Exercise 7.4

Answer 1E.

(a)
1+6x
(ax-3)(2x+5)

Consider the fraction

The denominator Q(x) is a product of distinct linear factors
This means that

O(x)=(ax+b)(ax+b,)---(ax+b,)

Where no factor is repeated (and no factor is a constant multiple of another). In this case the
partial fraction theorem siates that there exist constanis A4, 4,,...4, such that

Rx)__4 , 4 . ., A (1)

Q(I:I ax+b ax+bh, ax+b, 7

Here, (4x-3) and (2x+5) are two distinct linear factors

So we use two constants 4 and B

1+6x
(4x-3)(2x+5)

Therefore, take partial fractions of the fraction

1+ 6x A N B
4x-3)2x+5) 4x-3 2x+5
(4x-3)(2x+5)




(b)
10

Consider the fraction ———
5x°=2x°
It can be written as b'_lp" taking .t"? common in the denominator
10 10

SxP-2x% x*(5-2x)
The denominator Q(x} is a product of linear factors, some of which are repeated:

Suppose the first linear factor (a,x+5,) is repeated r times; that is, (a@,x+Bb,) occurs in the
factorization of @(x)- Then instead of the single term 4, /(a,x+b,) in equation (1), we would
use

Rl(x}: 4 , 4 ,+-~*+—A’
O(x) ax+h, (ax+b) (ax+b)

10 10
5x2-2x° 13{5—21]

Here the fraction

In this fraction, there are three linear factors with repeated factor x use three constants here
A.B, and C

10
S0, use the partial fraction method, write the fraction ———— as
x*(5-2x)

10 A B C

- =y
f(ﬁ—lx} x x 5-2x

Answer 2E.

Wite the pariial fraction decomposition of the following funciions without determining the
numerical values of the coefficients.

X

X +x=2

The denominator can be written as follows:

a) Consider the expression,

X+x-2 ={x+2](_r—l}
Wite the pariial fraction decomposition of the function.

X _ X
X +x-2 {x+2}{.r—l}

A . B
(x+2) (x-1)




-

X

b) Consider the expression, :
+x+2

Since the degree of the numerator is equal to the degree of the denominator.

So, first perform the long division.

Therefore, the given expression can be written as follows:

x* -x-2
=1+
X +x+2 X +x+2

Now, decompose the second term (the denominator cannot be factored however) and find the
partial fraction decomposition of the function.

x —-x-2
> =1+ k]
X +x+2 X +x+2
Ax+ B
r+x+2
Answer 3E.

Write the partial fraction decomposition of the following functions without determining the
numerical values of the coefficients.

xt+1
x +4x°

The denominator can be written as follows:
X +4x = 13(x2 +4]

Therefore, write the partial fraction decomposition.

a) Consider the expression,

'+l x4l
x +4x° x’(f+4}
A B C Dx+E
x X X x+4

1
b) Consider the expression, >, 2.
(¥*-9)

The denominator can be written as follows:

(x*-9) =[(x+3)(x-3)T
=(x+3) (x-3)’

Therefore, write the partial fraction demmpositinn.
1 1

(@-9) (x+3)(x-3)

A B C D
- —+ + -

x+3 (x+3) x-3 (x-3)




Answer 4E.

-2+t +2x-1

a Given
@ x—2x+1
2x—1
2 —-2x+1
_ 2x—1
(=)’
S >
=1 (x-1)
®)  Given -1 _ -1
X +x x(x" +x+1)
A EBx+C
= —t—
x ©4+x+1
Answer 5E.
(a)
xﬁ
Consider the expression, — )
x—4
X5
The objective is to write partial decomposition of —_— .
x -4

The degree of the numerator is greater than the degree of the denominator. So divide the
numerator by denominator.

x*+4x° +16
-4 x*
x4
4x*
4x* —16x"
16x°
16x* — 64
64
From this division,

x* =[Iz -4)-(1‘ +4x° +I6)+64

Divide both sides with ( X _4)

o (ZAA)(x e 116) g
¥ + el
¥ -4 M -4

=x'+4x° +16+

? 2

x =4 x -

=x*+4x" +16+ since o’ -b =(a+b)(a-b)

__ 64
{:r+2}(.t—2}
. B

X+ x=-2

. The form of the partial fraction

,
=x"+4x" +16+

Decomposition

Where A,B are constants

-]
X x4 +164+ 4 . B

Therefore, the partial ﬂEEDmpDS“iDn is
x =4 x+2 x-=2




(b)

4
X

(xz —.H—l}{.!.r;'l +2)2

It is proper fraction because the power of x in numerator is less than the power of x in
denominator.

Consider the fraction.

The degree of first factor of denominator is 2 and degree of second factor of denominator is 4.
So, the degree of denominator becomes 6.

Therefore, the form of the partial fraction decomposition is

xt Ax+B Cx+D Ex+F
+ +

(Foxsl)(@+2) Foxel #e2 (20)|

Answer 6E.
(a)
Consider the expression

1 +1

1+
Decompose the given fraction into partial fractions without evaluating the constants in
decomposition.

P(x)
o(x)
In the given expression, the degree of the numerator P[_r) is equal to the degree of the

The expression is of the form

denominator O(x) - So apply long division to decompose.

1

r‘+:’it‘+l
’6 +£J)

1-F

So, the partial fraction can be written as

R {1}

This is of the form 1+ .
O(x)

Now, try to simplify the denominator the fraction Q(x)-
The factored form of the denominator 6 , 3 is £ {.r’ + I)
Use synthetic division to further simplify.

1 0 0 1
-1
-1 1 -1
1 -1 10
Therefore, r;+1=(:+l]{r2—:+l]

Thus, the simplified denominator is 7 (1!+I][.rz -+ l}.

So,
°+1 1-r
s st
I +r I +r
1-7£

_Hr3(r+1)(r‘—:+l}



In the denominator Q(x). £ (¢ +ij(13 -1+ I), the factor ¢ is repeated thrice and one distinct
linear factor ;4] and one irreducible factor ;2 _; 4 1.

For the Tfactor ¢ . the de[:nmposition s
t £ °F
For the factor ¢+ . the decomposition is

D

r+1
For the factor 2 _;41.

b* —4ac=(-1)" -4-1-1

=1-4
=-3<0
So. the expression can be decomposed as
Et+C
-1+l

Finally, the partial fraction decomposition of given expression is

ﬂ—]+£+£+£+£ ﬂ
+1 t F 1+l -1+l

Where A, B, C, D, E. and F are constants.
(b)
Consider the expression
x +1
(xl —x)(x" +2x° + 1}

Decompose the given fraction into partial fractions without evaluating the constants in
decomposition.

P(x)
o(x)
In the given expression, the degree of the numerator P(x) is less than the degree of the

denominator Q(x) - so, the rational fraction is proper

The expression is of the form

Now, ry to simplify the denominator the fraction Q(x).

The factored form of the denominator terms are ,* _y as x(x—1) and y* 1 2,% 4] as
(.I'z + 1}3

Thus, the simplified denominator is x(x— |}{f +1}3.

So,
x +1 x +1

(.1'1 —x)(x" +2x° +I) .I{.l’—]](.'l‘z _|_|)2

In the denominator Q(x). x{x—l)(xz +1)2, x is one distinct factor and y -] isone distinct
linear factor and one irreducible factor repeated factor ( 4+ |)3_

For the factor x , the decomposition is
A

X



For the factor x—1 ., the decomposition is
B

x-1

For the factor ( X+ |)!_

b* —4ac=(0)" —4-1-1
=0-4
=—4<0
So, the expression can be decomposed as
Cx+D Ex+F
> + 2
(r +I) {f +|)

Finally, the partial fraction decomposition of given expression is

' +1 _A_ B Cx+D  Ex+F
(xz—x)(.t4+2f+l) x x-1 x4l (.xz+l):

Where A, B, C, D, E. and F are constants.

Answer 7E.
I-I-
Consider the integral I 2 dx
x-1

Evaluate the above integral.
Since the degree of the numerator is greater than the degree of the denominator, first perform
the long division.
X +x +x+]
x=1 X
x-x
x
X —x
x
x

—X

x
x—1
1

The integral can be written as follows:
4
x 1
I—d.r: [x“ +x° +x+l+—]

x—1 x—
4
:I—+i+£+x+ln|x—l|+{.‘ “x”dx:
3 2

_ru—l

n+l

+C&I]—dr: In|x[+C
4 X

4 4 3 2
Therefore, II dr:x—+x—+£+x+ln|x—l|+c
x—1 4 3 2




Answer 8E.

_2
Consider the integral J'?” 1' dr -
1+

Simplify the term.

3-2 31-2+43-3

Add and subtract with the number 3

t+1 t+1
3+3-2-3
- i+1
3(r+1)-5
B i+1
3« 5
P
—3-
f+1

_3
Evaluate the integral J'3'r ]'d;r.
t+

3t-2 5
jH] dx:j[;—m]m

5
=_|'3d:—_{;—+ldr

=3t=5njr+1|+C Simejl=1n|.r|+c
X
Hence, jsf_zdf=3r—5|n[:+l|+c
1+1
Answer 9E.
5x+1
Gi S —’ 4
v | (22+1)(z-1)
Sx+1 A B
(2x+D(x-1) 2x+1 z-1
5x¢1 A B
(21+1)(x—1) 2x+1 x-1
5x+41 A(x-1) . B(2x+1)
(2x+1)(x-1) (2z+1)(x-1) (2x+1)(x—1)
Sx+1 _A(x-1)+B(2x+1)

(2x+1)(x-1)  (2x+1)(z-1)
HNow comparing both sides we get
=  A(x-1)+B{2x+1)=5x+1
= Ax— A+ 2Br+B=5x+1
= A+28=5-4A+8=1
How solving we get A=1,F=2

=+1 1 2
(2x+D)(x-1) 2x+1 x-1
Sx+1 1 1
dr= dr+2| —dx
'[(21+1) (x—l) '[21+1 Ix—l

Therefore

= %]n |2x+1|+2ln|x—1|+c



Answer 10E.

Apply partial fraction decompaosition and solve for the coefficients
¥ A B
= |
(y+4){2_1:—1) y+4+2y—l ( }
y __AQy-1) | B(y+4)
(v+4)(2p-1) (r+4)(2v-1) (r+4)(2v-1)
¥ _A{Zy-l)+8(_].-'+4)
(v+4)(2y-1)  (y+4)(2r-1)

Now comparing on both sides get
A(2y-1)+B(y+4)=»
(24+B)y+(—-4+4B)=y
Compare the coeflicients of like terms

1=24+B
0=—A+4B

(coefficient of v)
{constant term)
Solve the above equations for 4 and g,

astpal

9 9
Substitute the values of 4 and gin (1)
e 1

y _9 .. 9
(y+4)(2p-1) y+4 2y-1

4 1 v
9 y+d4 9 2y-1

Apply the integral on both sides

(oo Grmsaap

4 1 1 1
= . LS _'_ﬂ}.
9 y+4 9 2y-1

41 1 ¢ 1 L 1dec ]
N v ey Pt UI"" Inkd+C]|
=%In|y+4|+%ln|2y—]|+c
Therefore,

I[m]a&: %lnly+4]+éln|2y-]|+c :

Answer 11E.

_r 2
Grven BI 2 +3x+1
2 2
22 +3x+1  (2x+1)(x+1)
A B
ST
2 Alx+1) B(2z+1)
20 +3x+1  (x+1)(2x+1) (x+1)(2x+])
2 A(x+1)+B(2x+1)
26 +3x+1 (x+1)(2x+1)
Now comparing on both sides we get
=  A(x+D)+B(2x+1)=2
=  (A+2B)x+(A+B)=2
Now comparing coefficients on both sides we get




= A+2B=0A+B=2
HNow solving we get A=4,8=-2

: 2 -2
. +— |ax
sz’ +3x+1 I[ 2x+1 x+l]

- [Eh |21+1|—2]n|x+1|:[l

_ 2[]n 21+1|:[:
x+1

=2[]ng—]n1]
2
:2133
2
Answer 12E.
Given
Ix’ 5x+6
x—4 A B
= +
© —5z+6 z-2 z-3
=4 A(x 3) B(x 2)

2 —55+6 (x-2)(x—3) (x 2)(x-3)
x—4 _A(x 3)+B(x 2)
£ 546 (x-2)(x-3)
Now comparing on both sides we get
= A(z-3)+B(x-2)=x-4
= (A+B)x—(34+2B)=x-4
Now comparing coefficients on both sides we get

= A+B=13A+28=4
Now solvingwe get A=2.8=-1

Thfrefore_[ x4 dx—i[ 2 1 ]dx
> —5x+6 x—2 z-3

=[2ia|x—2|-ta -]
=2lnl-ln2-2ln2+1n3
=73n2+In3
=In3-3In2
Answer 13E.
To evaluate the |ntegral J- dx
x —br

ax ax
I.r: —b.rdr =Ix{.r—b}dr

=aln|x-b|+C Sim:-:I'J:;:"-])dr:In|_f[.1'}‘+r
flx

Hence, J'



Answer 14E.

