Exercise 11.10
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It f[x) =Zf:',¢ I:X—ﬁjlx for all x, then
r=ll
Then a=25, E;-x:f (a):f [5)
x| zl
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The given series is
16-0.8(x=1)4+04{x=17" =0.1(x=1} + . ——==(1]
Alseif F has apower series expansion centered at a then,

f[x):f[a)+f|(ﬂjlix—ﬂ)+f"|:ﬁ1:|I:X—cI:I2 +f"'|:c;t:l}|;!x—cz:|

3

11 21
Therefore,
(Mx-1) £ (O(x-1" (1 {x-17
f[x:l:f[ljl+f [ )1[:Ix )_I_f [ )élx ) +f [ )?Elx ) +————I:2:l
Comparing (1) and {2) we get
f'[lj =-038

= I '[1) <0 ie i is decreasing at x=1.
Mow from the graph it 15 clear that at x = 1. The graph of the function 7 1s
ifcreasing 1 e f'[l) =0

Therefore,
The given series can not be the Tavlor sertes of F centered at x=1.

B The given series is,
284+05{x-2)+15(x—2) = 0.1(x=2)"+ (1)
The Taylor series for a function § centered at

r=2 1s

f[xj:f[2j+f|[2j1(!x_2)+f"(2)£!x_2)+ @)




Comparing coeflicients of [x— 2)2 form (1) and {2)
We get

e,

12y s
2!
=  F(2=15x2=3>0

Le j"'I:E) 1z positive telling us that § [x) iz concave upward near x= 2.

How from the graph it 15 clear that the graph of the function [x:l 15 concave

dowmwards near x=2
1 E i '1:2) =0

Therefore, the given series 15 not a Taylor sertes for 7 centered at 2.

Q3E

Consider f"(0)=(n+1)!for n=0,1,2,...

Recollect the Maclaurin series for the function f states that

- £ L0

= n!

SO 0
9, 7O,

= f(0)

To find the Maclaurin series for the function .

=39

=il

:2{'”[}!1" Substitute £ (0)=(n+1)!
= ! I

F

=iwr” Since {n+l}!={n+]}n!

=0

= Z[.!H 1)x" Simplify.

=0

S0 the Maclaurin series for the function ris

f(x)= ;{rﬁl)x" |




The ratio test

o
The series Z"- converges if lim

w=l L e

diverges if lim H >1
A= a'.

Recollect the radius g of convergence for the series ) ¢, (x—a)’ is follows: If |x—a| < R.
=0

ﬂlw---l < l
ﬂﬂ

then the series converges If |x—a| > R . then the series diverges

To find the radius of convergence for the series Z(n + l)x" :

=i

Let g, =(n+1)x".then a_, =(n+2)x""

Na| . (m2)x

-pip(=22)

n+l

= H Iim[ |]+ }:"'ﬂ] Divide n by the numerator and denominator.
==\ |+1/n

=|x since lim(1/n)=0

Since |x] <1, by the ratio test, the series i[n+l}x" converges.

=i

Therefore the radius of convergence is _

To find the radius of convergence for the series Z[n +1)x" -

=l

Let g, =(n+1)x". then a_, =(n+2)x"™".

2"
fim| % - fim (7 +2)
- P - T

=|x since lim(1/n)=0
Since |x] <1. by the ratio test. the series i:(n+l)x' converges.
=il

Therefore the radius of convergence is _



Q4E

ﬂ L=

Eatio test: If lim |2 = 7 <1, then the series Z ¢, 18 abzolutely convergent,

M= o] ®

] Bl

: Fatl : : : Dyt : P :

un |2 = Jthe series diverges, and lim | =1, ratio test 15 inconclusive,
1 L=11th d d1 1, ratio test 1

R | g rw | g

Taylot's series of the function fcentered at @ 12

fl':x:l=f[aj+%@[x—aj+%@[x—ajj+...+M[x—a:lx+...

»l
_ &M

p=ll nl

(x-a)

Given function is j":”:'[ﬂ,)— (=1 !

P (n+1)
=0, the corresponding Tavylor series centered at 4 1z
© AV
O IEA I
n=0 P!
(-1 al

PRI

R o T
= 3”[m+1)(x 4

(0"
ey Y

To find the radius of convergence, we consider @, =

[X _ 4)n+1

Tl | — 3?1"'1 [.?2 + 2)

oy | [x— 4)”

x—4
Ev Eatio test, the series converges when % <1,
=-3<x-4 <3

=1lax <7
=0, radius of convergence 15 2 and the interval of convergence 15 (1, 7).
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Consider the function £ (x)=(1- x]_: ]
To find the Maclaurin series for f {x}‘use the power series expansion of f(x).
Power series explanation of a function f(x):

If f has a power series representation at a, then it must be of the following form.

/()= Zﬁﬂ{"){x o |-d<k

Oor

()= f(a)+ 22

. {.:r—a}l+"{“{ﬂ}l

2, f"(a)
B (x—a) ++

r [x—a}3+u-

Therefore the power series for f at 0 that is the Maclaurin series is
= g7

709=3 LD oy

&(1—{!%%{:—0}2 ++${x—ﬂ}}+---

1O, L0 L0,

= 1(0)+

=/(0)+ 2! 3!
Soat g=0
f(x)=r(0)+ {ﬂ} {!ﬂ] 2+ f;";ﬂ]x’ R x| <R

..M

If f{x}:“_x)‘i,thenat x=0, get

£(0)=(1-0)"
=1
Find the first derivative of f(x): Differentiate f(x) with respectio x, get
f(x)=-2(1 -.x}_J (<1) (Since it f(x)=x"then f'(x)=mx"")
=2(1 -I}_3
Al x=0, get

£(0)=2(1-0)"

=2



Find the second derivative of f {r]: Differentiate f*(x) again with respect to x, get

S (x)=2(=3)(1-x)"(-1)
=6(1 —1}4
At x=0, get
f7(0)=6(1-0)"
=6
Find the third derivative of f(x): Differentiate f '{x} again with respect to x, get
/7(x)=6(=4)(1-x)" (1)
=24(1-x)"
At x=0, get
f(0)=24(1-0)"
=24
And this pattern repeats indefinitely. Therefore the Maclaurin series of f(_;-} =(1- I)'Iis

f(x)=(-%)°

70+ L9 SO SO,
1! 2! 3!
BT
n 2 3!
=1+2x+3x" +4x° +---

x
=Y (n+1)x"
m=0
To find the radius of convergence, use the Ratio Testwith g, =(n+1)x".

Ratio Test

() If lim

ab
E{ = L <, then the series Z"- is absolutely convergent.
H-l‘

=l
a .
L‘I: L>10r lim
al A=
L

(i) If Tign| %2t
L s a’

() If lim

=P

ﬁ‘ =0, then the series )" a, is divergent.
ﬂ.-l‘

=1, the Ratio Test is inconclusive; that is no conclusion can be drawn about the

convergence or divergence of z::_.



Let a =(n+1)x".Then

a,.,=(n+1+1)x™
=(n+2)x™"

And

a,, _ (n+2)x™
a, (n+1)x"
_(n+2)x"-x

)
nll+=|x
n

S0 by Ratio test this series is converges when |x| < 1, so the radius of convergence is g =1.

Hence the Maclaurin series of f(x)=(1-x)"5 f(x)=[1+2x+3x" +4x° +---  [3<1}
Q6E
We have f[x)=1n[1+x) f[0)=1n|:1:l=0
FE==ent r@=1=(1) 0
+x



The Maclaurin's series 15 as follows
(0 try 2 Ay e Aoy Rt
P TEAC L OL UL A O L
11 21 3 4]
() Dlx+[—1)11Ix3 +[—1)22Ix3 +(—1)3 315}

ED 2| 3 4
= a I:n—ljl!x”
=3 (-1 ——

n=l nl

vl ?3[?3—1)'

= »-1 xx
= E[—l) —

How
+
lim 221 i | 2 =
?Hm|ax ww a1
:limﬂ:|x|
w141 5

Thus by the Eatio test the given series converges for |x| <1 and radius for

CONVergence 18

Q7E

Consider the function

f(x)=sinzx

Arrange the computation in two columns as follows:

f(x)=sinxx f(0)=0

f'(x)=mcosax f(0)=-x

f(x)=-x"sinzx f7(0)=0

fr(x)=-xcoszx  fm(0)=x"

7 (x) =x'sinxx f7(0)=0

Mote that the fourth derivative takes one back to the start point with 2 multiple of z*. sot

values repeat in cycle of fouras 0.7.0.-7.0.7°.0.—7 ....

he Maclaurin Series of the function f(x) is as follows:

[ﬂ] X+ f'[ﬂ] X + 'f' [ﬂ].l.": -

1 21 3!

f(x)=1(0)+2




Substitute the values to the Maclaurin Series.
0 (0) , £ (0) ,
£(x)=7(0)+ f{ )i L0 T O,

2! £
T : d
W SRS S PRI P T PR FY S
Y 3 | ] 6! ]
- = - z
=X+ — X +—X +—X +
1! 3 5! [k
_ z[ 1} 2msl
= (2n+1)

To find the radius of convergence, solve as follows:

..m-l
Let g = {{;1 I)" x-=*!_then proceed as follows:
+
[—I}#-Irz'd -
Se———x
lim | Pt a.. R {Il’l‘.+3]!
AT a." AT (_1} T
(2n+1)!
g+l Igs
=Ilm (_l) d ’ xinﬂ-? {Enj-l}i |
= (h_‘_i)! { I) 2asl JHII
tim OO
=((2n+3)(2n+2)
—Ilrrl| ! x
—=|(2n+3)(2n+ z}

== |1L"3{zn+3}{zn+z}

=0
<]
The Ratio Test:
(i) If lim |22t = L(<1). then the series Z" is absolutely convergent.
o s a'ﬂ p—
fi : alrl-l - aﬂl i r j T
(i) It lim =L(>1) or lim =, then the series )" g, is divergent
R=eT a‘. L i s a'd e
(i) If hm h{ =], then the Ratio test is inconclusive.
Lo s a'.

