed by the three diagonals OL,
A0, and BD (Fig. Art. 408) is such that each of its angular points is
the pole of the opposite side with respect to any conic inseribed in the
quadrilateral.

19. Prove that only one parabola ean be drawn to touch any four
given lines.

Hence prove that, if the four triangles that can be made by four
lines be drawn, the orthocentres of these four straight lines lie on a
straight line, and their circumeircles meet in a point.
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5, 6224122y 4 Ty?-122-13y=0.

17. The narrow ellipse (Art. 408), which is very nearly coineident with
the etraight line BD, is one of the conies inscribed in the quadri-
lateral, and its centre is the middle point of BD. This middle
point, and similarly the middle points of 4C and OL, therefore
lie on the centre-locus,

SOLUTIONS/HINTS

1. The line zcos @+ ysin@=r will touch the given
conic if the equation
a,x’+2l¢x.r—:.ncos0 (r—:f:cosﬁ 2
in ¢ sin 6
has equal roots, the condition for which is
{fr sin @ — br cos 6 — sin® 6}
=br®(asin®*@ — 2hsin 6. cos § + b cos?0),
which is the polar equation of the locus required.

= 2a

Changing to Cartesians, we have
(hy — ba)® + ¥ + i (b — hy) = b (ay* — 2hay + ba?)
(2:2 5 yz)z =+ 3/2 Yy 4 )
or (K- ab)(zt 4y + 5+ 2 (4 4) (ba—hy) = O,
2. The ordinate of the centre is
a
2 [Art. 352.]
Therefore the diameter, DC'ZV, parallel to the tangent
y¥ =0, cuts the curve in points given by
2ak a’b 2a
s ab—w T (ab—lP2  ab—h*
. W e ) L AR
v+ 0D —< 2 ) ~(ab=R%?  (ab— R
2 ol
(a,b—h—QS T ab-A*
1
) .
S0.8'0=C0CD2= r [Art, 287].

0.

+
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3. As in Art. 374, the condition that the line
y=m (xz—c) should touch the conic is

m?c® (h*— ab) + 2me (h + bm) + 1 = 0.
( gefxce the equation of the tangents through the point
c, 18 )
%y (h* — ab) + 2chy (2 — c) + 2cby® + (z —¢)2 =0,
and similarly those through (- ¢, 0) are
¢’y* (B — ab) = 2chy (= + c) — 2ebe + (2 + ¢)* = 0.
On subtraction, the four points of intersection lie on
by + hay = .
From the condition of Art. 374, the line z=m(y—c)
will touch the conic if c®m (A*— ab) + m — 2chm — 2cb = 0.

Hence the other tangent through the point (0, ¢) is
(A* — ab) c*x + & — 2¢b (y — ¢) — 2cha =0,
and that through (—¢, 0) is
(7* = ab) cx +x + 2eb (y + ¢) + 2cha = 0.
‘Whence, on subtraction, the point of intersection lies on

by + ha = 0,

4. (1) Iet the fixed point be the origin, and
S —AS8"=0 the equation of the system of conics. [Art.
380.]

The equation of its polar is
ge+fy+ec— Mgz +fy+¢)=0,
which passes through the intersection of the lines
gz +fy+¢=0 and g’z +f'y + ¢ =0.
(2) Let y =0 be the given line.
It will be identical with the polar of («/, ¥') if, (Art. 375),
ax’ +ly' + g - X (ax' + by’ +g’) =0, and
g’ +fy +e—A(g'2et 1y +¢') =0,
Eliminating A, the locus of («, %) is a conic.

5. The equations of the sides of the quadrilateral are
easily found to be '

Yy—1=0; 2+y—2=0; y+2—4=0: and 3o+ 4y=1.
Therefore the equation of any conic passing through the
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four points is (y—1) (y + 2z — 4) )\(:v +y—2)Bx+4y-1),
which passes through (0, O)
Hence etc. The conic is an elhpse, since A? < ab.
6. The centre of the conic & (y—x—2)=Ay(z +y—1)
is given by (Art. 352)
A -z +2\y—A=0, and 22+ Ay -y +2=0.
Eliminating A, we obtain, for the locus of the centre,
20 + 4oy - 29 + by =2 =0.
7. The centre of the conic of Art. 405 is given by
Qup'e + 2hy — pp’ (M + X)) =0,
and Qha + 2ANy — AN (p + pu') = 0.
Eliminating 4, we have
2 (up'a® — ANY®) = pp' (A + X) @ + AN (e + ) y = 0.
If the axes AB and COD are at right angles and 40 is

perpendicular to BC, then pp’+ AN =0, and the centre-
locus becomes

2@ +y)— A+ N)a—(p+ p)y=0,
which is the equation to the nine-point circle of the triangle
ABC, since it passes through the middle points of 4B, BC
and C4, whose coordinates are

5,0), (5, 8) i 1 5).

This proves the theorem. For, if 4, B, €' are the e-
centres of a triangle, the latter is the peda.l tnang]e of ABC,
and hence its circumecircle is the nine-point circle of 4 BC.