1
Yre)

The method of partial fractions gives
1 A B

(x1a)(z18) (xta)  (z+8)
And therefore 1= A(x +b) +B(I+a)

We have to evaluate I( "
x+ta

1
b—a
1

Ifwe Put x=—a weget, 1= A(b—a) =2 A=

Ifwe Put x=—& we get, 1= B(—b+a) = H=

() )

(x+a)(x+b) - (x+a) (x+b)
1 1 1 1
B b—a_(x+a)+a—b-(x+b)

Therefore | ! dx—j[l LI l)dx
(x+a)(x+b) B b—g x4+a a—b x+bk

=Llnlx+al+Lln|x+bl+C‘
b—a a—b

a—b

Thus

=ﬁ1n|x+a|—#m +B]+C

X+a

=—1In +C
b—a |x+b
1 1 x+a
He dx = In —|+C )
nee I(x+a)(1+b) b—a |x+b
Answer 15E.

Consider the integral J?[%]dr-
3 X — =

The objective is to find the integral.

Rewrite the integral as,

if X =2x" -4 sf =227 4
i St § A __ _ax
-I;[ X =-2x ] ' -L[:cg—lt' x:'—Z.'c']




To solve the integral, first we need to write the decomposition of the fraction 4

X =2x"
The parlial demmpnsitinn of the fraction is,

4 A B C
=—1+—+_

¥-2¢ ¥ x x-2
4 A(x-2)+ Bx(I-Z}+C(f) (Sinl:e Oy {1—2})
Y20 ©(x-2) '
4=A(x-2)+ B[xl -21)-!-1‘:(11)
4=(B+C)x’ +(A4-2B)x-24
Compare ,2? coefficients on both sides,

B+C=0

Compare x coefiicient on both sides,
A-2B=0
Compare constant coefficient on both sides,
24=4
a=2
-2
=-2
Substitute this value into the equation 428 =1).
A-2B=0
-2-2B=0

Substitute this value into the equation g+ =0.
B+C=0
=1+C=0
C=1
The partial fraction is,

4 A B C
3 T =—+—+—-
x=-2x x x x-2

Hence, the partial decomposition of the fraction is 4 : 2




Rewrite the equation (1) as,

of -t af 222y 4
—d!'= s a'.r
L( X -2¢ ] J ¥ 2r x’—lx’]

af 4

:'[3 l_.r’—lr:]dr
sf

=I |—[—I —l,—l))dt
L \x=-2 x «x

f
=r 1- : +1,+l]dx
ol ¥ -2 x x

( 2 e
= kx-ln{x-2}~;+ ln{x)l

. i4—ln{4—2]—%+In(4)]—[3—1n{3—2}—§+ln(3]]
= I—ln{z}+%+2ln{2]]—(—ln[l}+§+ ln{3)]

=%+In[2]—ln{3]

X=-2x-4

L |
Hence, the answer is L [—x’ o
—_ I"

3
]¢=E+In{2]—ln{3j.

Answer 16E.

L 4
To evaluate the integral I‘—m

< d , use partial fractions.
3 X —x—6

Since the UEQI'E.'E of the numerator of the integrand s QI'EE“ET than the UEQI'EE of denominator,
first perform the long division.

This enables to write the integrand as:

X —4x-10 3xr—4
—_—X [

x—x—6 +]+x -x—6
The second step is to factor the denominator Q(x)= Y =x—6in x“h _46_
—x—
O(x)=x"-x-6
=x =3x+2x-6
=x(x-3)+2(x-3)
= (x-3)(x+2)

Thus, the factors of Q(x) are (x-3) and (x+2).

The partial fraction decomposition for i is
xX=x-6
3x—4 _ 4 N B
(x—3)(1+2} {1—3] (x+2)'

Multiply the least common denominator (x—3)(x+2).

(3x-4)=A(x+2)+B(x-3).



Plugin y=3 10 (3x—4)=A(x+2)+B(x-3).

3(3)-4=4(3+2)+B(3-3)
5=534+0
A=1
Pugin x=-2t0 (3x-4)=A4(x+2)+B(x-3).

3(-2)-4=A4(-2+2)+B(-2-3)
-10=04-5B

B=2

3x—4 - 1 i 2
" (x-3)(x+2) (x-3) (x+2)

Thus

13
:r’—4,t—]0_ . 1 N 2 to Ix 2—4x—10dr_
r—x—6 (1—3} (.t+2} » X —x=6

1 3 L}
IM:&:I _r+l+;+L dx
S X —x—6 : (x=3) (x+2)

+1

x.

Use the identities. [x"dy==—+C, [Idc=x+C, and _[l.-.ix =In(x)+C-
X

n+1

1 3 3 1
l%dr=|:%+.r+ln|x-3|+2ln|x+ 2|l

=|:[%_0)+(|_0)+{|n|1_3|—ln|0—3|}+ 2[In|1+2|-ln|ﬂ+2|]:|

= 2-+1+(in]-2|-In}-3) + 2(Inf3- In|2)

Simplify the terms by applying the properties of logarithms, In(a)—In(b)= ]n(g]_

1 3 _
J’M‘&=E+]ﬂ(g)+2m(i]
5 X —x-6 2 3 2
=§+ln(3)+ln(£) since In(x")=n]nx
2 3 2
(ol
2 3 4
%+] [%%) since In(a)+In(b)=1In(ab)
+n(3)
=—+In| =
2 2
1 3
Therefore, the value of de& is 3+]n[2].
3 X —x—6 2 2
Answer 17E.
2
We have to evaluate 2 Ay —iy-12

Ly +2)(y-3)
4y —Ty—12 _A 8 ¢
y(y+2)|:y—3) ¥ ry+2 y-3
= A(y+2)(y-3+B(y-3y+C(»)(y+2)=4y" -Ty-12
Putting =0, —6A=-12=A=2
Putting y=-2, 103:18:}3:%=%

Putting ¥y=3 1f=3=>C'=%




Then
2 4y —Ty-12 9 1
Ily(y+2)(y—3)@ I[J' 5(+2) 50— 3)}#
= |:2ln|y|+§]n|y+2|+§ln|y— 3|]l
~ 22+ 2a (4)+ la |- 2a1- Z1a 3 Zia |-

= 2]n2+18]n 2+0- U—glnB—lInZ
5 5 5

=Eln2—gln3
5 5

=§[31n 2—In3]

=E[h§)= g
53

Answer 18E.

We have to evaluate lﬁdx
r-x
¥+2x-1_ ©+2x-1_ x+2x-1
r—x x(x’—l) x(z-1)(x+1)
2+2x-1 A B c
==+ +

x[x—l)(x+1) x x—1 =x+1
=z +2x-1= A(x-){z+1)+ Bx{x+1)+ Cx(x-1)

Since

Let

Puu x=1, 2=B2=>B=1
Put  x=-1, -2=C(2)=>C=-1
Pu x=0, —1=A(-1) = A=1
Thue Ix’+2x 1 I( +_—L]dx
x x-1 x+1
=In|x|+n [x—1|-In |x+1|+C
=(In|x|+n -1}~ In|x+1]+C
_la x(x—l) s
(x+1)
Answer 19E.
: ) X+l
Consider the fraction I—
(x=3)(x— 2}

The denominator Q[I] is a product of linear factors, some of which are repeated:

Suppose the first linear factor {a,_t+b,] is repeated r times; that is, {a, x+b ]’ occurs in the

factorization of @(x)- Then instead of the single term 4, /(a,x+5,) in equation (1), we would
use

R( r) A4, A, A

Ld

Q(t] ax+bh, (a_t+b|) "+{alx+b,}'




In this fraction, there are three linear factors with (_r - 2) is the repeated factor
Then write the fraction as
x’+1 A B C
5= + + 2
(x-3)(x-2)" x-3 x-2 (x-2)

Now, solve this fraction

Pel_A(x-2)'+B(x-3)(x-2)+C(x-3)
(x=3)(x-2) (x-3)(x-2)’
C41=A(x-2)" +B(x-3)(x-2)+C(x-3) .. (1)

To find the constant values,
First put x =2 in equation (1)
(2) +1=4(2-2)" + B(2-3)(2-2)+C(2-3)
4+1=A4(0)+B(0)+C(-1)
C=-5
Now, put y =3 in equation (1)
(3)" +1=A4(3-2)" +B(3-3)(3-2)+C(3-3)
9+1=A(1)+B(0)+C(0)
4=10

Take

2 +1=A(x-2)" + B(x-3)(x-2)+C(x-3)
+1= A(x* —dx+4)+ B(x -5x+6)+C(x-3)

¥ +1=(4+B)x* +(-44-5B+C)x+(44+6B-3C)

Equate the coefficienis of ,2on both sides

A+B=1
B=1-4
=1-10
=-9
Therefore
1 A B C
5 = + + ¥
(x=3)(x-2) *-3 x-2 (x-2)
1 0 -9 -5
7 + + 2
(x-3)(x-2) *-3 x=2 (x-2)
Now

X +1 I e R
I(x—:s)(x-zfdr_lr—sdr i j(x—zfd1r
1 1 1
:IOIJ—de_ng—zdI_SI(I_z)zdx

Use integral formulae
Iﬁ‘ﬁ =In|f(x)+c

1 .
I(,r(x}fd" f(x)

Therefore

J- X+l

— = T _dx
(x-3)(x-2)

= 1om|x—3|—91n|x—2|+i+c
x=2




Answer 20E.

Consider the integral,

I X' —5x+16
(2x+1)(x-2)
The objective is to evaluate the integral.

Since the degree of numerator is less than the degree of the denominator, the partial fraction
decomposition is

¥-5x+16 A4 B _C
(2x+1)(x=2)" (2x+1) (x-2) (x-2)

Multiplying by the least common denominator we get

¥ =5x+16=A(x-2)" + B(2x+1)(x-2)+C(2x+1)
Now equate the co-efficient

Putting x =2 in equation (1)

2°-5.2416=A(2-2) +B(2-2+1)(2-2)+C(2-2+1)
4-10+16=5C

5C=10

Cc=2

Putting x=—% in equation (1)

(A I )

2
l+ E+lIEs = A(—E)
4 2 2

A=3
I+1'I}+64=EA
4 4
2,75
4 4

Putting x =0 in equation (1)

16=A4(0-2)" +B(2-0+1)(0-2)+C(2-0+1)

16=44-2B+C 2B=-2
16=4-3-2B+2 [ Putting 4=3,C=2] B=-1
2B=12+2-16

Therefore, the simplified integral is,

X =5x+16 3, 1, 2
Itzx+1}(x—zf""'j[(h+'1 (x-2) (x—z)’]“”

dx dx dx
=3I[21+1}-I{x—2}+2-[{x_2]3

- 3|n|2x+1|—|n|x—2|+z(L]+c
x-2

Answer 21E.



Consider the following integral:
3
x +4
[
x+4
Since the degree of the numerator is not less than that of the denominator, perform long
division as shown below:

.1r:+'rili,\(‘,+a=ljr
,x/+4x
(-)

4—-4x

x+4  4-4x

Thus, =x+ .
©+4 *+4

3
Therefore, I't +4d’c is simplified as shown below:
4

=

X+

3 -_—
[ 5 3 = [ A
xr+4 x +4
=1

= uates [t [ e S = [ () Use =X

v +4 2 Yxts4 n+1
Evaluate second and third integral in (1) separately as follows:
[ v = 4] i
x +4 x+2
=4 llzm"i Use J- ! _ .rx‘hr:llan"i
2 a +x a a
—2tan"' X
2

To evaluate J'f—rddr take 4 = x? +4 SO that gy = dxdr
X+
4x 2x
J-i.—dl'=2]‘~—df
x +4 x +4
du 5 3
=2j'_ Substitute ,, = 2 + 4and dy = 2xdx
o
1
=2In|u| Use | —dx=In|
o Use [L =l

=21In|x" +4| Back substitute = y* + 4

Substitute these values in equation (1).

X’ 4 4x X X .
R v v a S e A

Here Cis an integrating constant.