Therefore, by the Ratio Test, the series converges for all x and the radius of convergence is



Q8E

To find the Maclaurin series of a function, consider the function

flx)=e™
Maclaurin series of a function f(x) is defined as
1)=-3 L0
(ﬂ)-i—f“{ﬂ} _f'{ﬂ] .1':+
2!

O,
3!

So, it is need to compute  £(0), £°(0), £*(0), £7(0),--.

As f{_r}z e,
f{u}=£*3l'ﬂl

0
=€

=1
So. f(0)=1

As f(x)=e™. on differentiating it
£ (x)=2e™
Now, f'(0)=-2¢"

-2(¢)
=-2()

=2
so. f'(0)=-2

As f'(x)=-2¢™*. on differentiating it

f. {I} - %-::

Now. f-(u}z 4E—2{ﬂl
= 4(8")

=4()

=4
So. f"(0)=4



As f*(x)=4e™. on differentiating i
f.(l') — _&—21
Now f-'{u) . _Ee-l'l'ﬂl

--3(¢)
=51

=-8
so. /*(0)=-8

As f"(x)=-8¢™". on differentiating it
fi'r (_t_} e lﬁe—:x
Now, f™(0)= 16
= lﬁ{e"}
=16(1)
=16
S0, f - (ﬂ} =16 and this pattern repeats indefinitely.

Therefore, Maclaurin series of the function f(x)= e is
f(x)=r(0)+ f]{!ﬂ) x+ fzﬂﬂ}f + f;{!ﬂ}xl N f:(!“) e

i:’ +ur‘ +E:v:‘I +....
2! 3 !

=I+ﬂ:+
1!

+...



The sum of the series

4 8 16x'
- + -

1-2x+
6 24
can be written as
LU | 2 3
= (-2) x°+(_2) x +(_2) 1J+(_2) X
0! I! 2! 3!

- i {‘_2)" X

n!
Hence, 2 = iﬂ x

To find the associated radius of convergence of f(x)= e,

consider its summation notation, that is

Recall that, for the power series Za_x" . define radius of convergence g as

R:_I_

lim

a—sx| o

If R=10(.the series is nowhere convergent and it R = o0, the series is everywhere
convergent.

For the series, iﬁ &

= n!
] mel gl
Leta={_2}f.thenﬂ .:('2}—“
) n! i (n+1)!
. m+1 . 2"""' ‘r‘*l] n!
lim =hm -
R a-" s {n + I}! 2" .'f.
— im 2]
nsmp 4+ |

Because as n — %0, n+l—w



R=
As ._la_,|and lim|——|=0. it follows that
lim|-—= asz| g
R—#% aﬂ L
1
R=
lim | ==
R ﬂ.
1
0
=

Hence, the series has radius of convergence _that is the series is everywhere convergent.

QOE

To find the Maclaurin series of 2 function, consider the funciion
f(x)=2

Maclaurin series of a function f {x] is defined as

f(x}=§f;{!ﬂ}x.
oSO 1) . 10
EEA AR TR 3y Yo

So, it is need to compute  £(0), £°(0), £*(0), /~(0),.---

As f{.‘r]:l’.
f{ﬂ)=2"

So. f(0)=1



As f'(x)=2"(In2). on differentiating it
f"(x)=2"(n2)’

Now. f*(x)=2°(In2)’

=1(In2)’

=(In2)’

so. f7(0)=(mn2)y

As f*(x)=2"(In g)z. on differentiating it
S™(x)=2"(n2)

Now. f7(0)=2°(In2)’

=1(In2)’

=(In2)

so. f7(0)=(in2)

As f7(x)=2"(In z}"‘. on differentiating it
f(x)=2"(n2)’

Now. f™(0)=2°(In2)’

=1(In2)’

=(In2)

So. f~ (u} = ( In 2}‘ and this pattern repeats indefinitely.



Therefore, Maclaurin series of the function f{_r] = is

10, L0 SO, 10,

I (x)=7(0)+ 31 TR
=|+{]“,2) “"2) 2 A1 2}1" {I:)
The sum of the series
1 02) (w2, (02) , (2]
T TR TR TH
can be written as
(lnz} (lnz}JtJ (m2)’ {lnz) (i 2) s

1! 2!
Z(IHE}
Hence, 2> = Z{]“ 21}

To find the associated radius of convergence of f(x)=2".
consider its summation notation, that is

2@ x"

LE ] H!

Recall that, for the power series Za_x". define radius of convergence g as

R=—
lim

I—I‘F.'a
L.}

ﬂn+l

If R =0. the series is nowhere convergent and if g = o5, the series is everywhere convergent.

]nZ)
For the series, (
§ n!
wel
Let , {hz}f then g = ﬁ
- il o (n+1)!
- C I | = [IHZ}n‘I|f+I| ﬂ!
lim|—| =lim 3 -
== a, | = (n+1)! (In2) |,-|
_ tin (In2)| x|
A H‘"l

1
=— Because as n »> =, n+l—- =
a0
=0



Q10E

The Ratio test:

-
It lim{—=24 = L <, then the series " a, is absolutely convergent,
A= aﬂ —

i e a =T

If lim|—= = L > 1,the series divergent. and IimH = |, ratio test is inconclusive

Maclaurin series: f{.r] f{{))+f.{ﬂ) f;(lﬂ)r+ +J::I.r + e

510,

Consider the function f(x)=xcosx

MNeed to find the required values
7(0)=0

Take
f{_r] =XCOSX

Differentiation with respect to x on both sides

f'[x] =-—xsin x+cosx Since %{ur] - ”;_i;[ r}—.-— rir{u}
17(0)=—(0)sin(0)+cos(0)

f(0)=1

Take
f'(x)=—xsinx+cosx

Again differentiation with respect to x on both sides
£*(x)=—xcosx—2sinx Since %(m-] i H%[r}ﬂi{u}
£7(0)=~(0)cos(0)-2sin(0)
fr(0)=0



Take f"(x)=-xcosx-2sinx
f7(x)=-f(x)-2sinx Since f(x)=xcosx
Again differentiation with respectto x on both sides
£7(x)==1"(x)~2cosx
£7(0)=-7"(0)-2cos(0)
*(0)=-1-2(1) Since f'(0)=1
£7(0)=-3

Take
S"(x)==/"(x)-2cosx
Again differentiation with respect to x on both sides

_[““{x] =—f"(x)+2sinx
FY(0)=-7"(0)+2sin(0)
£ (0)=-0+2(0) Since £"(0)=0

79(0)=0

Take

FI(x)==f"(x)+2sinx

Again differentiation with respect to x on both sides
FO(x)==1"(x)+2cosx
79(0)=-17(0)+2cos(0)
F9(0)==(-3)+2(1) Since f™(0)=-3

79(0)=5



Since the derivatives repeat in a cycle of five, write the Maclaurin series as

f(x)=r(0)+ f;{!ﬂ] x+ f;(!ﬂ) X+ f';(!l]) ..

—04x+22- 33,08, 55
2! 3 4! 5!

Thus, xcosx=|>(-1)"

Need to find the radius of convergence

IInrrirl

" (2n)!