8. All the conics through the four points (+a, 0),
(0, + ) are of the form

2
- +‘z.2+2)\a:y=1.

If an axis is mclmed at a, the line wcosa +y sina=p
touches the conmic at the point (pcosa, psina), and is
therefore identical with

z(2 a——-h)\pslna)+j()\pcosa +ps;;m>_].
1

% (—;,+Ktnna—b2+koub =}%,.
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Eliminating A, the polar equation of the required

locus is :
| Bl | 1
<;2 4 E’) cot 0 = ("—.5 ;. 52) tan 6,

or, in Cartesians,

Erai- et

] 2
1.€. (a—:i-(_f“ (@ +9y®) =a? — 9~
z _y z y ¥
9. Let (5+I;—l>(a_'+3—’——l)+w—0\

be the equation of any conic through the four points.
[Art. 406.]

Changing to polar coordinates, this equation is

0 O -
2 ( )—r{cosﬂ<a+;,)+sm0<6+E,)}+1_0.
: 1+——]i——cos¢9 l+1) sin 6 1+l
g gy = e p) +aB (5 p).
1 cos® sinf 1 cos@ sinf
el il oLl 5 e sl
[Art. 105.]

| | 1 1 1
- ortOR-08 T 0%
10. There will be two values of 4 or none according
as A\'pp is positive or negative.
11. Asin Ex. 7, the centre locus is
2 (pp'a® = ANY") — g’ A+ N) = AN (e + p') y = 0.

The locus passes through the point (’L';)t ; 0), ne.

through the middle point of the line joining two of the
fixed points, and therefore through that of the line joining
any other two. It also passes through the origin and hence
by symmetry through Z and M.

Its asymptotes and the axes of the parabolas through

the four points are parallel to Npp'w+ ANy =0. (Cf.
Ex. 10.)




CHAPTER 16: THE GENERAL CONIC 651

12. See Ex. 7.
13. The polar of (0, 0) is

1 1) 11,
x(x'i'x, +y(’:+,:,>— )

which passes through the intersections of

A A ¥ _
and of Egdot.and T3 X1
S A p

Hence etc. by symmetry.

14. Tet S=0 and §'=0 be any two of the conics.
Then §—AS8"=0 for different values of A represents all the
conics through their intersections. It will be a rectangular
hyperbola if @ + b —A\ (¢’ +4') =0, and hence there is only
one value of A.

By Ex. 12, each of the four nine-point circles passes
through the centre.

15. Apply the condition of Art. 374 to the conic of
Art. 405 ; since it contains /2 there will in general be two
conics.

16. If lx+my=1 be the polar of (o, %) with regard
to the conic of Art. 408, then

2 = iy i / ’ .

ax’-!-(abl Ay a_ (ab A):;:n+b"’y b=a:u’+by'—l.
S (a=0)(aal + 8y — 1) =\y/ and (b—m) (az/ + by — 1) =Ax.
¥ Yy  ax+by -1
T b-m a—1 A
- DAY = b Ak W08 U, e n) D
B T AT e y Art. (),—P say). ...(I)
S b=pa’ +m, and a=py +L

Substitute for @ and b in the last pair of equations (1),
we have

P& (py + 1) + 4/ (pa/ +m) — 1} = 2 (py + L — 1) (pz’ + m —my),
ie p{(2h—0)a +(2m,—m)y — 1} =2 (I—L) (ms — ).
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Similarly,
pi2L—1) o + (2my—m)y' — 1} =2 (I-1,) (m —m,).
Eliminating p, the locus of (¢, ¥') is a straight line.

17. The centre of the conic of Art 408 is given by
a(ax +by—1)= Ay, and b (azx+by—1)=Az,
whence ax = by.
Sa(2ax—1)=Ay=2y (a—1,) (b—my) =2 (a—4)(ax—1mny).
“a(2x + 2myy — 1) = 2my.
Similarly, a(2Lx+ 2myy— 1) =2lm.y.
¢ sl L1 T 2L
R U e VR Y A T P

! ! S | SR :
which passes through (ﬂ, -2—"-1—;) 2 (-?7; ' Tm)? 1.e. through
the middle points of BD and AC'.

18. The equation to OL is (L, —L)a + (m; —my) y =0
and, if it be identical with the polar of (2, %) with regard
to the conic of Art. 408, then

@’z +(ab— Ny —a (ab—Na'+b% b
h—1ly 3 my —my ’
—_ y _ o
and az’ + by —1 =0, whence 1 i
Also, by subtracting equations (2) and (3) of Art. 408,
a(m, —my) + b (I, —1,) =lym, —l;m,.
oMy el 1

"my—my L=l a(mi—my)+b(L—b) by —lmy

But these are the coordinates of the point M, since the
latter point is the intersection of the two straight lines

lax+my=1 and lLa+my=1.

Hence M is the pole of OL, ete.

19. The conic of Art. 408 is a parabola only if A= 2ab.

The orthocentres lie on its directrix and the circumecircles
all pass through its focus. [Arts. 232, 234.