3 r
Theretore, [X 4 4 _|X 4 2tan X - 2mn|x? +4]+ |-
v e WA,
Answer 22E.
Wﬁha?ﬂtot:‘?aluatﬁliz
S2(8-1)
1 A B C D

—_— =+
s(s-1)° 5§ §-1 (-1
So 1= AS(S-1Y +B(5-1)° +C8*(§ - 1)+ Ds?



0 1=B1=8=1
1 1=D=D=1
1 1= AFD(-2) +B(=2)" +C (-1) (-2)+ D(-1)’
1=—4A+4B-2C+D
1=—4444-2C+1
—A=-44-2C
2=244C — (D)

g 88

s
s
5

Pui5=2 1=A2+EB+C4+ D4
1=24+14+4C+4

—4=2A4+4C
—2=A42C —(2)
From (1) C=2-24 — 3

From(2)  =-2=A+4-44A=—6=-34=A=2
From(3)  C=2-2(2)=-2=>C=-2

a5 2 1 2 1
IS” (s-1° I[§+?_E+ (S—])z]ds

- 2].11|S]—%—2]n|3—1|— +e

S-1

= 21n| —————+c

Answer 23E.
10

(Jr—l)(x2 +9)d’x

10 A Bx+C

(x—l)(xz+9) x—1+ 48
So  10=A(x*+9)+(Bx+C)(x—1)
Or  10=x"(A+B)+x(C-B)+(24-C)

We have to evaluate I

Equating coefficients of
x : 0=A+B — (D
x : 0=C-8 -—(2)
Constant : 10=94A-C -— (3}

On adding (1) and (2), we get 0= A+C
——A=C
Putin (3) 10=94—(-A)
10=104=4=1

=C=-1
P C=-1in(3),
Thus 0=-1-3
=B=-1




Ifwe substitute z = x° +9 in second integral,

Then du=2xdx=>xdx=%

o

10 1 171
= 'l.(x—l)(:r2 +9)dx =I;dx—§]-;du—lx2+9
:]nlx—ll—%lnlul—%tan_l[%]+c
10 = ltnfx—11-1 (2
n jmﬂ_ In =1} 1n (* +9) - s tan [3)+c

Answer 24E.

We have to evaluate _l-x;—x;ﬁdx
+5x

X —x+6 T —x+6 A Bx+C’
2 +3x (x’+3) x’+3

Then £ —x+6= A% +3)+(Bx+0')x
Or X —x+b=x (A+B)+xC+34
Equating coefficients of

b S 1= A+2

x : —1=C=C=-1
Constant : 6=34A—=A=2

As A+B=1=8B=1-A=1-2=8=-1

2 —z46 x—1
Thos Ix3+3x dr= I[ J:’+3]dJr

1
=|Zdx- dx— dx —q
Ix I;r"+3 I;r"+3 M
Substitute x* +3=u = 2xdx=du in second integral
Therefore ]

x du
i b
1
:ElﬂH
1
=§]n(x2+3)

Hence equation (1) becomes

x x+6 1 . 1 4f =
'[13+31 = [2tnfsf~~in (x +3)—Etan [E)+c

Answer 25E.
Consider the following integral:
_ j- 4x

o5 3” e x +]){.r+l)dr

4x Ax+B C
- == ... (1)
{,t"+l]{.t'+l) r+1 x+1

Let

= (Ax+B)(x+1)+C(x7 +1)=4x

Ifx=-1 then 2C=-4 =C=-2
Ifx=0 then B+C=0=B=-C
=2



Equate the coefficients of ,2on both sides.
A+C=0
A=-C
=2
Now substitute the values of A, B. C in equation (1), obtain that

4x =2x+2_ 2
(f+])[x+l) o+l x+l

Therefore. the given integral can be expressed as follows:

2x+2 2

4x
- =|= dr — dx
'[x’+.r'+.r+l I.r'+l x+1
=| 2x dv+2| 2' de—2[—
x +1 x +1 x+1

=In|x’ +1|+2tan" x-2In|x+1|+C

4x - ) ) )
Thus, Ii*—dr= ln|13+ll+2tan ',r_zln|x+1|+c‘_v.here C is the integrating
r+xt+x+1

constant

Answer 26E.

Consider the following integral:
x+x+1 :
.[ 2 :
{_t‘ + I)
The form of the partial fraction decomposition is as shown below:

f+x+l=A'x+B+ Cx+D 1
(fe1)  ©1 (eary

_(Ax+B)(x* +1)+(Cx+ D)
) (x+1)
X +x+l=AX + Ax+Bx' + B+Cx+D
= Ax' +Bx’ +(A+C)x+(B+D)

Equate the coeficients and get the system as follows:
A=0B=1LA+C=1LB+D=1
A+C=1
0+C=1
C=1
And
B+D=1
1+D=1
D=0



Substitute these values in (1).

f+x+]:0{:]+1+{1)x+0

{fﬂ)2 x'+1 {f+l)2
_ 1 X
(1)

Simplify as follows:

¥ +x+l 1 x
'[(:cl+I}=¢‘=I[f+l+(f+l]z}ﬁ

1 x
:If -|’].:a'.u-+‘|'(m2 +]): dx

1
=J-1]+]]¢£r+[ s

)

=tan"x+l(fil}=¢r e (2) Si"t'e.[ o =lﬁm_][£]

X +a a a

x
Ewvaluate the integral I(—,dx
e

+I)‘

Take x*+1=u then 2.rdr=du:>xctr=%.

x 1 du
J-(x] + ')2 de= 'I.l-n‘2 2 Substitute * 4=, and xdy= %
1¢1
=3l
=%J-:r'=du

mel

1 | X
=—| == | Use g =
2( ") '[I o n+l

:l[- _'l ] Back substitute .'If: +1l=u
20 x4l

1
2% +2
Thus, equation (2) can be written as Tollows:

. X 1
o 'x+f(x] +]]: = m_'x_zx’ +2+C

Here, Cis an integrating constant.

Therefore, _{LT),@' =|tan” x— 2x3]+2

+C|

Answer 27E.
Consider the following integral:
If+f+h+u
(xl +l](x1 +2)
The objective is to evaluate the integral.
Apply partial fraction decomposition, and then solve for the coefficients.

X +x"+2x+1 _ Ax+B Cx+D
ez ra1 we2

x4 x +2x+1=(Ax+B)(x* +2)+(Cx+ D) (2" +1)
X +x+2x+1= A +24Ax+ BX +2B+ O + Cx+Dx* + D
X +x' +2x+1=(4+C)x +(B+D)x" +(24+C)x+(2B+D)



Compare the coeflicients on both sides of the above equation, we have

I=4+C ... (1)
I=B+D ... (2)
2=24+C ... (3)
1=28+D .. (4)
Solve (1) and (3).

A+C=1

24+C=2

—A=-1

=A=1

From(1). C=1-1=0
Solve (2) and (4).
B+D=1

2B+ D=1

-B=0

=B=0

From (2). D=1-0=1
Therefore, the values are:

=1

- -
]

0
0
1

Substitute above values in the equation (1) and apply integration, we get
J-I}f::-'-?:x-flir:[[ 1.1' . 1] ):(x
ez T+ v

1 2x 1
ZEIIJ+|dr+.[x,+ 7

1

=lln(x=+])+ mn"[i]+c
2 2 V2
e +2x+1

1 5 1 a x
Therefore, JW: EIn{x +]}+3mn [E]h*:.

Answer 28E.
We have to evaluate _[ = _221_1
(-1 (£ +1)
2 —2x-1 A B Cx+ D

Let

(1 (241 51 a1y 2+
So  #-2x-1=A(x-1)(2* +1)+B( +1)+(Cx+D)(x-1)’

= A(x-)(£ +1)+B(2 +1)+(Cx+ D)(2* - 22 +1)
=(A+C)r +(—A+B-2C+D)x" +(A+C-2D)x+(-A+B+D)

Equating coefficients of

= : 0=A+C —(D

= ; 1=—A+2-2C+D —(2)

x : 2=-A+C-2D=-2=0-2D=0D=1 — 3
Constant : -1=—A+E8+0D

=-1=—A+B+1=B-A=-2-—(4)



D=1
From(l) C=-A=A=1
From({) B—A=-2=B-1=-2=8=-1

B-A=-2]
Put[ ]m(z) =1=-2-20+1=2=20=C=-1

Therefore

©-2x-1 1 -1 —x+1
e =I[x—1+(x—1)“+x’+l]dx

= Iﬁdx—j[x—l)qu—%l Ifildnj !

r©+1

1
= ]1:1|Jr—1|—ﬂ—llﬂ(x2 +1)+tan_lx+c
-1 2

=|ln |x—1|+i—lln(x2 +1)+tan™ x+4c
x—1 2
Answer 29E.
Consider the integral J'L
x +2x+5

Cﬂmpare x2+2_r+5 with a‘-:+&x+c.wege't a:],b=2,r.‘=5.

To integrating a partial fraction of the form — X+ 8 where 12 _ 4.0 <o0.

ax- +bx+c

We complete the square in the denominator and then make a substitution.
Now b* —dac=(2)" -4(1)(5)

=4-20

=-16<0
Therefore, y? 3+ 2x+5=x'+2.1x+1+4

= (x+1)"+2° Since (a+b)’ =a* +2ab+ b’

Thus we have completed the square in the denominator.

Now given integral becomes,

J-,xidr _ I;‘J“‘{r
X +2x+5 (x+1)" +2°

Now we take the substitution y+]1=y
. - . d
Differentiating with respect fo x we get, | = E = du = dx
Therefore
J- x+4
X +2x+5
I (x+1)+ 3
{ x+ I] - 2‘

T du Since x+l=u

u+3
jn‘ +2°

u 3
=ju3+23d"+ju3 +2:d.’u



Continuation of the above:

I 3]’%,«1,, Multiply and divided by 2
u +2° w +2°

:%In(uz+4)+3-%Tan"[§]+C Since I"zz:

J- du =lT _'[")+C
H -I-ﬂ a a

=%In(uz+4)+%ﬂm"[%]+f

4du=ln(u’+4)+c

=%In({x+l}3+4)+%Tﬂn"[I;]]+C Since y=x+1

1 5 3 x+1
==In{x +2x+5)+—=Tan + Since
5 ( ) 5 ( 5 ] w+4=x +2x+5

.:ﬁ:%ln(f +2x+5)+%ran-'(x—“]+c

x+4
J :

Hence || ———
x +2x+5

Answer 30E.

Consider the integral,

I3f+x+4
F+3+2

The objective is to evaluate the integral

Since the degree of numerator is less than the degree of the denominator, the partial fraction
decomposition is

I +x+4 AT+B Cx+D
X342 (x +I) (x +2}

Multiplying by the least common denominator we get

Z-!_:ur“+Jc+4={,-l:c+H}(Jr’+2)+{Cx+.i_'.‘.l*}(x2 +I)

3 +x+4=A +2Ax+ BX* + 2B+ O + Cx + DxX* 4D - (1)
Now we equate the co-efficient
Put x=( in equation (1)
4=2B+D
D=4-2B
Put x=1 in equation (1)
3P +1+4=A- V¥ +24-1+B- P +2B+C- ¥ +C-1+ D-I*+D
3+1+4=A+24+B+2B+C+C+D+D

34+3B+2C+2D=8

3A+33+2C+2{4—23}=3
34+3B+2C+8-4B=R8

34-B+2C=0 - (2)



Put x=—] in equation (1)

3-(-1)'-1+4=-4-24+B+2B-C-C+D+D
3-1+4=-34+3B-2C+2D
—34+3B-2C+2(4-2B)=6
-344+3B-2C+8-4B=6
-34-B-2C=6-8
—34-B-2C=-2
34+B+2C=2 - (3)
Subtract the equation (3) from (2). we get

34-B+2C-34-B-2C=0-2
-2B=-2
B=1
And,
D=4-2-]
D=2
From equation (2),

34-B+2C=0
34A-1+2C=0
34+2C=1 (4

Put x=2 inequation (1)

3-2242+4=A4-22+24-2+B- 2 +2B+C-2+C-2+ D-2°+D
12+2+4=84+44+4B+2B+8C+2C+4D+ D
18=124+6B+10C+5D

18=124+6-1+10C+5-2
18=124+6-1+10C+5-2

1B=124+6+10C+10
124+10C =18-6-10
12A+10C =2

34+2c=1 (3
2 2

Subtract the equation (5) from (4). we get

3A+2C—3A—2C= l—l
2 2

w-2c=1
2573

—C=-—
2 2

C=-1
From equation (4).