Keeping ratio test in view,

( Iz{m}u_
a,. . (2(H+l})!]
| &
23 (2n)]
a, | |(2n+2) .I'Z'HIi

REP'HEE n with +1]

Multiply

(2ms)2 ‘ (Zn}![

| _
a, | |(2n+2)1 2|
a,., D o ] {Zn]!l

a, ]{2n+2}{2n+1]{2n}! .rz""'l

r 4
X

a | (2n+2)(2n+1)

Cancel like terms




.., | Xx°
|™ 7 N \
a. | y. 1
"l n2+—|n 2+ |
n; \ n,
a.. | x . i
- - AS 0 —» 0o
a, | n(2+0)n(2+0)

Q11E

a _.|
Note thatas m = oo |2t 4 0
a,
la_
limjl—j| =0 < | fora
| a,
e Ratio test, the series con erges ior a X dand ine radgius or conve
We have f[x:l:sinhx f[[:l:l:[:l
S'(x)=coshx S0)=1
S"(x)=sinhx Sro)=0
S"(x)=coshx JSm0)=1
The Maclaurin’s series 15 as follows
r i ] it 3 [iv] 4
f(0)+f[0)x+f ()= +f (0)= +f (0)x +....
I 21 3l 4l
_x . xr.x
EETRETR TR
w x2x+1
B §[2H+1)|
Now lim |“’=+1|=1im 7 (2n+)]
?4->'=°| @, | e |(2n+ 3 x¥H
- a
=lim =0=<1 for all valuesof =
HW[EM+3)[2H+2)

_____

Thus by the Eatio test, the given series converges for all values of = Hence the

radiuz of convergence,



Q12E

We have [xj:cosx f[[:l:lzl
F(x)=sinh x S0)=10
"{x)=rcoshx SU0)=1

Then Maclaurin's series 15 as follows:
fr[[:l:lx f”[:[j:] xﬂ fmli[:ljx3+f|:il':l[[:])x4

S(0)+ TR TI T TR

: |c;tx+1|__ | xim [Em)!|
How Lﬂ|ak |_?““°'|I:2P€+2)! x4

2
l

— —0<1 forall
oot 2)(2etl) T

Thus by the Eatie Test, The gives series converges for all values of x. Hence the

radius convergence is .

The objective is to find the Taylor series for f(x)at center g=]and also find the radius o

----------

a)

f(0)=3 L (x-ay

n:

'fﬁ”apq4+fffﬂx_af+f;f“x—uf¢w L

flx)=fla)+



Using (1) Taylor series become
£(x)= f(1}+%'}{x—1}+%{!')(x—|)’+%(!'){x—|)’+%{x—1}‘+...

Arrange our computation in fwo columns as follows:

f(x)=x"-3x"+1 f()=-1
f(x)=4x"-6x f()=-2
f(x)=12x-6 (=6

S7(x)=24x fr(1)=24
Y (x)=24 r90)=24

So, Taylor series representation f(x)=x"- 3x’ +lcentered at g =1is.

. 4)
f(x)= f(1}+:f—][iﬂ(x—1)+f;~—(!’]{;—|}’ +%ﬂ(;—|f+ﬁ_u@l{:—|}* ...

3 24

+4—!{.r—l)'+...

=—1—%(x—1}+2£!(1—|f +%(1—1)
=—1=-2(x=1)+3(x=1)" +4(x=1)" +1(x-1)" +..
=-1-2(x=1)+3(x=1)" +4(x=1) +(x-1)" +...

Therefore, the required Taylor series is,

F(x)=[1-2(x-1)+3(x-1)" +4(x-1)" +(x-1)'|

Since f{_‘r]z—]—-2{1’—1]-{-3(1-]}24-4{_‘:-])2+{I—]}-‘ is 4th degree polynomial in x . so it

converges for all real values of x.

Hence. radius of convergence is

Q14E

Consider the following function:
f(x)=x- x
The objective is to find the Taylor series for f(x)=x—x" atcentre g=_2and also find the

radius of convergence.

The Taylor series states that,
1= oy

- f[a}+%{x—a}+%{r—a]z +%{x—a}3+...



Find the derivatives as follows:

f(x)=x-2 | 7(-2)=6

F@=1-3¢ | £(-2)=-1
fx)=-6x | £(2)=12
r(x)=-6 | rr(-2)=-6
Fo=0 | f9(2)=0
=0 | r92)=0

Substitute the above tabular values in the Taylor series.

7= (2)+ LD xv2) e LD w2y e LB ey

[:.1¢+2)n2
2!

=6-11(x+2)+6(x+2)’ -(,r+2)

{.JHZ}5

-ﬁ——{: 2)+12 +0+0+---

Hence the Taylor series of f(x)=x- x with centre g=—2 is

F(x)=6-11(x+2)+6(x+2) —(x+2)’|

Since f {x}: x—x is a polynomial, and has finite terms, so it converges for all real values of

X .

Hence, radius of convergence is
Q15E

To find the Taylor series of a funciion centered at g =7 . consider the function
f {r) =Inx
Taylor series of the function f centered at a is defined as
I (ﬂ)
f(x)= Z (x-a)

-fla 1+” (e-a)+ LD ey L oy LDy

So, it is need to compute  f(a), f*(a), f*(a), " (a), f" (a)..



As f(x)=Inx.

f(2)=mn2

So. f(2)=Mm2

As f(x)=Inx. on differentiating it with respect to x

f(x)== Since < (inx)=1

X

. f(2)=5

As f'{x] =£, on differentiating it with respectto x

f-(x]=—% Since %(l)z_l

X
. 1

S0, f [2}:—1

As f'[-'t] = _fi_ on differentiating it with respeciio x

f.{.r}=1—23 Since i[_L__]:

2
del\ x° 4

X

So, f-{z)=2_33

Asf'{;}:%. on differentiating it with respectio x
X
-6 .. df2 -6
=— Sinceg —| — |=—
£*(x) =23 since 22}

So, f* {z} = Zj‘i and this pattern repeats indefinitely.



Therefore, Taylor series of the function f(x)=Inx centeredat g=2 is

f(x)= f(a)+%f}[x—a}+%{x—af +$(x—a]3 +—f:(!a}{x—a)‘ +

6
@(x-z)‘

+ +....

1 _1 2
_mz+2(x 2)+[ ](_r _2y +[;]( _2y

&

— (.r—E}‘ o

The sum of the series

-2)" 121)(:—2}1

Inl+%[r—2]+ [_j]

can be written as

=InI+L(1—IJ—L(.t—2}z+ (x-2) +..

3. r( x-2) - 4- 2‘
1=l s | )31"

sz ) (-2 + L0 ‘} ) M 2}+

(- z}J l}t(x 2 ..

an-&-E{ ) —(x=2)

l'l‘ "
Hence. Taylor series of the function f(x)=Inx centeredat g=2 is

sl

2+ 3O (v-2)

To find the radius of convergence,
m+l
- P ('])
" on2

Recall that, for the power series Z"- [ x- g}'. define radius of convergence g as

R= :

Iim al'l'l
m—x a'

If R =0.the series is nowhere convergent and if R — o0. the series is everywhere convergent
and if < R <. the series converges absolutely for |_t—a| < R . and diverges for |x—a| >R

that is, it has radius of convergence g



nse| a, | a-=l(n+1)2
= lim —=
n+=2(n+1)
= lim — —— A8 H—»
=T = ]_ ! 2
2| 1+
\ n)
Q16E
w gl
Taylor’s series centered at "z " is f(x)=3 J Iliﬂ) [x—a:]x
Bl Ml
Given function f [x) = l a=—3
x
. -1, 2. =31 41
S(x) =2 )= ;J’ (x)= x—4,f (x)= 3
—1%"
In general, f':njlixj:[ 13_'_1?2' ...... (13
x
1" nl -l
From (1), we get j":n:' -31= [— =
[: ) (_3)n+1 3?!+1
The Tayler series for § [x:l ate =-31s
o fl:n:l[a) i
fx)=2——(x-q)
n=l :
= -al
= +3
e
= -1
= Z 3n+1 [I+3)
n=0
To find the radius of conwver 1 = [_1) 3"
ges we let @, = g (x+3)

Then keeping the ratio test in view,

n+l
[ | E[I-i_j)
1 "
“n F[‘H' )
:%|x+3|

. o x3
The series converges if % <1,

That is |x+3] <3
Thus, the radius of converges iz R =3



Q17E

To find the Taylor series of a function centered at g =3 . consider the function
f(x)=¢"

Taylor series of the function fcentered at a is defined as
76)=3 5 x-ay
< (@) LD ea e LD LD LDy

So. it is need to compute  f(a), f*(a), f"(a).f"(a). " (a)..

As f{x} =&,
(@)=

=.|g-‘F
so. f(3)=¢’
As f(x)=e". on differentiating it with respectto x
# .l = d
=2¢" Since —|e™ | = ae™
1) ()

So. f'(3)=2¢*

As f'(x)=2e™. on differentiating it with respectto x
f.{_t}= 4E:I

So. f(3)=4¢°

As f*(x)=4e™. on differentiating it with respect to x
r {x}=8€2‘

So. f7(3)=8¢°

As f"(x)=8¢". on differentiating it with respect to x
fr(x)=16e"

So. f"(3)=1 6e® and this pattern repeats indefinitely.