34+2(-1)=1
34-2=1
3A=3

A=1



Therefore, the simplified integral is,

(
3x"+x+4 oo [ Lx ] (-1)x+2
I.r*+3x’+2 _J’k(.r=+l)+ (x*+2)

_ r x+1 N -x+2
J-k(_tz+l) (xz+2)}ﬁ

_ x . 1 B x . 2
‘I(.-m)“' I(fn)‘i‘ I(ﬁz)“‘ I(m:)“"

x dx x dx
T e ey 5

1 5 _ 1 5 2 _
=Eln|.r+ll+tan II_EI“|r+2|+ﬁm '{%]H:

= lmlf +]|+ t:.m"x—llnlf +2|+J5.tan"[i]+ Cl.
2 2

J2
Answer 31E.
Consider the integral Lfir
x =1
Ob that l = I
sevetnat 5T {I—l)(.‘tz+l+1}

Use the method of pariial fractions to resolve the expression.

1 _ A N Bx+C
{I—l}(_tz+_l‘+l) x=1 x +x+1

So 1= A(f +x+l)+{ﬂr+{?](1—]]
Or 1=x’(A+B)+x(A-B+C)+(4-C)
Equate the coefficients on both sides, we obiain that

x . 0=A+RB

B e (1)
x : 0=A-B+C
B=A+C - (2)
Constant ; I1=4-C



From equations (1) and (2), we obtain that

-A=A+C
C=-24 -~ (4)
From equations (3) and (4), we obtain that
A-1=-24
34=1
A=t
3

From equation (4), we obtain that

cesf)

_2
3
From equation (1), we obtain that
B=-A
ol
3
Therefore,

1

-——X

2

3

{I—I}(Iz +.r+|)= 3{1’—1}1—12 +x+1

1 1

X

+2

X1 3(x—1) 3(x¥+x+1)

Thus, the given integration is

x+2

1

J-Jc”—]dt=
_l b __I x+2

3 x +x+|
_1 ¢,ﬁ__x_ 2(x+2) 4

3 x—l 2 3V +x+1
:l —dt—— 2x+4

3 x— 67 x° +.1'+1
=l .:ir—l 2x+]+3

3 () ,r+,r+l
1 1 2x+l

3 x- x +x+]
=l B __.[ 2x+1

34 x— X ax+l
e __j- 2x+1

O rx+l

»([3{;4}-3(Jc=+x+1)]'it

e Y
6/ x" +x+1

_;I
a3l

.r:!+.'r+—+l—l
4

(2J4

+_

dx



Note that,

_[ ! dr:llan"(f]+{3

+a a a

And put g = x* 4 x+1 then dy=2x+1

Therefore,
1 lp 1 lpdu 1 1
di=—|—di—— | — | ——————=dx
-[x’-l 3-[1-1 G‘Fu 2j 12 (BY
(2] (2
2 2
I+I
1 1 12 2
=—In|x—1|-—Infu|-—x——=tan" —2+C
3ol 1l-glol-5x ™
2
=%lnl.r—l'—%inlx]+.t+1|—%tan"21—‘g]+c
Answer 32E.

Consider the integral

1 X
S (1
«{nx’ +4x+13 w

It is needed to evaluate the integral
To evaluate the integral, consider its infegrand.

_x
X +4x+13

Since the degree of the numerator is less than the degree of the denominator in the integrand,
we don'i need to divide. We write it as

x 1 2x
Fidx+13 21 +4x+13
1 2x+4-4

2x" +4x+13
1 2¢+d4 1 4

T 2P +4x+13 20 +4x+13

1 2x+4 _a 1
2 +4x+13 X +4x+13

Thus

x _l 2x+4 2 1 @
Y +d4x+13 2xX +4x+13 X +4x+13

From (1) and (2), we have

J-l x drz]ll 2x+4 B 1
oy’ +4x+13 o 27 +4x+13 X +4x+13

_ll 2x+4 B Il 1 3)
240 +4x+13 o +4x+13

Consider the first integral in the left hand side of (3)

1 2x+4
oyt 4+ 4x+13

Let 2 44y +13=u =>(2x+4)dc=du
Then change the limits according to the substitution.
For x=0. u=(0)" +4(0)+13
=13
For x=1. u=(1)" +4(1)+13

=18



Then the first integral is

1 2x+4 15 |
—_ " =1 =
j.~=J.F+4x+|3 13 gy

=i},

=In(18)-In(13)
18

-+(3)

Thus
J"jh—""‘dr:]n(ﬁ) (4
o x +4x+13 13
Consider the second integral in the left hand side of (3)

i 1
J‘uf’+4x+|:*.
We have

X +4x+13=x"+2-2-x+4+9
= +2-2-x+2°+%
=(x+2) +3

Thus x* +4x+]3=(x+2): +3

So,
R e
o x"+4x+13 “{x+2)‘+31

Let x4+2=vy.then gr=dv

Then change the limits according to the substitution.
For x=0. v=0+2

=2

For x=1. v=1+2

=3

Then the second integral is
1 1 31
————dv=| ——dx
Lx’+4x+l3 J-31:2+32
1 _,[v]
=| =tan -
[3=G]
_1(3J 1 _,[2]
tan”'| = |-=tan”'| =
3) 3 3

- (3]

1
3

‘r%gﬁ- =l[£_mn"[g]) eeeeee (B)
"y +4x+13 3L 4 3



From equation (3), we have that

I;f+4x+]3 I f-ﬁ,:ls _zﬂm‘&
s )[3(5-e ()]
o 1)-2( 2 (2))

[ lh(ﬁ]_zﬁmn[i]
ox +4x+13 2 \13) 6 3 3

Answer 33E.

Consider the following integral:

j X +2x
o X +4x’+3

The objective is to evaluate the integral.
Use the following subsiitution:
Lely=x* +4x7 +3. Then

dt = 4x’dx + 8xdx

=4(x’ +2x)dx

% =(x" +2x)dx
Find the new Limits:
If x=0. then,

r=x"+4x" 43

1=(0)" +4(0)" +3-

r=3
If x=1.then,
r=x'+4x"+3
r=(1)"+4(1) +3

=8

Substitute the above values in the given integral.

1 g
J'J"};%"‘&: 1dt
5 X +4x +3 14
_ljar
4= 1
_lj'ﬂ
47t
1 3
:E(In‘r%
=%(In8—ln3]

23
P X +2x

Therefore, the value of the definite integral I

T X +4x 43

dx is




Answer 34E.

= +1

rxz_ x—x+1 i
(:lr2 —x+]) (x+l)

=Irf—xz_x+1)dx

I
L L
L

i 5 1
2o
\ x+1
g—lu [ +1+C

Answer 35E.

Consider the indefinite integral,
dx
=
x{x‘ + 4}
The object is to evaluate the above integral.
Use partial fraction method to evaluate the above integral as follows.
1 A Bx+C Dx+E
) A M J— |
x(r‘ +4) x [I +4} [x' +4)

This implies that,

A)

1= A(x* +4) +(Bx+C)x(x* +4)+ x(Dx+E)
= A(x* +8x" +16)+( Bx* +4Bx" + Cx’ +4Cx )+ Dx" + Ex
=(A+B)x"+Cx" +(84+4B+D)x" +(4C+E)x+164

Equate the coefficients like powers of x on both sides.

Then,

A+B=0 (1)

C=0----

8A+4B+D=0 - (3)

4C+E=0 - (4)

164=1 - ()



From equation (5), the value of 4is

A:L_
16

Substitute 4= #in (1). then the value of gis.

!
16

Substituie 4 = L
16°

8(%)+4E%I]+D=o

———+D=0
2 4

l+,|".'li=l:l
4

.B= %in (3), then the value of pis,

p=!
4

From (2) and (4), the value of EIs.
4(0) +E=0
E=0
Substitute all the values in equation (A), then the equation becomes,
-1
1 ] |6 N
x(¥ +4J “l6x (-f'+4} (+* +4)
_ 1 X _ X
16x 16(x* +4) a(x +4)’

—x+0 _—lx+0
4

Use the above result, the integral is evaluated as follows:

dx . .
e e sy

BNLI LOPU = _ﬁ-lj’ _
16 x 167 x" +4 4 (:3+4)'
Use substitution method: Let 42 4 4=4-
Then,
2xdx = du
xdrzldu
2
So the integral can be reduced as,
J' dx
x{f+4}2
L ldx—LI x dr—lf X —dx
167 x 167 x" +4 (x=+4]
11
—— | ——du——|——du
( } IHZZ
u \-'”
=—In(r}-—ln{u)—— — |+C use j_dx In(x)and [x"ds ]
T+

1 1. ;s 1
= Eln(x}—s—zln{.r +4)+—3(12 +4) +C

1

d S ——
8{.\" +4}

Therefore. Im= Eln[x)-— {_t‘+4}+




Answer 36E.

Consider the following integral
.{ 4307 +1
x* +5x +5x
Evaluate the integral and split the denominator into two irreducible factors.
xf 437+ xfe3a7 ]
5t +5x xfxt #5527 +5)
So. the partial fraction decomposition is as follows:

xt a3 41 _A, Bx' +Cx* +Dx+ E
X' +5x° +5x x x'+5x7 +5
To determine A4, B, C, p and E, the following equation needs to be solved:

x* 4357 +1= Alx* +5x° +5)+ (B’ + % + Dx + E)x)
= Ax* +54x* +54+ Bx* + Cx’ + Dx* + Ex
Therefore. x* +3x" +1=(A4+B)x* +Cx’ +(54+ D)x* + Ex+54.

This equation produces the following system of equations:
A+B=1

Cc=0

54+D=3

E=0

SA'=I=:’/I'=l
5

Solving this system produces the following values:
A+B=1

l+B=l
5

B:l—l
5

Solve for D as Tollows:
544+D=3

5(1]+ D=3
5
D=3-1
D=2
Substitute the values and solve as shown below:
1 4 .
37 1 5 31 +2x
| =2 3=
X7 +3x" +5x X7 4+5x7+5

4
—x +2x
:--{_dx Ix +5x° 45

5 513+21 ) L

1¢1 1 5 Multiply and divide by 5

—I—dr+—_|' = -
X +5x +5

4 10
Al o



Evaluate the integrals in (1) separately as follows:

1

—dx=In
[—dr=mn]
The second integral in (1) can be determined using the method of substitution.
Let y=x* +5x +5.50al gy = 4x° + 10xdx -

J 4x° +10x

1 : ) )
545 -[ —du SUbSHtute 3 = y* + 5x* +53Nd gy = 4x° +10xdx
X u

=Inu|+C Use [ L =In|
X

= ].n(x‘ +5x° +5)+C Back substitute 5 = * +5x% +5
So, (1) can be written as follows:

lj'l _I 4,r’+lﬂx éh|x|+%ln|_r‘+5x’ +5|+C

X #5045
=éln(.t{.r‘+5f +5))+C

X430 +1 1 s
Therefore. II v gln(.t(.r‘+5r +5)]+C.
Answer 37E.

2 _3x47
Consider the integral. II—JHg
(12—41+ﬁ)

The objective is to evaluate the integral
Use partial fractions to evaluate the integral

_ ¥ =3x+7 __ Ax+B . Cx+D
(f—4x+ﬁ)= (12'41""5) (12—4x+6}2

2 _3x47 ‘{AI+B)(f—4x+6)+Ex+D
(.1n.'3—t1-.r+'15)z (« —dl-.ufHE-)z
x* =3x+7=(Ax+B)(x’ —4x+6)+(Cx+ D)

Equate the ,* terms on both sides.
A=0 (1)

Equate the 2 terms on both sides.
1=B-44 - (2)

Equate the x terms on both sides.
-3=64-4B+C - (3)

Equate the constant terms on both sides.

7=6B+D - (4)



Substitute 4 =0 in (2).

l=B-44

1=B-4(0) (Since 4 =0)
B=1

Substitute g —1in (4)
T7=6B+D

7=6(1)+D (Since B=1)
D=1

Substitute B=1and D =1in (3).
-3=6A4A-4B+C
-3=6(0)-4(1)+C (Since A=0,B=1)
-3=-44+C

C=1

Rewrite the integral.

I x=3x+7 =I Ax+B "‘f Cx+D
(xz—4x+ﬁ]2 (12 '43"""'5} (12—4x+6)=
1 x+1
o 2
| ey +J(x3—4x+ﬁ)2
=I 1 S x=2+3
{1-2}:+2 [I:—4I+ﬁ)3
1 x-2 3
=|—d d
I H‘[{x3—4x+ﬁ]1+[(f—4x+6)z '
I.r'—3.r+? =I ]‘ ‘i'-'"'_[ x-2 i 3 .
[1—2}- +2 ('rz —4I+'ﬁ)- (Iz —4_r+'5).

dx ___(5)

Consider the integral,

|
‘I-(x-2f+2dr

1 _ 1
e e P

1 tan”" (1_2}

= 5 +G (Sinccjrzla: dt=%lan"(§]} e (6)




Another integral is,
x—2
5 F]
(x' —4x+ 6}
Lel ¥ _4x+6=1
Differentiate both sides.

(2x—4)dr=dr
2(x—2)dx=dt
_d:
(x=2)dx= 5
I _I{drfz}
(x —4,r+ﬁ)
ik
:l[ I—:!+| ].H:
20 -2+1 -
=-L+C,
5 2
1
_2[1 —4.r+ﬁ)+cz
That is
x—2 1
(x —4.x+6) __2{.1:’ 4.t+ﬁ)+cz el
Consider,
J-;:ﬁm : dx

(x]—4.t+ﬁf Iﬁx—E)H(ﬁfT

Letx—2=+2tané
Differentiate on both sides.

dx =2 sec’® 6d@

3
—d_tzj'

(¥ —4x+6)

3
- —dx
-[x—Z]] +(q.-"§)'T

=j’_ g —dx

_(Jl_’tanﬂ)z+2]
-[—

[2(tand)’ +2]




JJiseca
I[Zsec B']

-2 80
55 1
= I azd®

=% cos’ 6d6

=3Jij[|+mz&Jdﬂ

4 2
345 szw] +C,

I — a-'-
8

33 ml[x_z)*-sinz[mn"(z?;-n Z

8

s 55 5 sinz(mn"[ -
This implies J' = m-l(‘ = }.

(x* —4x+ 6}2 8

Next, simplify the term. sin z[mn"[ =

Let tan™ [%] =a
o)

Consider the expression,

o)

_ 2tana
1+tan’ &

A2
()
_2V2(x-2)
X —4x+6

3
x —4x+6)

3 32 [ %2 J2(x- 2)
‘[(.t —4x+6) = 8 [ { ﬁ] x’ —4.1'-1-6] 3
_g afx=2), 6(x-2)
8 e (\E] 3[x3—4.x+6}

=
Sk
\-.l_-f

Then the integral I becomes,

+C;



Required integral is,

I x'—3.x+?z=j I: :ﬁ:+j x—2 _+ 3 dx
(x*—4x+6) " (x-2) +2 (¥ —4x+6) " (x"-4x+6)
Substitute (6).(7) and (8) in (5)
J- xh_31+?,ir:Llan" [x—2j+cl S 1 €,
(;(3 —4x+ 6)_ V2 V2 2(.‘1" —4x+6)
L3V2 m_.(;—2]+ E:{.r—E} C,
8 V2 ) 8(x-4x+6)
_W2 o (x-2),1 6x-16 .
8 J2 ) 8 ¥ -4x+6
Where C is sum of constants (C, +C, +GC;) -
Therefore, the result isj I-_3'I+?.dr= ?ﬁmn" x2 +l_26x;lﬁ+c_
(¥ —4x+6) 8 V2 ) 8 ¥ -4x+6
Answer 38E.
X +2x +3x-2
Consider the integral I . 7
(.‘r'+2.r+2)
The form of the partial decomposition is.
X +2x'+3x-2  Ax+B L, GCx+D
(12+21+2): X +2x+2 (.tz+2.r+2):
x3+2.t3+3x—2={Ax+B}(x=+2x+2]+Cx+D
' +2x +3x-2=Ax +(24+ B)x’ +(24+2B+C)x+2B+D
On comparing right and left hand side,
A=1
24+B=2
B=0
24+2B+C=3
C=1
2B+ D=-2
D=-2
Thus,
I=IIJ+2I-+3I;2¢:
(I!+II+2)
j- x x—2
= = + 3
:I : x+1 fi""“[ -1 .’il'-t-j. x+1 Ei'tl"l‘j -3 ;
X +2x+2 X' +2x+2 (.\‘3+2,x+2) (f+2.x+2}

=lL+L+1+1,




Now,

x+1

I =
! Ix’+2:+2
|[1 ) u=x"+2x+2
=I— —du
u\ 2 dl.r:l{:r+|]dt
=lln|f+2x+2|+C,
2

1
L =_I{x+I]! +1
=—tan"'(x+1)+C,

x+1

I
T o2(¥ +21+2}+C’

1
! 2

=—3[mm ade [

= —3_[ cos® 8d@

Considerx+1=tan@
dx=sec’ @

= —%I(l+cnslﬂ)ﬂ'§

= —E[E +isin 20+ C;]
2 2

= —Eﬁ'—g[lvzsin1‘3|'i:|:;sﬁl‘]+i.'j‘1
2 A2

__Em_,[x+1J_z_ x+1 . 1 iC
1 2 Jx’+2.r+2 JI=+2I+2 *
3(x+]]
2(.1’1+2.t+2)

=—%mn”{x+l)— +C,

Therefore, the evaluated integral is,

I=1+1,+1,+1, [C=C+C,+C+C,]
=%]n|x=+2.r+2|—mn"{x+l}—m
—%mn"(x+l}—%+c
3(x+1) +C

= lln‘r"’ +21+2|—§tan"{x+l]—
2 2

2{f +Zx+2}




Answer 39E.

0 .l'\i'x+1dx
X
1
Put x+1=¢ = dx = dt
2 +1
= o = 2f dt
And  x+l1=£° = 21
.l'\.‘x+1dx=.|' 2! ¢ d
x -1
£ ‘ﬂ
=2
Iz“—l
£ —1+1
=2
==
1
=2 ot
I( z’—l)
=2+ e
11
-1 (s+D)(e-1)
4 B
i+l £-1

=  A(-1)+B(t+1)=1
fz=1 then 28=1= B=1f2

¥ t=—1  ther -24=1 =  A=-12
1
— B 1
Therefore | L dx=2t+2_[ V2, 2 |,
41 -1

=2 —(lnf+1|-1nf-1)+C
- 2ﬁ—h|ﬁ+1|+1n|ﬁ—1|+c

Answer 40E.

Consider the following integral:
J- dx
20x+3+x

Make a substitution to express the integrand as a rational function and then evaluate the
integral.

Let Jx+3=rThen
Jl:'—i-3=|!'2
x=1r -3
S0. dx = 2udy.



Substitute the above values in J-

dx
2Jdx+3 +x

J- dx =J- 2edr
2x+3+x 2+ =3
=I 2udr
£ +20-3

By factoring.

2
ZJ(J+3]{I—I]dI

: ]]df Use partial fractions.

3
=J‘{2(:+3]+2{:—1
=%In(!+3]+%ln(:—l)+£‘

~Zin(Vx+3+3)+ 7In(\x¥3-1)+C putr=Vx+3,

Therefore, I

=%ln(ﬁ+3}+%ln(ﬁ—l)+€

dx
2x+3+x

Answer 41E.

) dx
Gi -
e 'l-x:+x\.';

Pu fx=ft= A greds
24x
= dx = 2 df
And z=¢# = =1
Ix’+xJ_ -[z+z
1
=2f——a
Iz’(z+1)

1 A+B+ c
£+ ¢ £ £+l
= A(t+D)+B(t+])+C =1
F:=0then £=1
Fi=—1 then C=1

Equate the coefficients of £2 on both sides

A+C=0 =  A=—C
=-1

dx -1 1 1
Theref: — =2 —4+—=—4— gt
o Ix’+;w’;_c I(z 7 +z+1)
=—21nz—§+2]nk+1|+('}

= —21nJ_—i+21n(4§+1)+c

Jx
Answer 42E.
We have to evaluate
II+J_

Substitute  Yx=¢

==

=}x=.t3

= dx=3%"ds

For himits when x=0=¢=0
And x=1=£=1



1 1 1 12
Th —_——dr=| —df
- !1+§E -!1+t

L 3
=I[3z—3+—Jd.:
o 1+¢

= _EI2—¥+3111(1+£):[I
= _§—3+3m 2—31n1] [ln(1)=0]
- 3(1:12—1]
2
Answer 43E.
£ x
We ha wal dx= dx
[ ve to e uate -[:“‘jx:_l_‘l _l-(x;_l_l)lﬂ
=I 12.1
(x’ +1)”3
Swbstiute (2 +1) =u= P +1=17
= 2xdx = 3u’du
(HB_ ) 3 4
Thus lm .[ u Judu
= 2[ (@ ~1)u du
= —I(u" —u)a‘u
_ E(“_’_iJw
2ls 2
- 3(;‘ +1)’B—§[x*+1)m+c
Answer 44E.
PR
mx:+x x(;r+1)
ZI'LJ;(I+1)dI
Substitute  Jx=t=>x=¢’
= dr=2tdt
When x=l=>fr=i
3 3

Andwhen x=3=¢=13




Answer 45E.

1
We have to evaluate | ——adx
7=
Substitute  Yx=t=x" =t
=x=f
=dr=62d
1 1 P
dx= 6 dr
IJJ_r—%E If—:’
15
6 dt
-[:’(:—1)
3
=6 g—df.
-1
3_
_6]'?. 1+1d'.t
-1

Edﬁﬁ]L&

1 1
T Ll Geie) PO S I
£-1 -1
1
=6|(£ Ve +6[—at
I[z +£+1)de+ Ir.—l
Therefore
1 £ £
Iﬁdx —6[§+E+:J+6.1nk—1|+c
=208 +37 + 6t 46l —1+C
= 2"1’;+3§-";+5$;+61n|ﬂ;—1|+c
Answer 46E.

Consider the integration I\“+J; 2
X

Let m:f
1+Jx=F
Jx=£-1
.'r=[r:—l):
o —[I+J_] dt
1 1
T
1
4{(’:_ }dr=d:
de=41(r* —1)dr

Substituie the above values in (1).

=
4r (¢ —1)dr
R

4 dt

—I(r -1)



]+I

_4j -

=4Imd”4j(fl——|)m

=4f d:+4j(;+df

:4.r+42{]])|11 :+:
1+4x |-1
—4(m)+21nﬁ [smcejr e = ﬁh
(Vi+Vx)-1

\.|'1+J;

Therefore I

Answer 47E.

We have ]g,,

Substitute

dr=

4(Vf1+—]+2|n

(J].q.—r)+l

" e dx

2T 42 ‘lm
e =f = dx=dt

R b

£
Now

¢ dt
:I;2+3:+2

t A B

24+%+2

:g+aﬂ+n:

+
(+2 i+1

=t=A(t+1)+B(£+2)

Put 1=-1
Put £=-2

Therefore
g)z

1=
2=-A=A=2

B

-

Answer 48E.

sin X

Given I
Put

cosx=4£

_[ sin x

coss x—3cosx

4 dx_
+32" +2

cos* x—3cosx

_ [ 2 + 1 ]d.t
i+2 i+1
=2nf+2|-h|+1]+C

=2In(e" +2)-In{e”+1)+C
:m(e‘+2)n—h(€’+1)+c

In [(g' +2) i(e" +1)] +C

dx

= —sin xdx = df

—df
-l=

1
=_-Ir(z—3)dt

.t(.t—3): 4

+
i—3

(Let)



=  A(z-3)+B:=1
(=0 = —34=1 = A=-1f3
(=3 = 38=1= B=13

Therefore Ide=—I($+£}ﬂ

cos: x—3cosx
=%[lnk|—lnk—3|]+ﬂ'
= %[ln |[:05 xl—]nl-::osx—f{l+ﬂ'

Answer 49E.

Consider the following integral:

I sec” 7
tan’ 7+ 3tans+2

Evaluate the integral.
Put tans=wusothat, sec’rdr=du-

Substitute these values in above integral

I i sec ! =I.,;du
tan” f+3tans+ 2 u +3u+2
1
=|— du ......
I(u+|}{n‘+2} “)

Use Partial Fractions as shown below:
1 _ 4 . B
{u+|}{n‘+2} u+l wu+2
1=A(u+2)+B(u+l1)
l=u(A+B)+(24+B)

Compare to obtain the following:
A+B=0, 24+ B=1

Solve these equations to obtain the following:
A=1, B=-1

Therefore, {u - I}(;.H—E} - usl u+2

Simplify equation (1) as follows:

[ = | ————— |du
tan 7+ 3tanr +2 u+l w+2

=Infu+1|-Inju+2|+C

u+l +C

u+2

tanr+1
4|+C' Replace # by tani.
tans + 2 ¥ ‘oY

=In




Answer 50E.

el
Consider the integral J - dx
(e"-2)(e™ +1)

Let ¢* =y
edx=dt

o v Py e

:I__EL__

(1=2)(r* +1)

) 1
Consider —{: - 2)("2 N I)

The partial fraction decomposition of the form.
1 __A4  Bi+C
{1—2}(r3+l)_{r—2} (£ +1)
1 B A(F +1)+(Br+C)(1-2)
(;-2)(F+1)  (1=2)(F+1)

1=A(F +1)+(Br+C)(1-2)

Compare the ;? terms on both sides.
A+B=0 (1)

Compare the ¢ terms on both sides.
-2B+C=0 - (2)

Compare the constant terms on both sides

A-2C=1 - (3)

Multiply the equation (2) with 2 and add to the equation (3).
—4B+2C=0
A-2C=1

A-4B=1 - (4)
Subtract (4) from (1)
A+B=0
A-4B=1

From (1), 4=-RB

So A:l
5



Substiiuie B = _%in (2).