Therefore, Taylor series of the function f(x)=¢™ centeredat g=3is

f(x}zf(3}+w{x—3)+m{x—3)z +m(1-3f +m(x-3)“ +

=¢ +—(x 3)+—(t 3) +—(:c 3) L0 {x 3) +

(,r 3}+ (,r 3) + {.r -3)

To find the radius of convergence of f(x)=¢™.
consider its power series representation

> 2 (-3y

=il

Recall that, for the power series Za_ ( _-,;-g}", define radius of convergence g as

R=——
lim|

.—I'T.'a

If R=0. the series is nowhere convergent and if R = o0, the series is everywhere convergent
and if (< R <oo. the series converges absolutely for |x—a| < R. and diverges for |x—a|> R
that is, it has radius of convergence g

L] m &

"-iEta,=IT
n:

Compute imit of

=i
nsi|as no oo
aﬂ

._|a : |2’"' *  n! |
Iim|—= = lim =X ——
x| g Htl[n+]) 2 el
) 2
=lim——
n—rnﬂ.}_.l

2

o
0

Asn—ox, (n+l)> =



R= i a_ .
As . |a_|and lim|—/|=0 5 that
lim| : asz| g
x| g
1
R=
lim | %=
. "I -”__
_1
0
= @0
Hence. the series has radius ergence [
v =]
Q18E

We have i [x:l =COoSK

RO C ( =)',
2 s
_(-1)+ (x—7T) _ (x— )
o T
In
il 1+l I:I—.ﬂ')
= -1
»+l 2n
Let &, = 1) (2-7)
: (27)]
u+2 I+
Then i [t o i [CD ()™ _2n)] h|
?d—>m| a, ?d—}u:| I:E.’?‘l‘gjl [_1) I:x_ﬂ-)
_ |:Jr—;?r|2
= lim =0<1 forallx
wre(2n4+2)(2r+1)
Thus the radius of convergence 1z
Q19E
We have j[x):sinx f[??f 2:]:sin[;=ﬂ 2):1
Ffi=cosx Sl =rcos(mi2)=0
f'=—snx Sz =—sn(mi2)=-1
fM=—rcosx Sl 2)=—cos(mi2)=0

£ = sin x SN (ri2)=sin(712)=1



The Tavlor series at @ =7/ 2 13

A5 g A gy 2y,
=1_%[x_3 +ﬂx_ g] o

e (1) (x-mi2)™

2

s I':E?z:l!

Lot 4 - (-1 (x—mi 2™
" (221

_ 2n42 |
Then lim |a’“1|=1im Gomi2™ _ (2n) ;
x—m|ax | M= [2?2+2)| (x—m’E)”

_i (x— i 2)°
" ae|(20+2) (20 11|

Thus by the ratie test, the radius of convergence 15

=0<1 forall =

Q20E
To find the Taylor series of a function centered at 4 = |6 . consider the function
f[.l':l—\':;
_:3_ lor senes of the funciion centered at a is defined as
=, " (a)
f(x)=2— —~(x-a)
:__-‘-I:H:l'r'fl{—.ﬂl:.'[—ﬂ}rjz—{fl}l_t—ﬂf""13—[:4{_1'—(1]1+'f“4—{:;]|:_‘f—ﬂ:l+"
So. itis need to compute  f(a), f*(a), f"(a), " (a), " (a)...

as f(x)=+x

f(16)=116
=4

so. f(16)=4



As f(x)= Jx . on differentiating it with respectto x

£(x)=5()

%()

: 1 . L
As f’(x)=—=. on differentiating it with respectfo x

2Jx
i df1 -1 . 1 -
X)=—|=x? since —==x
ra- 24 1
=Li[;;“
2dc|” |
1 1 24
= —— =
2| 2
1 3
= —— -
4




(2) (16

so, f7(16)=~

_ 1
(2 (#)
1
e

3
¥ ]

- 1
as S(x)=- 3 . on differentiating it with respectto x

(2) =

o %[_{z;’ﬁ ]
/e

__;[_11-5—- ]
(21 2
3 =

o
_ 3
(2)' %

so. f7(16)=

(2’ (16)

3
2

@ (#)

@)



- 3
as S7(¥)= . 3. on differentiating it with respect to x
(2) x*
3
5 =
(2] x2

)
ey

3-5
= - .I' i
(2)

B 3-5
e 7
(2)'x

rr=5

3-5

(2)'(16)2

so. f7(16)=-

3-5

(@)
35
@@

and this pattern repeats indefinitely.




Therefore, Taylor series of the function f(x)= Jx centered at g=16 is

7= 706)+ L0 x-16)+ L0 (o 16y + LU -

16)’
+$(I—lﬁ}‘+
I et 3
=4+%{I-]6}+-—{%;—-43—(1—]6}3 (2} (.r 16) +
' s !
(2}' (@@, ey
+{.r—lﬁ)+ (—1}"" 16V (-1)7'3 16V
O NS T O T
(-1)"'3-5 o164
oy

DRCLRSS S

To find the radius of convergence of f{x) =Jx,

consider its power series representation

g{-l]":is (2n- 3]{:

255],

16)°

Recall that, for the power series Zﬂﬂ (x—a)". define radius of convergence R as

R=—o

lim

A= a

If R=0(.the series is nowhere convergent and if R — o the series is everywhere convergent
and if (< R <, the series converges absolutely for |x—a|< R, and diverges for |[x-a|> R
that is, it has radius of convergence R



) I_]'hl....z_
For the series ;( ) ;:'IHE a 3){x—lﬁ)'-
et = (-1)""3-5---(2n-3)
‘ 2 n!
Compute limit of Gneilas ps o
aﬂ
-1)"""3.5-(2(n+1)-3 Sn-2
.im|h|=nm‘ IS Q) 2w
=l g | mew 292 (1)1 (-1) 3*5*“{211—3]'
T gL - Sm-2
N e ) [l N |
e 2" p+] 3-5---(2n-3))|
27 (2n-1)

=1i
- 2 (n+1)

(o)
_\ nJ

=lim y
z-"(n—)

27(2-0
=# Mn—}m,l—}ﬂ
2 (I+0) n
_1
16
R=—I 1
As . la_land lim|—2|=—, it follows that
I]m . R=E a Iﬁ
AT a' L
R= !
lim| %=1
X aﬂ
__
&
16
=16

Hence. the series has radius of convergence
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First find the Maclaurin series for f(x)=sin zx as shown below:
f(x)=sin(zx) f(0)=sin(0)=0
f'(x)=reos(xx) f(0)=rcos(0)=rx
f"(x)=-x"sin(xx) f7(0)=-x"sin(0)=0
f™(x)=—-xcos(xx) f7(0)=-7"cos(0)=-7"
FU(x)=x"sin(xx) £Y(0)=x"sin(0)=0
£9(x)=7" cos(zx) £(0)=7"cos(0)=7*
The Maclaurin series for f(x)=sinxx is.
f(x)=sin(zx)
Al (0) L0 f‘“("-‘*) AUN

= f(0)+ f'(0)x+ i X 5 +...
-z
-[I'+n'.r+—x +[ ) —.\' + — X *...
21 3! 4! 51

=Jnr_1c+(_'ilr )f+—f+...
3! 1l

3 5
A 3 A
—II__I +—X +...

5!

It can be written as f{x} = Z%

Since —|<smmax<]and -l1<cosax=1,50

f‘""[,w)l <z™ forall x.

Sotake pf = g~ in Taylor's inequality:

IR, () <

{rr+|:j"l |
={:::]z|“" !

e




o
s

timER‘F{.r )l < lim
szl U Vo]t

g

- ] ,_,!| m+l|
El”ﬂ_'”*”f-l-h ) .l

iiﬂ-(:r"'-' (x)™ ) Since as n — o, -0
L (n+1)!
<0
Also. 0<|R, (x)|, by squeeze theorem lim|R_ (x)[=0.
Thatimplies R (x)—>0as n—x.
Therefore, sin(xx) is equal to the sum of its Maclaurin series for all x
Q22E
e have f[x:l:sinx f[j'TJ‘E:I:sin[ij 2:1:
Ffl=cosx Smi2)=rcos(mi2)=0
Fi=—snx Sz =—sn(mi2)=-1
fM=—cosx Sl 2)=—cos(m/2)=10
S =sinx FN a2y =sin (i 2)=1

The Taylor seriesat @ =70/ 2 is
t E w E 3 E . E
A AP G Y G P P
2 1 ; -
1 L [ )TT 1 { ’TT
T GRS RPT) GAY B
2Nz, A 2

o (1) (x-mi2)"

2

s I':E?z:l!

Since F(x) is tsinx or toosx

Then _j":m:'[g] g1 or 0

(+1) E
()

In Tavlor s inequality

8, ()] < [mﬂ—flj |

=0 =1 forall ¥ sowetake M =1

=30 as B —00

Then £, [x) — 0 as » —00 S0 sinx 18 equal to its Tavler series for all x.



Q23E

In Taylot' s inegquality
R (x) =

(x-smr2)™

M
I':srz+1)l
(x-smr2)™
= — 0 as H—00
[HH)I

Then X, (;':) — 0 as »—>00 30 sinx 15 equal to its Taylor series for all x.

The Maclaurin’s series for sinh 13

. @ I3H+1
by =
TS Dty
since  f (1) [;':) =sinh x or cosh x
Rl f(-”l:' [x)‘iil for all z.
We can take M =1 in Taylor’'s inequality
M n+l
1 a+l
= —0  as 1=
I:.-"E+1)l

Then R,(x)—=0 as »n—ow

Hence sinh z 15 equal to 1ts Maclaurin’s series for all



Q24E

II

Consider the Maclaurin series for ¢oshx IS z
= (2n)

Here we need to prove this series represents coshx forall x.

"l-

(2 )"

"‘-rl

(2n)!

Im—

Let f(x)=

f(x)=2

“(2n-1)!

And
f'(ﬂ*m
Similarly.
PV S
/()= (2n—n)!
x"

ROl

And also

=

(n+ I}' '

The derivative of ¢oshx 5 sinh x. and the second derivative of ¢gshx IS coshx and so on.
Therefore the (,,...1)“ derivative of ¢coshx IS sinhx or coshx.when n iseven the
derivative is cgsh x and when n is odd the derivative is sjph x-

From the Taylor’s inequality, | ¥ Adi [x}ls M, here we can take )f=]. which the positive

number.



and from the Taylor's remainder,
R (s o
- (n-:- Al
.l

{n+ I)!

As n—»oo_the limit of the above inequality becomes as

I.nl
!Elﬂ'(xllim[{lwl!u]'

Now we use the ratio test to find the value of the limit of the Taylor’s remainder,

lim|R, (x).

=X

et o L
" (n+1)

and

I_‘_m-ht
“(n1+1)
— x.*:
N (n+2)!

Now by ratio test.

: a
I]m |LI
e a,

m+l

|

_ i 1)
a==|(n+2)! r""|

| x|
= lim
=

i 1
=x-lim
=k "_|_2

=0

Thus the series converges to ().

Therefore, R {x) —0 as n—a.

2m

= (2n)!

Hence, the Maclaurin series represents goshx for all x_
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Consider the function,

f{x}=ﬂ.

Rewrite the function as,

£ (0)=(1-x)

Recall that, the binomial series expansion of {] + x)l is denoted as,

(1+x) =§[:]x

=I+A:r+k(k_l}x’ +k(k_l}(2k_l}x’+
2! 3

Use binomial series expansion with k = iand with xreplaced by —x . then the expansion can

be written as,

(1-1}1 |-—£J:+ i(&")f _i[%")[i—z]f

21 .

&),
:I-%+ L9 R T -

frran

=|—£—zl? {4” I){x}

Since the above binomial expansion is valid when H <l

Hence, the radius of convergence is R=1.

Q26E
Use binomial series to expand the function f(x)= 38+ x as a power series.

Write the binomial series for a function,

If k is any real number and |x| <1, then (1 11~.7:)t = Z[k]x" =l+kn+ i“;l }11 +.n
“\n !

The binomial series converges when |x<1. .....(1)



1 =
Consider 8+ x =33(1+§]’

=2"1+ al + = x:+[_2)[_5}x3+...]
. 3-8 3%.2164  3’.3L512
X 2 5, 25

1+ - -

318 32.2ted 3 3L512
1258 (3n-4

J ( }x"{fnrn22]+,.,

+(-1)

\ n!3"8"

From the fact (1), the series is converges for |x| <1,

So the radius of convergence is|R = 1]

Q27E

1
(2+x)"

Consider the function f '[ I} =

The objective is to expand the above function as a power series using the binomial series.
And also state the radius of convergence.
Recollect the Binomial series:

If kis any real number and |x| <1, then,

(1+x)" =§{:]x' =l+h+k{’;;|)f+k{k-lj}‘&_2}x’ TR ()

Rewrite the function f [x) as,




Use the binomial series (1) with } =—3 and with x replaced by Xio get,
2

B 1
s ]_{2+x)3

-5+ E]_j

:%[2[4][%]} Use Binomial series. ------(2)

=0 \ 11

:;_3 1+ 3,( ) (=3)( _3 IJ( ]+{—3)(—3;){—3—2)&)3+___]

[ -3)(-4 -3)(-4)(-5

M2 I ]

2| 2 22.21 2% .31
ST S

2 27 2. 2°.3!

1({, 3 34 4-5 _
2t T +] RS

2.

1,(,- =MEE NI~ E
2 2 2 2

{n+ 2){n+ I)
)

2:-1-1
=3 (-1) Wﬂ Rewrite the terms from 7=0
=l

From the binomial series expansion (2). observe that this series converges when [~

is, |x] < 2,s0 the radius of convergence is R=2,

Thus, the power series for the function fF '[-I] =

22y ° Z( 22

1 {n+2][n+l)

radius of convergence is = El_

< 1,that

and the
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Consider the function,

f(x)=(1-x)"

The objective is to find the power series expansion for this function and determine the radius of
CONvergence.

Binomial series: If k is any real number and |x] <1, then

(1+x) =§[i]x_ =l+h+k{.;—I)x3+k{k—lj{k—2}r‘ .

3!

The given function can be rewritten as.

F(®)=(+(=)"

-5 )er
S
2, BB, O,
3 2! 3 4
_1_51_23’-12112 233‘4:«5' E;l 4_243‘?-;1[]:’
2 224'1 {3n )., '

=(k
As the binomial series expansion (1 +.1;.')i = Z[ ].r‘ holds for |x] <1, the binomial series
w=0 1 1

expansion of f(x)=(1 +[—.r]):"3 = Z{zﬁ](—x}' holds for

n
[+ <1
<1

Thus, the radius of convergence is _

Therefore, the required power series representation for the given function

F(x)=(1-x)" s

2 = 4-?---(3»-5}1

f{x}={1_,r]m - I——3—.r—2 #| with radius of convergence is _

o 3" -n!
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Consider the function,
f(x)=sinzx.

The objective is to determine the Maclaurin series of the function.

' {2n+ )

Use the Maclaurin series of sinx= Z{ . to obtain the Maclaurin series of the

function.

So, replace x with xx in the Maclaurin series of sinx, to get

{}rx}"‘ﬂ-l

singx= Z{ 1) (2n+1)

?I4I 2l

-7 @iy

"ltl

Z{ l} {zﬂ.ﬂ}' e

As the radius of convergence for gjnx IS R=oo, forall x.

Therefore, the radius of convergence for the series sip rx IS _
Q30E

Consider the function,

o

According to Table 1, the Maclaurin series for cosx is

2 [
r x x

=i e

2t 4! ¢!

SErE o



Replace x with XX in the series for cosx, then
2

il

(2n)!
xﬂ)

(7/2)
DIGELA: B & i
_E( 1) 221{2 ),

Hence the required Maclaurin series expansion of the given function is:

cor( - [Z 0 S

+oaen

Q31E
Consider the function,
f{x} =" +e™
To expand the function as a Maclaurin series, use the following Maclaurin series.
x 2 3
o= £=1+£+£+I—+--- S | |

+{2ﬂ+{31f +f21}1 s (2)
1! 2! k1

=l+2:+2f+%+---



Add equation (1) and (2), get

= |+£+I—.+£+-u + 1+21+2x2+£+~-
1 2 3 3

o\ n! n!
= %(HI‘)

Hence the required Maclaurin series expansion of the given function is:

e +et = ii(l +27)

=l n!

Q32E

Consider the function f(x)=e"+2¢™.

To expand the function as a Maclaurin series, use the following Maciaurin series.

- 2 3
o o= £=I+—+£+I—+--- S— )

LE ] ﬂ!
F 3
O ) N o) O 3 A
1! 2! k]
¥ x
=l—X+ e
2! 3
Multiply with 2 on both sides of equation (2). get
2 3
2¢" = 2[1 —-x+ %—%+]
¢ a9
=2—Ix+2———+



flx)=¢e"+2e
PR T 000 SN Y DS .
11 2t 3! 21 3!
(x X 2x r 2x
=1+2+ _-_:1 HETRETEHETEETR
1! 2! . 3! 3!
. X x
=3—X+———+--
21 3!
- 3x x
=53—r+———"F s
2 6
nence ine requirea daCla N SENes expansion or the gnen function is
{;’1+2¢’ l:!::\'_'._'.-.i_i_._._.
| 2 6
Q33E
e have
[1a] lxn
In(1+x)=3"(-1"" =
n=l
R
=>1n(1+x3):zL
n=l *
o0 _1 n-1 X3?!+2
:‘>x21n(1+x3):ZL
n=l %
Hence

2 3 _ - [_l)n_l 2
n (1477 =
x n( x ) ; "
Q34E

Maclaurin series: f[x)=f(0j+fI[D)

¥+ +
11

x4
. nl
2
: o x
Fiven function iz f[x) = xcos[ J

From the referred table, we have coszx= Z

s [2?2)!

a L]
n| X
2 2 [_1 (E]
: S : X x
Eeplacing xin this series with ER we get cos( J

-z

Multiplying both sides with x| we get
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fl[[:]:l x+f”[[:l) :J'.’2 + ...