-2B+C=0
C=2B
oy
5
c=-2
3
__ 1 A Bi+C
R ( —2}{r +1} (r-2) {r3+l)

:5(r—2)+ (F+1)
_ 1 21
T 5(1-2) 5(;’ +I) 5 (r’ +])

Simplify
dt

J G —.'Zi}e:‘ Hf‘:f (1—2)(F +1)
:I[s(r]—;z}_ 5(::+|]_§(f|+|]]d'

1 I 2 1
=J-5(l_2)d_r—]’5('1 +E}dr—jgmdr

=%lnl(;-21-%ln|f+l|-%tan"[%]+€

:%lnl(e’ —21—%14[3 ) +]|—§lan"(e‘}+£‘

e 1 , 1 2 2 iy
Therefore I—d&t: Elnlte —2}1—Eln|(e } +t|—§tan ](e }+C

(E' —2}(82‘ + 1}

Answer 51E.
Given I @
1+&*
Put 1+e™ =& = & dx = dt
= dr=¢ "df
x -z 1
g"=f—1 = [ R ——
i-1
Therefore d'x=£1—1dt
i dxlel(L}ﬁ
1+e the-1
1 A4 8
(=1 ¢ -1
=  Al-1)+B(e)=1
=0 = A=-1
=1 = B=1
1+e £ -1
=lnf-1-th:+C
=lne* —]n|1+e‘ +C
=x—l.n|1+e‘ +




Answer 52E.

cos ki
Bt +sin i
Put sinkf=x = cos ki di = dx

G-ivenl_

j- cos ki _j-
sin b +sin k't x’+x‘
I x’+1
1 A B C'x+D

x’(x’+l) = 2
= Ax(2+1)+B(F +1)+(Cx+D)F =1
=0 = B=1

Answer 52E.

Equate the coefficients of x on both sides A4+C =0

Equate the coefficients of x% on both sides
= B+D=0 = D=-R
=-1

Equaie the coefficients of x on both sides
A=0 = C=0
cosfif

Theref:
ml in b3 +sin bt I (x’+1)
_'[[ = +1)
1 a
=———tan” x4+
X
=——_1 —tan™" (sin ) +C
sin it
Answer S3E.

We have to evaluate jln[x’ - x+2)dx
Integrating by parts

Take u=1n[x’—x+2) Jdv=dx
a‘uzﬁ@x—l}]dx REY 4
2x—1
[in(s* - x+2)dx=In(z* - x Ix’ xﬁz xdx
=ln(z*-x 2);—1 —
228 —x
e l= 'l-x2 x+2
Ondividjngweget
x—4
= 'l-x2 x+2 I( J|:2—Jr+2]dlJr
2(: 4)
e
2x—1-7
o s
2x—1
:lzdx+§lf—x+2ﬂ_alx}—x+2ﬂ
17 2x-1 7 1
:Pd”EIf—”zdx_ilxg_ﬁlﬂ_f"
4 4
=2Jr+lln|;r2—;r+2|—3.|-—|05r12
2 2 1) 7
r—| +—
2} 4
2 L x-12

=2x+= lnlzr2 x+2|——x—tan



From Equation (1)
[in(# - x+2)dx=xIn (2 - x+2)- 2x—éln|x’ —x+2|+7 tan (2:%1]_.31

- [x—%)ln(xﬂ -x+2) —21+\Etan_l(23;1)+c

Where C=-C;
Answer 54E.
Consider the following integral:
_[:r tan~ xdx

The objective is to evaluate the integral

The formula for integral by parts is given by

Iuduzw—jwﬁ.r e (1)

Apply u substitution to have the following.

u=tan'x

Substitute above values in the equation (1) and apply integration, we get

[xtan™ xdr = gmn" x| (‘?)[ I:'+ I]dr

5

LS
=—1a ——|——dx
y zjf+1

© 1 1
=—tan x——||1-
2 zj[ J.r1+1]‘tr

1

2

=X tan x— 2 [ldr+ 2 [ —dx
2 2 27 x" +1
X UREINE N B
=— X——Xx+—lan x+c¢
2 2 2
Therefore, Ixtan" xdr = itan"_r-lx+ lla.l‘j_l Xx+cl
2 2 2
Answer 55E.
) ) 1
Consider the function f(x)=———.
f{} x =2x=3
1 ] 2 ) . )
U h of =— to decide wheth it at d
se a graph o f{.r] =53 0 decide whether J'uf{x)dr is positive or negative an

find value of integral by using partial fractions.



To find the y—intercept let y=0-

Y= 0-2-0-3

- _%, which is y — the intercept.

To get different values of ¥, plug in different values of x within the range ¢ to 2.

x| v
|t
4
14
2 15
3| 4
2 15
L1
3

Therefore the graph is as follows
Ty

-

From the graph, determine that the integral J’ : f( x};ﬁ is negative as the values of y are
1]

negative within the range Q1o 2 of x.

Now the value of integral is found by using partial fractions as follows

So,

2 2 1
[ ()= [ e
— : I

" x* —3x+x-3

- : 1
e 0



Since the degree of numerator is less than the degree of the denominator, the partial fraction
decomposition is
1 _ 4 . B
{x—3]{x+l) =3 x+1

Multiplying by the least common denominator we get

I=A(x+1)+B(x-3) L. (2)
Now we equate the co-efficient

Putting x =3 in equation (2)

1=A(3+1)+B(3-3)
1=44
1

A==
4

Puiting x=—] in equation (2)

1=A(-1+1)+B(-1-3)
1=—4B
1

B=——
4

From equation (1).

[ rpe=[—

T
1 I

I
_I“ (x=3) (x+1) &

NI I
= %[ln|x—3|]§—%[ln|x+ ] +c
=%Dﬂr&pmp-{}%ﬁﬂzaka+ﬂ+c
=%[mkq—mpq]—%ﬁqq—mpU+c
=%[ln|l|—ln|3|]—%[ln|3|—ln|l[]+€
=5 [0-mp]-3mp}-0]+c
=_%mm_imm+c

=-%mm+c

- —%In|3|+(:'




Answer 56E.

Given Imdx
Casel: £=0
'[x +kdx I—dx
- lie
X
Case2: k>0
I : dx:l : ydx
24k x’+(JE)
e
Case3: k£ <0
1
e _IX:(J;)*dx
B 1
NN
1 1
2\‘@[1—\{5 x+v"_)
:ﬁ[]nlx—q@l—]nlx+@|]+c
Answer 57E.
dx dx dx
e have Ix’—2x=Ix’—2x+1—1=1(x_1)’_1
Substitute x—1=u =2 dx=du
ax i
Rl I[x o
T ot
2 |lu+l
1 (=—-1)-1
=5 (x-1)+1 e
= Lin Jr;2|+c'
2 x
Answer 58E.
Wehave_[ 2.'Zx+1 ]' 2x+3-2
4x" +12x-7 457 +12x-7
~ l 4(25+3) N 2
Cadar r10x- ? 47 +12x+9-16
(8x+12) 2
I4x +12x-7 I(zx+3)’—16

Let 4x°412x—7=¢  in firstintegral
and 2x+3=u in second integral
Then (8x+12)dx=df and 2dx=du



Therefore

2x43-4
2x+3+4

1 1
= Z1n|4x2 +12x—?|—§]n|(21—1).-‘(21+?)|+C’

j’ 221+1 dle-l';ldz_-l' 2'l _
4" +12x-7F 4 ¢ u —4
1 1 —4
= —Ink|-—1In L—” |+c
4 2x4 +4
1 ) 1
= —InJx* +12x-7[-<ln
4 8
Answer 59E.

(A If £=tan (—)

x
2
£

ik Yl

Then tan T _f_ Altiiude of_nghtifnangle
1 Base of nght inangle

2
So by the Pythagorean Theorem

Hypotenuse of the right inangle = J(basr:)2 +(41!'1_11:i1:|.1-:1£::]2 = \-‘i+£2

J14£2

(B) We know the 1dentity
cosx=2cos (x.-' 2) -1

2
1
Then cosx=2[ )—1
J1+4
Or COSX = 22—1
1+£
2
Or cosx=1 .t2
1+£

Q) As t:tan(%);‘%rtan_ltzg

= x=2tan"'z
Differentiating both sides

=dx= 22
1+¢

and

and

and

and

sin x = 2sin{xf 2y cos(xf 2)

: i 1
sinx=2x 4
1482 J1+4£2

: 2¢
Sinx= o

1++#
sinx= 3

1+



Answer 60E.

Consider the integral

J- dx
l—tan’[%]

=8

The integral becomes
dx dx
| ] s
| -tan”| —
o \2)

1+tan2(£\
2

Take cosx=

l-cosx

F

1(].’
1+tan” —]
2

T o)

2

dlx

J dx _J-Em (E]dr

= hei(g]

lsecz(i]dt=dt
2

Now, the integral becomes

dx dt
’I-I—C(}S.l‘ - F
=j:‘3dr
!—2+l
"1 €

1
=——+c¢
t



Substitute

()

J' dx _ 1
=— +c
l-cosx m(r)
2
X
c‘(ls it
3)
=- +c
g X
sy —
5)
cos3) 26055
2 2
= - = +C
sin[f] 2cos[£]
2 2
[Multiply& Divide with 2ms(§]]
Becomes

i A 2‘""‘“3(%)
e 2l Jen(3)

sin x
(Since 2cos’ x=1 +oos{2_t); 25In XxCosx =sin(21))

+C

= —CDSEC{J}—CDI{:()+C

Therefore

I & =|—cosoc{.r}—cm(.r)+cl

l-cosx
Answer 61E.
We have to evaluate I;dx
3sin x—4dcosx
Let tan(x.-"2)=g
Then x=2tan'¢ and dx= 22&
1+£
_ 2
‘Wehave sinx= 22 and [:os:r:1 Ij
1+ 1+1
Thus I . 1 dx = 1 _ 22{&
3sin x—4cosx o (1_32) 1+¢

3. 4
1442 1442

_21;&'
6t —4+4¢*

1
i

1
“lemea®

1 B A . B
(t+2)(2¢-1) (t+2) (2-1)
So 1= A2 -D+BE+2)

Putt=-2, we get A=-1/5
Put t= 142, we get B=2/5




Therefore

1 1 2
lmdx:l[‘ 5(;+2)+5(2a—1)]d‘

Sz

= a2 mp—1fJ+c
[-iaf+2}+1a]

1. |2e-1
==In |+C'
5 +2
1. |2tan (112)—1
|5 | tan(xi2)+2
Answer 62E.
=12 1
We have to evaluate I —  dx
l4sin x—cosx

=3

Let tan(x/2)=%

Then x=2tanf and dx= 224‘1
1+1
2
Wehave sinx= 2:2 and t:os:r:1 tz
1++¢ 1+¢
For imits when x=£,£=tan£=L
3 6 3
And when x=£,£=tm£=1
2 4
Therefore
=52 1
| == 1— ar= | 2:1 1—g"1+2r.2
pl¥sinx—cosx VE 1y B
1+£ 144
B i 1+2 2
wg e+ 214 1
P
=I ——dt
uﬁ"' +i£
1
=I 1 dt
uﬁz(r.ﬂ)
1 A B
=—+—
te+1) ¢t £+1
So 1= A +T)+ Bt
Put £ =0, we get A=1
Purs=-1,we get 5=-1
Therefore
=12 1
]
Jpltsinx—cosx VN 41
=[].n|t|—l.n|£+1|]:l£

£ 1
o]
i+1 B
=h(l)_,n RN
2 1/-3+1
1

(3} 53)

I

B
—_—
N‘gm

[B¥ partial fraction]



Answer 63E.

Consider [_sin2x (1)

o Sy | 14
iy

2+cosx

=—du .. (2)

Draw the right angled triangle.

Since w=tan [ﬁJ
2

1

From the above triangle

cm(x)— L andsin(xJ— ?
2) i+l 2) @+

MNow find the value of cosx.

mx:cn&[z-i]
2

=2cosz(§]—l
yas)

[
u +1

=l——(u1+l)

u® +1

.
1=

1+u’

Therefore cosx=1—%_ . (3)

1+u’



Mow find the value of gjpx.

sinx:sin(}%)
-2n(5(3)
(= =)

2u
=3
u +1

sinx = 22" - (4)
w +1

Limits changes as:

If x=0.then u — lan(g]—}{]
If x=Z_ then n‘—blan(f]—‘rl
2 4

Substitute (1), (2) and (3) in (4)

Consider J- sin2x j-zsm.tcos:c
2+msx s 2+cosx

| Ny

Therefore ] sin 2x dr=i Bu(1-v) du . (5)



Consider the expression for Partial fraction decomposition is

()
(3+n‘1)(n] + l).
Let 42 =y .

(=) o
(3+a7)(w* +1)  (3+r)(r+1)

(i-) __ 4 B ¢
(B+1)(t+1)  (3+1) (1+1) (e+1)

(1-1)  A(t+1) +B(3+1)(1+1) +C(3+1)
(3+1)(t+1) (3+1)(e+1)

(1=1)= A(t+1)" + B(3+1)(t+1) +C(3+1)

Let y=—1

2=A(-1+1) +B(3-1)(-1+1)’ +C(3-1)

2=2C

C=I

Let y=-3

(1-(-3))= 4(-3+1)" + B(3-3)(-3+1)" +C(3-3)
4=A(-2)
4= A4
A=1

Let r=0

(1-0)= A4(0+1)’ + B(3+0)(0+1)’ +C(3+0)

1=A+3B+3C
Substitite 4=1and C=1in 1= A+3B+3C-
1=A4+3B+3C
1=(1)+3B+3(1)
1=4+3B
B=-1
Simplify
(1-#) (-
(3427 (o’ +])3 - (3+1)(1+1)
_ A N B N C
(3+1) (1+1) (r+1)
1 1 1
TG () (1)
1 1 1

=[3+nz)_{u:+|)+(n]+l)= (Siﬂll‘ﬂf=ﬂz)




Form the equation (5)

f_sin2x j-
4 2+msx

{3+u ) u +|)

—_—

i*"[tsff}'{flul"(fI+-)’]‘ﬁ’
e o) el
=4(inf(3+4)), ~4(m|(u +1)), [(., - ]

=4In4-4In3-4In2+4In1-2+4
=4In4-4In3-4In2+2
=4(In4-In2)-4In3+2

=4In(%)—4ln3+2

=4In(2)-4In3+2
=4(In(2)-In3)+2

- 41n(£)+2
3

Therefore j sin 2x de=|4In 2 +2
o 2+cosX 3

Answer 64E.

1
+X

Consider the function y=

The area of region under the curve y= from | to 2 is to be found.

+X

is drawn as follows

The curve y=
+Xx

By substituting, the different values of x we get the different values of y as shown in the
table, which satisfies the equation.

x |y
I 1
2
0 |undefined
5 | L
10
| 1
- 2
5 b
- 10

Therefore the graph is as follows



Now the required area of region under the curve y=

from is [°
— 1to2 Lycir

Since the degree of numerator is less than the degree of the denominator, the partial fraction
decomposition is

1 A Bx+C
5 -t
:r(x‘+l} x x +1

Multiplying by the least common denominator we get



1=A(x"+1)+(Bx+C)x

Now we equate the co-efficient

Putting x =0 in equation (2)

1=A4(0+1)

A=1

Puiting x =1 in equation (2)
1=A(F +1)+(B-1+C)-1
1=24+B+C

1=2-1+4B+C
B+C=-1

Putting x=—] in equation (2)
1= A((-1) +1)+(B(-1)+C)(-1)
1=24-(-B+C)

1=2-14B-C
B-C=-1

Adding equation (3)& (4) we get.

BiCii— w1

2B=-2
B=-1
And,
B-C=-1
-1-C=-1
—C=0

;;;;;;



From equation (1) we get,

: 21 -1-x+0

el [ﬁ}”
Let,
le —j = +1 ...... (6)
X +l=t
2xdx = dt [ Taking derivative w.r.tdr |
xdtzidf
2
Now,
!

IIH= 2

. (1‘+|) "t

l:ﬂ
24

- %[]n |:|I +C

= %[ln |:v:2 + Il]I +C

=%[In|23 +1|—In|? +1|]+C
1

= E[In|5|-ln|2|]+f

From equation (6) we get,

[ vae= [} e[

. (I +I)
~[inh] -3 {inis- 2]+
=[in[2]-n}i[]-3[tn}s|-Inj2]]+C

= In[2|~In[i}Injs|+ > nj2|+ €

:m|2|-m||]-5|n|s|+5|n|z|+c

= %In|2|— % In|5| sq.unit

Therefore ;n{r —|n|2|—11n|5| sq.unit
b Xt +x 7




Answer 65E.

Consider the function y=**1 (1)
Ix—-x

Find the integration for equation (1), from the limis1 fo 2.

=il

By using long division, write the above equation as:

x +1 3x+1

==+ - .. (2
x[3—x) Jx—x" @
) i ) . o 3x+1
Find partial fraction decomposition of the expression 3 =
X=X
3x+1  3x+1
3x—x° .I(H-—.t)
3x+1 A B

1[3—1) - x 3-x
3x+1  A(3-x)+Bx
x(3—x} 1(3—1‘}
3x+1=A4(3-x)+Bx

Let y=3
3(3)+1=4(3-3)+B(3)
]ﬂ=3{3}
10
)

B

Let =0
3(0)+1=A(3-0)+B(0)
1=A4(3)

Ix+1 _L+ 10
:(3—:} 3x 3(3-—1)

(3)




Substitute (3) in (2).

Apply integration on both sides.
et d@)e s
o (] (3]

=(—2+]]+%In|2|—%ln|l|—¥ln|]|+$ln|2|

=-I+lln|2|+£ln[2|
3 3
1 10
—In|2[(§+?)—l
11
=Inf2)| — |-1
(%)

LN
3

1 F
Therefore J'( o +I,}ix=uln|2|-l
s\ 3x—x 3

.
1.
X lIS

The area of the region under the curve y = -

uln|2|—|
3

3x—x

Answer 66E.
(@)
Consider the curve,
ye 1
(12 +3x+ 2)
Find the volume of the resulting solid if the region under the curve

Y=7=—"—=from x =0Qto x=1is roiated about x-— axis.
(x‘+3):+2) x=010 x=1 *

The solid is rotated about x—axis is shown below:

Volume of solid can be calculated as,

V= x;[[ f(x)] ax

1
X +3x+2

Use washer method the volume of the curve can be expressed as,

i 2
pL X +3x+2

:xI;jdx
o(.l‘! +3x+ 2}'

Use G=ﬂ,b=|,y=f(.f}=



= ! ! dv
N ‘(x+|](x+2)

Ll B S 2 N 2 a1
B ‘L|:(.r+|)1 (x+])- (.\'+2] (_x+2)z}&

=x #—Zln(1+1}+21I‘1(I+2]—{x:_2)1

-z [l—2ln2+2ln3—l)—(l—2lnI+2|n2—l)
2 3 3

T %—4In2+2ln3]

.

Therefore, the volume of the resuliing solid about x— axis is (% —4xIn2+2xln 3) -

(b)
Consider the curve,

1

To the volume of the resulting solid if the region under the curve
I - -
Y= mfmm x =010 y=1is rotated about y—axis.

The solid is rotated about y—axis is shown below:

2 v
x+2 x+1

=2x[ 'de-j'Ldr]
x+2 Tx+1

=2z[2In(x+2)~In(x+1)],

Continuation to the above step, to get
v =2x[2]n|x+2|—ln[.r+l|1
=27{(2In3-In2)-(2In2-In1)]
=27(2In3-3In2)
=47In3-67In2
Therefore, the volume of the resuiting solid about y—axis is [4zIn3—6xIn2]-



Answer 67E.

If prepresents the number of female insects in a population, §the number of sterile males
infroduced each generation and rthe population’s natural growth rate then the female
P+S

ulation is related to time ¢by = dpP.

pep ! IPI (r—1)P-5]

Consider an insect population with 10,000 females grows at a rate of »=0.10 and
8§ =900sterile males .

Evaluate the integral to give an equation relating the female population to time.

To evaluate the integral, write the fraction FI_(’}—’:T.?—SJ into partial fractions.
The partial fraction of the fraction Pis is,
P+S A B
P[(r-1)P-s] P (r-1)P-5
P+S=A[(r-1)P-5]+BP
=ArP- AP - AS + BP
=((r-1)4+B)P- A4S
Compare the coefiicient of §on both sides,
-A=1
A=-1
Compare the coeflicient of pon both sides,
(r-1)4+B=1
—(r-1)+B=1 (SinceA=-1)
B=1+r-1
B=r
P+S -1 r

~ - - =—4 —
e newparElEcon S B T pos] T P (r-1)P-S

The integral becomes,

P+5
Ty

_ I(%+m]df’

[ [t

1 r
'_IFdP+r—-|I(r-1}P-s
=—]J1P+ﬁln|(r—l)P—S|+C

Substitute r=0.10 and 5 =900sterile malesin above equations,

-
r:—InP+:h1|{r—]}P—SI+C
0.10

0Im_|ln|{&l0—l)P—‘)ﬂﬂ+C

=—InP+_?lln|—0.9P—900|+C

==InP+

=—InP—%IJ1|0.9P+900|+C (Since|-1)=1)

Hence, the female population is related to time ¢ is [ =—In P—%lnl().gP+9(Nﬂ+C }




An insect population with 10,000 females grows at a rate of r =0.10 and 900 sterile males i.e.
Al ¢=. an insect population is 10,000 females.

Substitute P =10000andr = 0in the equation :=—|nP—%In|0.9P+9{NJ|+C.
The equation becomes,
r=—|nP—%1n|u.9P+90q+C
1
=~In(10000)-—1n|0.9(10000) +900{+ C
(10000) ~71n0.9(10000) + 900

=-In{lmm]-%ln{9‘)ﬂﬂ}+c

C=ln(lﬂﬂﬂﬂ}+$ln(9900}

=9.21+%-9.z (SinceIn (10000) ~9.21and In(9900) ~ 9.2 )

=921+1.02
=10.23

Hence, the female population is related to time ¢ is [t =—In P—%In |0.9P+94]]I|+C where

C=10.23

Answer 68E.
Consider the integral +ldr
X +

To evaluate the integral, write the denominator as a difference of sguares.

Rewrite the denominator as,

Harl=xt+1+27 227 ( Add subtract with 2x” )
=(I4+|+21'2)—2Iz
=((f)’+2x’ +1)-2;r2

=(x*+ I)a -2x° (since(a +b) =a® +2c1b+b3)

=(x*+ I)2 —(\Ex)z (since(a+b)(a+b)=a’—b)
=(_-¢z+|+\.|ri_r)(.\:2 +I—-J'51)

1 1
Hence, the integral is J-_t" +I&=I{;’+ﬁx+1](:2—ﬁx+l)d"

The form of the partial fraction decomposition is,

1 Ax+B Cx+D

(¥ + V2 1)(F —V2x+1) (@ +2xr1) (@ - 2x+1)

Cancelling the common denominators on both sides,

I=(Ax+B)(x* —V2x+1)+(Cr+ D) (x* ++2x+1)
= x(x* —V2x+1) A+ (¥ —V2x+1) B+ x(x* +V2x+1)C+(x* +V2x+1) D
=(4+C)x’ +(—24+B+2C+ D)¥* +(4-V2B+C+\2D)x+B+D
Compare ,*coefiicients on both sides,

A+C=0  (Simplify)
A=-C
Compare constant terms on both sides,
B+D=1
D=1-B



Compare xcoefficients on both sides,

A-2B+C+V2D=0
(4+C)-v2(B-D)=0 (SinceA=-CandD=1-B)
~J2(B-1+B)=0 (Divideby,/2 onbothsides |
(2B-1)=0 (Simplify)

B=1
2

Compare ,2coefficients on both sides,
—~24+B+\2C+D=0
V2(C-A4)+(B+D)=0 (Sinu:A =—Cand B =D=—]

\E{C+C)+(%+%)=ﬂ

2W2C=-1
=1
c=—-
22
_-1L\2
22 2
2
4
The values are A=—2,B=1,C=£andﬂ=l-
4 2 4 2
The partial fraction of the fraction is,
1 N Ax+ B . Cx+D
(,r=+Jit+1](,r=—Ji:+l) (,t=+\5.x+l) (:z—xExH)
V21 2 1
= - — T x4+
__ 4 2 . 4 2
(x=+\5.x+l) [.r:—'v"ir+])
V2x+2 V2x-2

_ 4 B 4
(f+\ﬁr+l) (.r’—xr"ixﬂ)
1 [ X+ 242 2x-242
(

=E x3+\-'5.t+l)_(f —\E.r+l)
JE[ 2x+2V2 2x-2\2 (1)
(

=? —_

.r’+ﬁx+]) (f—\ﬁ.url)
Write the numerators 2,4 2./235 2x4+./2 +./2 and denominator 2, _7.[7 as

2x-\2-42-

The equation — (1) becomes,



y

[ 228 227
8 k{.r’+~."'§.r+l] {x:—ﬂxHL

ﬁr2x+ﬁ+-ﬁ_2x—ﬁ—ﬁw
8 5h{.1|r’+~.r"5.m:+l) {.r’—xﬁ.rHL

( 2x++2 . 2
ﬁ{f+ﬂx+l) (x1+ﬁx+l)
8 = R
; {.r:—-&.rﬂ) {.\':—\EIJH)J

:JE[ 2x++2 2x-+2 ]

1 _
(:3+J§x+]){.r3—ﬂx+l) n

8 (f+ﬁx+l)_{f -»ﬁx+l)

BB B ]
8 L(x3+ﬁx+l} (.t’—-ﬁ.Hl)

2 242 -2
8 (::+Jit+l] {Ii—ﬁx+ll

1 1 1
+3[(;*+J§;+1)+(1’-Jﬁx+i}] “““ @)

Rewrite the denominator 2, foy 4] as.