Maclaurin series: f[x):f['j)"' 1 51

X

NI

e lmow that the Binomial series for [1+ x)k 13
&

(1+x)° =zm x"

n=04"

Given function f(x)=

Tzing thiz, we have =

b 2n+l
=§+Z[_1) 1 3‘2-?!5-.' (22 1) %
2=l 7
x x 2 (=10 135 2e -1
':]1', 2 - _+Z a+l |
Vad+x 2 m 27l
Q36E
! U 1l |:|
Maclaurin series: f[x):f([j)+f1[| )x+f2[| :Ix2+
Given function f(x)= ix

We know that the Binomial series for [1+ x)k 15

(1+2)° =§(:]x”

2 2
X X

N «JE[HE]%

Tsing this, we have




\E 2 x=1 2 .onl 2
: 2 w (_1V1.2.5. . _ H+l
Or, = I_+L2[ )13 f:: - (2rn—1)x
'\.,'2"'?[ \E '\EH-I 2 R+ .'}2!

: : : o x
By ratio test, thiz series converges if 2—2 <1

=0, the radius of conwvergence 15 4.

Q37E

We have fl':x:l =sin x= 15[1 —Ccos 2le

The Maclaurin series for cos2xis

(0 2n)' (20,
| 4 &l

cos2xr=1-

Then Maclaurin series for

1, et et (1)
f[x)—EEI cosEx)—El 1+ o 2] + o
s 2 2
I TR gl

2l 41 &l
w dn
4l o] X
= -1 2 =




Q38E

x—s;nx i x%0
ORI
- ifx=0
c i
since the Maclaurin series for sin =12
* x© x
Aanxr=x——+———+.............
1 I B
. = o x
r—snf=———4+— ...
£ T
Jr—siﬂ;':_l_x2 xt
x 35 T
When x= 0, Then
- w an
x—sn x R
= -1
x E( ) (2n+3)!

“When =10, Then

r—snx 1

X

Q39E

We have S (x)=cos (xg)

© I:_l:]?d 2
SIce cosx= Z 15 Maclaurin series for cos x
s [2)2)!

Replace x by »°

= |cos [xz) :Z[—ljx [2?2)! for all x

£ ]
"We have @, = [—l)x ﬁ
[_1:]?“1 x4x+4
(2n+2)!

_1 n+l du+4
So |t [TV (2)
x—>m| @, | Hwm [2?34_2:” [_1)?‘ x-he

BT I )
r—m [2?z+ 2) I:Erz+1)

Then Wy =

1
| —0<1
e (224 2) (20 41)

So series 18 convergent for all = and then radins of convergence is

4
= |x



MNow we graph the function /fx) and few Tavlor polynomials, and see that as n
increases, 7, (x) be a better approximation for 7ix)

Fig1

Q40E
We have f(x) =" +rosx

Maclaurin series for &* is
(=3 H
x
gt =
il ?3!

Replace H bﬁi‘ —H 2
] i (_xﬂ) i I:—l:]?d ij
Z Z

g
] rs 2l

And Maclaurin series for cos 212

o _1 ®_ I

s [233)!
36 ftxj=§(‘1f ” +§[_.:2n; :

=5 [x) = i[—l)k " [$+ I':Ejz:l J Jorall x

pa=ll

EFadivz of convergence 1z

Mow we graph the function £ (x) and Ty (z) for n=1, 2, 5, 4, ---and zee that as
n- increases, Ty (2) be a better approximation for £(x)

Fig.1



Q41E

J(0)
11 21 N nl

Wlaclaurin series: f[x:l :f[0)+
Given function is xe "

Eeeping the series in view, we find the derivatives of f[x) = xe
F(R) = —xe T = (1= x)e

S = (1= x)e™ = (1] (2-x)e™

Similarly, #"(x)=(-1)" (3-x)&™, /* (x) = (1) (4—-x)e™....

Putting x = 0in the funu::tmn and the derivatives, we get

(0)=0.7'(0)=(1-0)e™ =1,
7(0)=(1) (2-0)e° =27 "(0)=(-1)'(3-0)¢* =3, ..

Tsing these values in the expansion, we get

S(x)=x"" = D+lx+—2xz+ g x4+ 4;{4+...

11 2l ] 41

(e
_Z_f [?z 1:]

The radius of conwvergence X =co

The first few terms of this series is 7] (x) = x, 75 (x) = x—xz,’i} (x)= x—xi4

2
© i © oz X

T(xl=x-r+- Txl=x-r+—-+
The graph of these polynomials 15 shown in the following figure.

wir

N /

14 B

4

o]

14

2 1
'I.
.J_'_'___,.-'-".EI w4

'3.

-q.

E.

_Ei.
Q42E
iven that fix) = tan" (7:3]

w FEED
We know that the Maclaurin expansion of tan™ (x)is givenby tan ' x = Z [—1:]?e ; .
» ol x +
5 7

of tanx = x — x + 2 -2 4 and the radius of convergence Fis 1.

35 7



Eeplace x with x° in the EEPANSIGH.
D 15 1

- x x x

tan l(xz) =xr-—+ - 4

3 5 7

“We get the radius of convergence as 1.

9
X

We have Ti(x) =0, Ta(x) =0, Balx) =2, Talx) =x°, ., ey =x", T (x)= »*- 5

8 o
Therefore, the Maclaurin series of the function 1z x - % + % — T +
Q43E
e lnow that
ER R
cosxr=1-—+——-—
2141 &l
:ms(ﬁﬂ): 1-0.0038140.0000024 + ...
r=5
ey
-~ 7180
2
252
=0Q0873
= 099619

Bv the Alternating Series Estimation Theorem we know that

|s —s3| =hy whereby = %

=0.00000000061.
S0 Cos (50) = 099619 1z corrected up to five decimal places.

Q44E
We lnow that

p x %
et =1+ o+ -+
20 sl
ooty L1
10 200 6000 24000

=1-014+0.005-0.00016+0.000041

=0.904881
By the Alternating Series Estimation Theorem we know that

|S—S5|EE:'5 where b = xﬁ_l

=0.000000834.
1
do e 10 =0.90488 iz corrected up to five decimal places.



Q45E

(a)
Consider the function,

;1ﬂ=ﬁéﬁ

Wirite f{_‘t) in a form where we can use the binomial series:

1
i-¢ (1-2)"
=(1-¢)"

Recollect the binomial series

{1+x}"=i[ﬂ]x‘

a=0

p(p )., rlp-0(p-3)
3!

=1+ px+

where pis any real number and |:| <l

Using the binomial series with p =—1/2 and with x replaced by _?:

J]—Iz [I 2 ) -I2
-3y

=1+ ——)[—x ]+( 1][ %][ ) +( I]{_g][_g

+--v+{-;](_§)(_g.]m[_;_"”](—f)u...

gy e 13 x4ji-3-5xﬁ+ +|—375v--(zn—1)x2_+
21 2% 2’3 2%n!

=135 (2n-1)

:HE 2°n!

= 1.3-5--(2n-1) ,,
E

i

=1

Therefore the binomial series for f {x) is

—




(b)
Consider the function,
f{x} =sin~' (I)

Recollect the Maclaurin series for the function f states that

= £in)
f{.r)=§m.r"
r0),, L0,

=/0)+ 2!

Find the function f and all derivatives of the function r at 0 as follows:
f(x)=sin"(x) £(0)=0

£(x)=(0-2)" r(0)=1

r(x)=x(1-2)" £(0)=0

£7(x)=37(1-2) " +(1-2) " f7(0)=1

To find the Maclaurin series for the function f {r) =sin™ {x}:

10), L0, L0, 190,

2! 3! 4!

S(x)=1(0)+

-ﬂ+|x+£r3+lr'+ LR IE LK P W
I o2r 31 40 51 6 T
15, 135 sy G 135(2n) L
32 5.2%2 (2n+1)2"n!
=“2135 -(2n- l}
= (2n+1)2°n!

Therefore the Maclaurin series for the function f { _-;} =sin”' { _r} is

=x+

=1-3-5---(2n-1) .,
o {2n+l}2'n!

X+




.

in series for the function f(x)=sin""'(x)

1) 1O, 0, 0.

f(x)=7(0)+

1! 2! 3 4!
1 0 1 0 ;, 1 o . 1
=04—x4+—X"4+—X +—X +—X +—X +—2X
2! 3! 4! 5! 6! [
1-3-5 1-3-5--(2n-1) ,_,,
=x+ X+ — X ...+ S
3-271! 5:-:2°2 (2n+1)2°n!

=1-3-5---(2n-1) ,_,,
LS n) o,

(2n+1)2"n!

the Maciaurnn ser

37

s for the function f(x)=sin"'(x)is

= 1-3-5---(2n—1) ,_.
e

X+
' Z (2Zn+1)2"n!