¥+ 2 +1=(x) FOYSL I I |

2 2 21
={.r]] +2,I,%+[%]' +%
=[I+ﬁ) o

Rewrite the denominator 2 _ /oy 41 as.

© =2x+1=(x) —2-1-E+%+1

2o {)
)2

(]




Substitute these two denominators in equation — (2),

1 =£ 2x++2 _ 2x—2
(:’+ﬁx+l}{x’—ﬁx+l) 8 {x’+~fir+l) (.t’—\E.t+1}

+i[{xz+\;ir+l)+('r!_:'i‘+l}J

=£ 2x+42 B 2x—2
8 {f+\fix+l) (f—\Ex+l}

The value of integral J'%dris_
x s

1, V2| 2x+V2 202
Ixaq.l _-[ 8 [(lz,rﬁxﬂ) (r’—«ﬁxﬂ)]‘ﬁ

- r__, Ll ..(3)
T

The formulas are I%d‘rzlnf(x)+(:and Ir’l - dlem"—l [i].,.c_

=%(|ﬂ{1’2 +2x+ I)—In(x’ —J2x+ I})
L (e 1) et ()
=%In['tz +ﬁ:+l] + ﬁ{m' fﬁx+l)+tan"{ﬁ:—l))+€

2-2x+1) 4

Hence, the answer is ﬂln[“rI +ﬁx+l]+%(lan"(fo+l)+tzn"(ﬁx—l})+€ .

8 ¥ =2x+1
Answer 69E.
(a)
Consider the function:
4y —27x* +5x-32
f(x)= =

30x° —13x" +50x° —286x° —299x 70

Use Maple, to find the partial fraction decomposition.

Maple Input

T=(4x*3-2Tx"2+5x-32)/(30x"5-13x*4+50x" 3-286x*2-299x-70)
convert(T parfrac, x);

Maple Output

(4 — 2727 + 52 —32)
30%° — 135" 4 50 — 286 — 299x — 70

> =

. 4 — 27 +5x—32
f= x .
305 — 135 + 50%° — 286" — 299x — 70
> converi f. parfrac, x);

668 1 20098x+48935 24110 9438
323(2x+1) 260015 24 .45 4879(5x+2)  80155(3x—7)




(b)

Evaluate the integral _[ f(x)dx.

4x° -27x* +5x-32

I 30x° —13x" +50x° —286x° — 299x—70
< 668 . | 22098x + 48935
323(2x+1) 1260015 x +x+5
24110 9438
+ dx —
'F48T9[5x+ 2) Imlss(h-?]
: @{l]lnp“]pj L ARy
3232 260015 < +x+5
+M[l]]n|5x+ 2|—ﬂ[l]lnl3x-'f[ )
4879 (5 801553

Evaluate the second term of the integral.

22098x + 48935

I - dx
260015 x°+x+45
1 Izzms.r . 43935j 1
2600157 x* +x+5 2600157 x* +x+5
11049 ¢ 2x+1-1 48935 1
= I - dx‘l‘
2600157 x> +x+5 2600157 x> +x+5
- 11(}49J- 2x+1 11:}49f 1
2600157 x°* +x+5 2600157 x* +x+5
+43935I 1
2600157 x* +x+5
_ !IN?I 2x+1 B 3?336} 1
2600157 x°> +x+5 2600157 x> +x+5
e LI In|13+.r+5|— 3?335‘[ 1 dx
260015 Zﬁﬂﬂlﬁ( 1]' [19]
x+—=| +|—
2 4
_ 11049 |n|.r=+x+5|— 3‘;‘88&]- 1 i
260015 260015 ( 1]: [ 19]-
x+—| +| —
2 2
[
11049 | , [3?886) e S L™
= lnl.r +.r+5|— ——1tan
260015 260015 ) /19 19
L 2
i
_ 11049 1n|x=+.r+5|—[3m"5 ]im_. 2x+1
260015 260015 ) 19 L V19
11049 . | , 757112 (2x+1
In|lx* +x+5/- tan”'
260015 | | [mmlsJEJ [Jﬁ]



Substitute the (2) in (1).

I 4x' —27x" +5x-32
30x° —13x" +50x° — 286x° —299x - 70

_ 668[ ]ln|2x+1|+j' 22{:';::5:.1«+4393.~5mr
323 260015 x* +x+5

L 24110 9438 (1
(3 )t 2- 228 sz

Ta879 80155\ 3
334 11049 _[ 75772 ]m_1[2x+I]
260015 260015719 J19
- 3146

8015

33 P+

+48‘f9 In|5x + In|31 7+C

Therefore, the integration of f(x) is:

e ot [ )

+—4822 |5:+2| 3146
4879 8015

In|31-T|+C

Answer 70E.

Using a computer algebra system we need to find the partial fraction decomposition of the
function

_f{_r}— ]2.!5—?.1"—]3.\'2+3
100x° —80x° +116x* —80x" +41x" —20x+4
Using the mapl& command we can find the partial fraction as shown below:
> F=(127%A5-T"x*3-13"%x*2+8)/(100"X*6-80"X" 5+ 116" 4-80"x* 3+41*x*2-20"x+4);

fe 12X -7 -13+8
T 100x*-80x° +116x*-80x° +41 x* -20x+ 4
> converi(f parfrac,x);
59096 5828 1632 + 5686 x 251 +313x

— + + +
19965 (5x-2) " 1815 (5x-2)" 3993 (2X+1) 363 (2241)

> converti(f, parfrac);
_ 5909 5828 , 1632 +5686x = -251+313x
19965 (5x-2) 1815 (5x-2)" 3993 (2x+1) 363 (22+1)

Using part (a) we need to find _[ S (x)dxand graph fand its indefinite integral on the same

screen.
We can find _[f[x}:b:as
1= f(x)x
=_[ 12" -7 —13x° +8
100x° —80x° +116x° —80x* +41x" —20x+4

=I —59096 :ir+] 5828 _ +I|632+5?36.tdr+f —25I+3l3.t2
19965(5x-2)  T1815(sx-2)°  73993(2°+1) 7 363(24+1)

0.6422
o
nuon344( 1004x-626)

2x" +1
+0.3559991n (2x* +1)

~0.59199In(5x —2)

+0.04453tan "' (1.4142x)



We can graph fas shown below:
Using the maple command we have
> with(plots):

> a1:=plot(-6422038567/(5.7x-2.)-.99199599307In(5."X-2.)+.344 352617 1"exp(-3)"(- 1004."x-
626.)/(2 "x"2+1.)+ 4453727909e-1"arctan(1.414213562x)+.3559979965"In(2."x"2+1.),
x=-10__.10):

> a2=plot((12"x"5-7"x"3-13"x"2+8)/(100"x"6-80"x"5+116"x"4-80"x" 3+41"x"2-
207x+4).x=-10_.10):

> display(ai,a2);

086542 246810

Using a graph we need to discover the main features of the graph of _[ I (x}ir
Using the maple command the integral of f(x)we have
> with(plots):

> al-=plot(- 6422038567/(5."x-2.)- 5319959930"In(5."x-2.}+ 344352617 1"exp(-3)"(-1004."x-
626.)/(2."x"2+1.)+.4453727909-1"arctan(1.414213562")+.3559979965"In(2."x"2+1.),

x=-10__.10);
- ﬁ

W8 6542 0246810
X

The graph of f(x)can be drawn from the integral of f(x) as:

> with(plots):

> al-=plot((12°X"5-7"X"3-13"X*2+8)/(100"X"6-80"X"5+ 116 X" 4-80"X"3+41°X"2-
207x+4).x=-10_10)-

> display(a1);

WE6542 24681MW



Answer 71E.

) F (:r} G {x)
Suppose that F,Gand Qare polynomials and ——= =——=for all xexcept when
0(x) O(x)

0(x)=0.
Prove that F(x)=G(x)forall x.
Assume Q(x)=0
The polynomials F,(,Q are all continuous, cross mukltiply equation,
F(x)_G(x)
o(x) 2(x)
F(x)Q(x)=G(x)Q(x)
For all other values of x, divide by O(x)
F(x)Q(x)=G(x)Q(x)
F(x)0(x) _G(x)Q(x)
0(x) o(x)
F l:x) =G {x)

Hence, we proved ie. |F(x)=G(x)|forall x.

Let ais a value of xsuch that Q(a): Othen Q(x)=0forall xcloseto a

30,
F(a)= lim F (x) (From continuity of F)
=111_)n3 G(x) {wl'nencverQ(x) # {I}
=G(a) (Fromcontinuityof G)

Hence, we proved ie. |F(x)=G(x)|forall x.

Answer 72E.

/()

dx is a rational
x [.1’+l)3

If the function f(x) =ax® +bx+c suchthat £(0)=1and |

function.

Find the value of £"(0)
Substitute the value f (0)=1in quadratic function,
f(x)=ax* +bx+e

£(0)=a(0) +b(0)+c

l=c¢

Hence. the quadratic function is f(x)=ax’ +bx+1.
To find the value of f'(ﬂ). differentiate the guadratic function and then substitute y=1).
Apply first derivative to the quadratic function,

f(x)=ax’ +bx+1

S(x)=2ax+b

Substitute the value y = (in above function,



f(x)

To find the value of §, rewriie the rational function as pariial fractions,

.'J.'zl::f:+])-3

#=£+£’+C+ Dz"' Es

Fx+1) x x x+l (x+1) (x+1)

ac>+bx+1 A B C D E

—_— =+ + =+ -

X(x+1)  x x x+l (x+1) (x+1)

_ fx) . . . _
The integral I Wdﬁ: is a rational function, which means that there can be no
X lx=+
logarithms in the answer ie. the integral of the functions 4 and Llare logarithms. But the
X X+

answer cannot have logarithms so we need take 4 =0and C=0.
The pariial fractions will becomes,

ax’* +bx+1 B D E
— S5 =5+t T+ 3
_1'2{:+l) X {I+I) {x+|)

Cancel the common denominators,

ax’ +bx+1 =+B{x+|)3++l}xz{x+l]+ﬁf
=B(_r’+3f +31’+|)+DI=(I+1]+E1’2
=x'(B+D)+x’(3B+D+E)+x(3B)+(B)

Compare ,*coefficients on both sides,
B+D=0
Compare ?coefiicients on both sides.
3B+D+E=a
Compare the constants on both sides,
B=1
Compare xcoefficients on both sides,
3B=b
3=b (Sim:e B= 1)
From the equation — (1),
r(0)=b
=3

Hence, the answer is f'(:}) = 3|




Answer 73E.

1

Given f(x):f(x_a),a:ﬁ[]
I _ 4 4,4, Aa
x"[x—a)_x—a+x+x’+ T

= A+ AT (z—a)+AF (x—a)+-+ 4 (x-a)=1
x=a = Aa" =1 = 4:%

Equate the coefficients of x” on both sides
1

4+4=0 = A=

Equate the coefficients of ™ on both sides

__%
aﬂ
1
an—l
Continuing hike this we get 4 =— :_j
1
1'-1n+1=_—
a
1
Theref: =
o f(x) x"(x—a)
1 1 1

A" (x—a) ax & Xt