%
Q46E
@ 1 1
a = :
Y+x [-H_x);
1
:[1+x:l4_
) e O ) )
—x - - - - = - =
—1-4 4 4 4 =4 4 4 4 P
1l 21 3
B Q)
4
IR LPAN.. x2+[ );ﬁ+ ............
1l 2l 3l
1 1 1.9 ¢4y 159, 4
= =1- + - + o — 1
kRTIC) reperiCl iy (1
WWhich 15 the required power series expansion
b 1
Y11 H+o1
1 1.5 2 1.5.9 3
=1-—— (0. 1)+ 017" - 01y +.
4-u[ ) 4?2!( ) 4?3!( )
=1-0.025+(0046875)(0.01)-(0.1171875) (0.001)+..........
=1.00046875-0025117187
= 0.975351562
00575
Q47E

We have to evaluate Ix Cos [x3)dx

The Maclaurin zeries for xcos[xz) 13

xcos (3.‘3) = xi [—1)” Q

o [2?2)!

Oy XEOS(XZ)=Z|:—1:IH il !




MNow we integrate both sides

Ixcos(f)dx: Ii[—l)x E;H)!dx

n=l

3

s [2?2).
[—1)” L2
I [2?2:]! [6}2+2

+

[-1e

—

Q48E
We have to evaluate .I-'E _1.:1!'2:
x
x = %
+ -4+ —+—+...... -1
ex—l_ 121 3l
x x
11z ¥ %
=——+—+—+......
x| 11 21 =l
1 x =
T TR
Then
¥ 2 w "
AL NN S AU N
x 1 221 331 x_l[;z:lm
Q49E
i) . x2n
We know that the Maclaurin series for cos 13 cosx= [—1)
n={l [2?2)'
2n
.
cosx—l_F,:, 2l
% x

2n-1

:E[_Un E{En:l!_

| —

e G
o
=2 (20) {20!

n=1

—lnx

Ineach argument, x 1z a constant and so, In x can be treated as the integral constant.

_ w _1 R _Zn
Therefore j-cosx ldx: Zuﬂf

X




Q50E

e Bl e
AL

[11]
J

3
]
\

]

k)

[ arctan [ x }c.[t

Recall the Maclaurin series
tan rzi{—l] X
—b 2n+1
Replace xwith ,?in the series
- . X
) '[1—}22{_” 2n+1
App he indefinite in egral on both sides o solve the niegra
1f_2) ' . X7
_rtan (x ji.il':jZl—]] miﬁ:
_$E
o Ju*l
= Z{_” X 4+ C|. where Gis an integration constant
2n+1 4;!—-—1. N

Q51E
iven that f[x) = x [arn:tan x).

We lnow that the Maclavurin expansion of arctan x 12 given by

3 5 7
-1 X X X
tah "x= 31— —+ ——-——+

= 5 7

Llultiply both the sides by X
6 8 10
Ftanx= 2t - x_+ 2 _E + ..
3 5 7
Integrate the expressions on both sides of the equation with respect to x.
6 8 10
- x ©x
_I-xEtanlxdx: -t -t | dx
3 5 7

Lpply the limits,

Y2 5 7 9 11 152
Iftan‘lxdx= o N I S S
! 5 21 45 7

ey ey () (12)”

+ ...
5 21 45 77
= 000592 — 634131 = 107°
= 00059

1
Therefore, I xtan” x dx evaluates to |0.0059]

i



Q52E

e have
4(2n+)
n X

} 4, i 3
sin(x) =2 (0 o

n=0

[_ 1)” x4(2n+1)

. 4 _ ©
=>_[51n(x )dx_gj[—(2n+l)l e %

oz (e
_ZI[ ol [

m[_-l)?’! x8n+5
B+ 502+ 1)1
JE R L :|1

jjlsin(xqjdx= — -
o 50 T8 2520 0

1 1 1

B [E_ﬁ 2520 _}
—02-0.012824000039—

=0.1879
BEvthe Alternating Series Estimation Theorem we know that
1
5 —gy|=hy whereby = ——
o =ss] < * 72070

=0.00000684

1
= .[D sin(x4) dx = 01872 1z corrected up to four decimal places.

Q53E
i ) 4 ¢ . _.'_-.Li : - 1:2 \ _.r- n
Yl+x ={l1+x |} = Z1—Hx ] .so
N ® ) et
_.I-"q'|‘!‘_‘l{ dx=C+ E:Ti_;_ and hence. since 0. 4<1
||.=|'|. i 1
= .4 s 4 = 4 2 ||_.§.|'.' L
=g Y1+x dx= Z}| s
- i0.4) + 172 ip4) 4 s {0.4) 1 PN ) i0.4%
{ i . 0
. {0.4) 0.4 {04} 3 04
=0d4+t+—=———= — —— +
1D 2 208 2176
- |||__|.|_ — - —6 I . ey
Now — =36X10 " <5X10 so by Alternating Series
; (0.4 R e e
=04+ = 040102 (comect to 5 decimal piaces



Q54E

We have to evaluate .I-:Lj xle™ dx (|Error| < D.Uﬂl)

. . . .,
Since the Maclaurin series for @™ is

2 4 & &
_xt X x x X

Z 4 4
oz 30 4l

4 f g 10

Then xle™ =xi- 42 2 %
20 31 4l
4 5 8 0
_lege_xdx:_ll xg_x__l_x__x__l_x__ ....... dx
1 2 6 24
3 5 7 9 11

Thea [ _ﬁdx:[[m_ﬁf (057, (05 (03] }

2 — —

3 5 14 54
= 0.04166-0.00625+0.000558.........

since &, =0.000558= L -::L= 0.001

1752 1000
And & =0.03541

Evthe Alternating series estimation theorem we know that
s —s, | =&y <0.001
This error does not affect the second decimal place, so we have

Q55E
We have
2 4
1n[1+x:l:x—x—+£—x—+...
2 3 4
Therefore
x x+x2 XS+X4+
=Inll+ B = T4
fig Aol R) 2 3 4
n—sl ‘7(2 n—0 x2



Q56E

= i
1 1-1+——-——+——_....
—COEX 2141 &l
1+x—&" x = x©
1+x-1-——————— ..
121 31 4l
P A
—_—t
_al 4l 6l
_xz_x}_x‘*_
STRETRRP TR
x* x
1-—+ +....
_ 3 6.54.3
TS
3473
Then lim ~— 200 % = !
=0+ x—e -1
)
Q57E
sinx—x+lx3
We have to evaluate lim 6
¥l xj
TTze the Maclaurin series for sin =
. 1 5 ® x ox %
anx—x+-—-x=|x——F———+...... - X+ —
& 350 &
= x
=l x——+—- +... —x+—
& 120 5040
_x _x
120 5040
2
Then sinx—x+lx3 ij:i— o
£ 120 5040
1 1 1 4
And o lim| sinx— x+—x | —=lim| —— I
50 6 Jx w0120 5040
" 120
Q58E

The series for tan x 1z given as
1, 2 3
tanx=x+—-x"+—x" +

Then tanx—x 1 2 4

3 =—4—x"+ ...
x 3 15
Therefore lim tan xz—x :lim(l+ EJr2 +.. ]
x—0 x x—0 15
1



Q59E

. . . et
We have to find the Maclaurin series for the function y =& cosx

We know that the Maclaurin series for the function " is
=) "
x
e = =

Sl ?‘3!

w

)
Therefore &7 =3 ~——

=l nl
_ o I:—l:lx xzx
_E #l
xz x" x'j
=l-—+t———+.........
20 3l

Alzo the Maclaurin series for the function cosx 12

Cosx= E [—1:1 [;?2)!

2 at

]

TR

. . et .
Therefore, the Maclaurin series for the product of ™ and cosxis

it ( = i }( P A }
g cosx=|l—-—F———+.. .. 1-—+——— 4.
120 3l 2141 &l

RIS A S AN S
2 24 1 2 24 2 4
2 44 4
S T
2 24 2 2
(Since we need only first three non zero terms)
:1—Exj+§x4...............
24
Hence
g ﬁcosle——x2+é A
24
Q60E
1
Y=gECK=
COSX
1 1
B » it B x» x



Q61E

Weuse long division,

x
1+—+—x"+
2 4 & 2 24
oz X } 1
>t og g T 2 4
x x x
- —+ .
2 24 T20
3 Iy 3
oz x
_——t— ..
224 720
3 4 &
¥ ox x
—_—— ..
2 4 9
i;'r'\‘+ .....
24
= 5
Then we have y= secx=1+?+—x4+ ...............
We have ¥= .x
sinx
The Maclaurin series for sin x 15
) x
fnx=x——+——. ...
35l
x
Then =
sinx * %
-t
a4l
WWeuse aprocedure like long division
= 7x
+—+—+
5 6 360
At )
T
T
x3_x5
e gt
xz_xj x
e e ot
7% B x
360 7200
7x5_?x?
260 2160
o
%_ .....
2
Thus .x :1+x—+ix4+ ................
sl X & 360




Q62E

We have
] x 2 r
et =1+ 4 4
21 3l
# P i
Inil+xi=2——+———+- -
2 3 4
Howr
X x x X = x x
g lnll+x=|1+—+—+—+ || 2——F+———+ -
21 =l 2 3 4
We multiply these expressions, collecting like terms just as for polynomials.
x ox x
I+o+ 2+t
ozt 3l
= © z
R S S
2 3 4
2 I3 I4
-+ - 4+
4
3 4 5
+ xR E g
2 3 4
3
+ 2
2
At —+ Tt
2 3
?{2
st lnfl+ R =x+—+—+
2 3
Q63E
w x-he
We have to find the sum of the zeries Z[—l)x I
s 2l
e
]
Compare this series with " = —
il P21
w x-i-:!
We have > [—1)” ="
a1 7zl
Q64E
Y G
“We have to find the sum of the series sz—
) [29@)!

X



] ] w u xﬂx
- t with |
ompare it wi Cos X g[ ) [232)!

Then Z o [2;3)!

Q65E
(J1VEN SETiES
- n-1 3”
20—
n=l )
&l
= n-1 E
= -1
E[ -
=In [1 +E]
5
_ln (ﬁ] "1ﬂ(1+xj—i[—l)n_1£
5 . n=l M
Q66E
We have to find the sum of the series i :i [Ef 5)
Hall 5?!.’3 | ull #l
Compare it with " = 1
il ?2!
Then i i =g
Hall 5?!?3'
Q67E
R O
e have to find the sum of the series Z —_—1T
e [2?3+1:J!
w 1 P 2u+l
= -1y -
E[ ) [2n+1)!(4]
w . x2x+1
Compare it with sinx= E (1) TSI
w u ﬂ2n+1 . .
Then 200 gy =7
_ 1
NF)
Q68E

ﬂn@g[m2f+

“We have to find the sum of the series 1-1n 2+ I -

3
TWe lnow that



Then put x=ln 2, we get

2 3
e‘h2=1—1n2+[1n2) —(lnz) o
11 21 3
(n2)y" {2y’
Then 1-ln2+ -~ = =g h
2 2
=
=2-1_l
2
Q69E
e have to find the sum of the series
9 27 81 3 03 3
—_—t =—4+—+—4.
20 310 4l 1 20 3l
Since
. x = %
g =1+—4+—+—+ ...
1 21 3l
Then talte x=3
2 3
£3=1+E+3—+3— ............
11 21 =l
2
Therefore E+3—+i+ ........... =le* -1
1 20 3l
Q70E
(Tiven series
1_ 1 + 1 B 1 4
12 327 527 727 7
1 2nt+l
fos] _1” -
! (3]
) 2n+1
o] n InH
-1 1 ':_lj x
=t - ot =
(2] [ a0 (x) z;, 2+
= 046365

Q71E
Let P(x)=ay +.:;tlx+.:12x2 +....+.:;tnx4
Then

2'(0=a,p"(0)= 2!@2...;:":”:'[0) =la,

Therefore the Maclamin series of P (=) 12




Now P x+1) =ia’i [x+1)i

=ag+a (x+1)+a, I':x+1:l2 +...+a, |:.7r+1:l?2
= (ﬂn +cxlx+...+cznx”)+(czl +2a2x+...+ncxnx”_l)
(2a2+6cx3x+...+m[m—1)anx”_2)

4 ala,
2 2l

n (‘:'
_Spx)
- Ej il
Q72E

re FF)= (H’TS)BJ

The Maclaurin series of J [x) 15

n=0 nl
30
. , (1+ x3) ,
but binomial expresion of
30

(1+ XB)BD = Zc [30,?2) Pk

n=0

13

Therefore

w (7] 30
Zf [Dj x”=2¢[30,m)x3”

n=l d n=0

= 75 (0y=0

58
(because in right hand side the coefficient of & 12 0}
Q73E

It is given that |f"”|:x)|£Mf0r |x—a:|£.:1’, which means that f"(x) =2 or
SM(x)z-Miorazx=d
Let us consider f"(x)= M
So [ y™(e)ar <[ bae
= £(n)- £ (@) < M (x-a)
= ()= fa)+ M(x+a)

Integrating again
= [ sr(e)ae | [ (a)+ M (e-a)]ae
:‘;f'[x:l—f'[a)5f”[a).[x—a)+%M[x—a)2

:>ff(x)gff(a)+f~.[a)(x-a)+%Mu-a)ﬁ



Integrating again

ﬁf[x)i?}[x)+éﬂ{[x—aj3,
Where 7 [x) 1z second degree Taylor polynomial

= 7 (3)-T(x) =2 M (x-a)

&
:}*RQI:?E:IE%MI:X—Q)E [sint:ER2 [x:l:f[x:l—ﬁg[x:l]
Q74E
U k=0
(4 . 2 1
J(x) {D ifx=0
Maclaurin series for &% iz
w = xk
gl =T
e A1

2 ]
We have 2 % = (—lfx)
1l ?3!
f[x)— —1rat
_e =1
B ;_.;*m 7

“We have f[x):[] for x=10

Again we write f(x)= i (-1)

Ll x4

Taking limit as x —= 0, both sides of the equation

lim £ (x) =lim > cy

x—l ¥=0 = [;g I) xh

w14
=Since liir%f[x):[] and E[Eﬂ@l% — o as x—0

=0 both sides of the equation can not be equal

Therefore f[x) # i (_1)

(7l x4




(B MNow we graph the function, we see that near the origin the slope of the graph 1z
very close to 0 or equal to 0

Y
Q.00

x)_

Q75E

(a)

Consider the binomial series: If kis any real number and |_rF{ 1. then
=k

(1+x) =Z( }r"
=l n

k(k-1) , k(k-1)(k-2) ,

(k=1) . k( 3.{ ) s,

Let g{.’r}=§[i}r" and g(x)=(1+x)" -l<x<l

k(k=1) . k(k=1)(k-2) ,
o X+ 3 X

Differentiating with respectto x

=l+kx+

=1+kx+

£(x) =0+ k() + KED () KEDE2) ),

A P
[ {k 1}{2) (k- I}{k z)(3t)+___]

. .{-(Jc

1}{2} k (k- l]{k 2{



since g(x)=(1+x)"

{x] (I - _r}t
g = Dividing on both sides by (1+x)

{I+.r}_ (1+x)

I
kg(x) _k(1+x) Multiplying on both sides by k

(1+x)  (1+x)

=k(1+x)"

=k r’1+(.'r—l]ar+ (k_l}z{[k_z) X +]

=k Ifl +ik2;[1}{2x}+ L _;}!F;_l) (3.1:"]+m:

=g'(x) -l<x<l
Therefore g'(x)=‘(tf+('3 -l<x<l

(b)

Consider the binomial series: If kis any real number and |x]<1. then

(l+.1c)_l =l-ke+ Hk_l}.r"—k(k_l)(k_z}x" T
2! 3!

Let h(x)=(1+x)" and g(x)=(1+x)

Take. h(x)=(1+x)" (1+x)’
h(x)=(1+x)" (1+x)

=(1+ .r}'m

=(1+x)

=]
Differentiating with respectto x
Therefore, k'(x)=0



(€
The traditional notation for the coefficient in the binomial series is

[J:]=k(k—l}{k—?)---[k—nn)

n n!

If kis any real number and |x]<1, then

(1+ x}l = g(z}r"

:I+h+.&[k'-1}f+k{.e-g{k-z}f .

The above series is converge when |x|<1

The above series whether or not it converges at the endpoint, 41, depends on the value of §
The series converges at {if —] « k < (@and at both endpoint if % > (-

k
If kis a positive integer and gy = k. then the expression for (

] contain a factor (k- k)
n

k
So, [ ]=ﬂfﬂr H}k
n
This means that the series g (x)=(1+x)'

(€
The traditional notation for the coefficient in the binomial series is

(k]=k(k—l][k—l}---{k—nﬂ}

n n!

If kisany real number and |x|<1, then

(1+x) =§(:]r

=I+h+Hk_l}f+k{k_l}{k_2}x’ T .
! 3

The above series is converge when x| <1

The above series wheiher or not it converges at the endpoint, +1. depends on the value of k
The series converges at |if —] < k < (0and at both endpoint it  >().

k
If kis a positive integer and p = k. then the expression for [

] contain a factor (k-k)
n

k
So, ( ]:ﬂfur n>k
n

This means that the series g(x)=(1+x)'



Q76E

= {_1]=_I1'3'5""'-f1l1—]:IE

ByExerciseEﬁ.*dl-?-I:l-i-%-i‘ Z . — . 50 we have
n=12 2"m!
172 = >
2 12 §:3-5-+-=-{20—3} 2
(I—.r) =1==x" — X =~ x~" and
n=2 2 emt

2 .2 P2 .2 - 1:3:5eceecl2n—3) 24 . 2
Vi—e’sin'f=1——e’sin'f— 3 — e sin”"f

n="72 2 n!

Therefore, we now find that

L= %Izzmdﬂz 4"!{}-2[1 _;_El" sin:ﬂ— s }-3,5.,;,.{2,,_3}
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